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EECOEDS  OF  PEOCEEDINGS  AT  MEETINGS 


SESSION  NOVEMBER,  1906— JUNE,  1907. 

Thursday,  November  8^A,  1906. 
Annual  General  Meetino. 

Prof.  A.  R.  FORSYTH,  President,  in  the  Chair. 

Present  nineteen  members. 

Mr.  W.  F.  S.  Churchill  and,  later,  Dr.  T.  Stuart  were  admitted  into 
the  Society. 

The  Report  of  the  Treasurer  (Prof.  J.  Larmor)  was  presented  by  Prof. 
A.  E.  H.  Love.  On  the  motion  of  Lieut.-Col.  A.  Cunningham,  seconded 
by  Rev.  E.  W.  Barnes,  the  Report  was  received. 

Dr.  J.  G.  Leathem  was  appointed  Auditor. 

Mr.  Grace,  as  Secretary,  reported  that  the  number  of  members  at  the 
beginning  of  the  last  Session  was  276.  During  the  Session  8  members 
had  been  elected,  2  had  died,  2  had  resigned  and  the  names  of  2  had  been 
removed  from  the  List.  The  number  of  members  at  the  beginning  of 
the  Session  was  278.  The  Accademia  di  Scienze  di  Torino  had  been 
added  to  the  list  of  Societies  with  which  the  Society  exchanges  publi- 
cations. 

The  Council  and  Officers  for  the  ensuing  Session  were  elected  as 
follows: — President,  Prof.  W.  Burnside;  Vice-Presidents,  Sir  W.  Niven 
and  Prof.  A.  R.  Forsyth ;  Treasurer,  Prof.  J.  Larmor ;  Secretaries,  Prof. 
A.  E.  H.  Love  and  Mr.  J.  H.  Grace ;  other  members  of  the  Council, 
Dr.  H.  F.  Baker,  Mr.  A.  Berry,  Mr.  A.  L.  Dixon,  Prof.  E.  B.  Elliott, 
Dr.  J.  W.  L.  Glaisher,  Mr.  G.  H.  Hardy,  Dr.  E.  W.  Hobson,  Prof. 
H.  M.  Macdonald,  Mr.  A.  E.  Western,  Mr.  A.  Young. 

The  newly  elected  President  having  taken  the  Chair,  Prof,  Forsyth 
read  his  Presidential  Address  entitled :  *"  Partial  Differential  Equations  : 
Some  Criticisms  and  some  Suggestions." 


♦  Printed  in  Proceedingt^  Ser.  2,  Vol.  4. 
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The  following  papers  were  communicated : — 

*Harmonic  Expansions  of  Functions  of  Two  Variables  :   Prof.  A.  C. 

Dixon. 
The  General  Solution  of  Laplace's   Equation  in  n  Dimensions : 

Mr.  G.  N.  Watson. 
*0n  Sub-groups  of  a  Finite  Abelian  Group  :   Mr.  H.  Hilton. 
^On  Backlund's  Transformation  and  the  Partial  Differential  Equation 

s  =  F(x,  y,  z) :   Mr.  J.  E.  Campbell, 
f  On  the  Inversion  of  a  Definite  Integral :   Mr.  H.  Bateman. 
^On  Partial   Differential   Coefficients   and  on  Bepeated  Limits  in 

General :   Dr.  E.  W.  Hobson. 


Thursday^  December  ISth,  1906. 
Prof.  W.  BUBNSIDE,  President,  in  the  Chair. 

Present  twelve  members. 

Messrs.  B.  D6  and  W.  H.  Macaulay  were  elected  members. 

Prof.  Love  presented  the  Beport  of  the  Auditor  (Dr.  J.  G.  Leathem). 
On  the  motion  of  the  President,  seconded  by  Lt.-Col.  Cunningham,  the 
Treasurer's  Beport  was  adopted,  and  the  thanks  of  the  Society  were  given 
to  the  Treasurer  and  Auditor. 

The  following  papers  were  communicated  : — 

*The  Diophantine  Equation  x"'—Ny'^  =  z  :   Major  P.  A.  Macmahon. 
On  the  Form  of  the  Surface  of  a  Searchlight  Eeflector ;  Mr.  C.  S. 

Jackson. 
The  Potential  Equation  and  others  with  Function  given  on  the 

Boundary :   Mr.  L.  F.  Bichardson  (communicated  by  Mr.  A. 

Berry). 
^On  the  Limits  of  Beal  Variants  :   Mr.  J.  Mercer  (communicated  by 

Dr.  E.  W.  Barnes). 
*The    Asymptotic    Expansion   of   Integral    Functions    defined   by 

Generalised  Hypergeometric  Series :   Dr.  E.  W.  Barnes. 

♦  Printed  in  Uuh  volume.  f  Printed  in  Froeeedingsy  Ser.  2,  Vol.  4. 
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Thursday,  January  10th,  1907. 
Prof.  W.  BURN  SIDE,  President,  in  the  Chair. 

Present  fourteen  members  and  four  visitors. 
Mr.  W.  P.  Milne  and  Mr.  G.  S.  Le  Beau  were  elected  members. 
Mrs.  A.  Stott  was  admitted  into  the  Society. 

Mrs.  Stott  exhibited  a  collection  of  models  of  three-dimensional  sections 
of  the  four-dimensional  regular  hypersolids. 
The  following  papers  were  communicated : — 

*The  Uniform  Convergence  of  Fourier's  Series  :   Dr.  E.  W.  Hobson. 
*0n  Hyper-even  Numbers  and  on  Fermat's  Numbers :   Lt.-Col.  A. 

Cunningham. 
t  A  new  development  of  the  Theory  of  Hypergeometric  Functions  : 

Rev.  Dr.  E.  W.  Barnes. 
*0n  Partial   Differential   Equations  of   the  Second   Order  having 

Integral  Systems  free  from  Partial  Quadratures :   Prof.  A.  R. 

Forsyth. 
*The  Singular  Points  of  certain  Classes  of  Functions  of  Several 

Variables  :   Mr.  G.  H.  Hardy. 
*The  Singularities  of  Functions  defined  by  Taylor's  Series :   Mr. 

G.  H.  Hardy. 
•Asymptotic  Approximation  to  Integral  Functions  of  Zero  Order : 

Mr.  J.  E.  Little  wood. 
*0n  the  Reducibility  of  Covariants  of  Binary  Quantics  of  Infinite 

Order  (Part  III.) :   Mr.  P.  W.  Wood. 
The  Forms  of  the  Stream  Lines  due  to  the  Motion  of  an  Ellipsoid 

in  Infinite  Fluid,  Frictionless  or  Viscous  :   Dr.  T.  Stuart. 


Thursday,  February  14^A,  1907. 
Sir  W.  D.  NIVEN,  Vice-President,  in  the  Chair. 

Present  thirteen  members. 

Prof.  A.  R.  Forsyth  gave  an  account  (from  details  kindly  supplied  by 
Prof.  G.  Darboux)  of  the  life  and  scientific  work  of  the  late  Colonel  A. 
Mannheim,  who  was  an  Honorary  Foreign  Member  of  the  Society. 


•  Printed  in  this  volame.  t  To  be  printed  in  Proceedings y  Set.  2,  Vol.  6. 
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The  following  papers  were  communicated  : — 

*0n  Repeated  Integrals  :   Dr.  E.  W.  Hobson. 

*0n  the  Projective  Greometry  of  a  Binary  Quartic  and  its  Hessian  : 

Prof.  E.  B.  ElUott. 
*0n  a  Formula  for  the  Sum  of  a  Finite  Number  of  Terms  of  the 

Hypergeometric  Series :   Prof.  M.  J.  M.  Hill. 
On  Groups  defined  by  the  Order  of  Two  Generators  and  the  Order 
of  their  Commutator  :   Prof.  G.  A  Miller. 
Lt.-Gol.  A.  Cunningham  made  an  informal  communication : 
On  Hyper-exponential  Numbers. 


Thursday,  March  14^A,  1907. 

Sir  W.  D.  NIVEN,  Vice-President,  in  the  Chair. 

Present  thirteen  members  and  a  visitor. 

Messrs.  F.  J.  W.  Whipple,  A.  Ackermann  Teubner,  M.  T.  N.  Lyengar 
were  elected  members. 

Mr.   G.   W.    Evans-Cross   exhibited    his   "  myriometer  '*    calculating 

apparatus. 
The  following  papers  were  communicated : — 

Reduction  of  the  Factorisation  of  Binary  Septans  and  Octans  to 

the   Solution  of  an   Indeterminate   Equation  of  the  Second 

Degree  :  Dr.  T.  Stuart. 

*Invariants  of  the  General  Quadratic  Form  Modulo  2  :    Prof.  L.  E. 

Dickson. 
On  Linear  Partial  Differential  Equations  of  the  First  Order  :   Mr. 

J.  Brill. 

Prof.  A.  E.  H.  Love  made  an  informal  communication  : 

On  the  Representation  of  Functions  by  means  of  Series  of  certain 

special  Forms. 


Thursday,  April  11th,  1907. 

Sir.  W.  D.  NIVEN,  Vice-President,  in  the  Chair. 

Present  fourteen  members. 

Mr.  W.  M.  Page  was  elected  a  member. 

*  Printed  in  thin  voluine. 
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Mr.  6.  S.  Le  Beau  was  admitted  into  the  Society. 
The  following  papers  were  communicated : — 

An  Introduction  to  the  Metrical  Geometry  of  Space  of  n  Dimensions : 

Mr.  H.  Bateman. 
Note  on  Perott's  Theorem :  Mr.  H.  Hilton. 
Informal  communications  were  made  as  follows  : — 

On  Poisson's  Integral  and  its  relation  to  the  proof  of  Fourier's 

Theorem  :  Dr.  E.  W.  Hobson. 
On  the  Value  of  the  Parameters  for  which  a  Definite  Integral  can 

be  Zero  :   Mr.  H.  Bateman. 


Thursday,  May  9  th,  1907. 

Prof.  W.  BURNSIDE,  President,  in  the  Chair. 

Present  seventeen  members. 

Dr.  W.  H.  Young  and  Mr.  F.  J.  W.  Whipple  were  admitted  into  the 
Society. 

Communications  were  made  as  follows : — 

On  Secular  Stability  :    Prof.  H.  Lamb. 

A  Lemma  connected  with  Fourier's  Series  :   Mr.  F.  J.  W.  Whipple. 

A  Method  for  Quadratic  Congruences  :   Dr.  T.  Stuart. 


Thursday,  June  ISth,  1907. 
Prof.  W.  BURNSIDE,  President,  in  the  Chair. 

Present  eighteen  members  and  two  visitors. 

Mr.  J.  E.  Little  wood  and  Dr.  H.  A.  P.  de  Sadow  Pittand  were  elected 
members. 

Dr.  Sadow  Pittand  was  admitted  into  the  Society. 

The  President  referred  to  the  loss  sustained  by  the  Society  through 
the  death  of  Dr.  E.  J.  Routh,  and  the  following  resolution  was  passed  : — 

That  this  meeting  of  the  London  Mathematical  Society  hereby  records  its  sense  of  the  loss 
sustained  by  mathematical  science  through  the  death  of  Dr.  E.  J.  Bouth,  who  was  a  member 
of  the  Society  from  the  time  of  its  foundation,  and  whose  writings  and  teaching  contributed  so 
gfreatly  to  the  advance  of  mathematics  in  England ;  and  that  the  Secretaries  be  requested  to 
conTey  to  Mrs.  Bouth  and  the  family  the  expression  of  the  respectful  and  sympathetic  condolence 
of  the  members. 
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The  following  mathematicians  were  elected  Honorary  members  of  the 
Society  : — Profs.  Guido  Castelnuovo  of  Rome,  George  William  Hill  of  New 
York,  Camille  Jordan  of  Paris,  Vito  Volterra  of  Rome. 

The  following  papers  were  communicated  : — 

*0n  the  Number  of  Representations  of  a  Number  as  a  Sum  of  2r 

Squares,  where  2r  does  not  exceed  18  :   Dr.  J.  W,  L.  Glaisher. 
f  An   Extension   of   Eisenstein's   Law   of   Reciprocity :   Mr.  A.  E. 

Western, 
f  Note  on  a  special  Set  of  Glasses  of  Partial  Differential  Equations 

of  the  Second  Order  :  Prof.  A.  R.  Forsyth. 
tVarious  Extensions  of  Abel's  Lemma  :   Prof.  T.  J.  I'A.  Bromwich. 
The  Arithmetical  Nature  of  the  Coefficients  of  Linear  Substitutions 

(Third  Paper) :   Prof.  W.  Bumside. 
The  Livariants  of  the  Quintic  :   Dr.  H.  F.  Baker. 

Liformal  communications  were  made  as  follows  : — 

On  Certain  Singular  Points  of  Surfaces  :   Mr.  A.  B.  Basset. 
The  Minimum  necessary  Postulates  as  to  a  Function  to  be  defined 
as  Analytic  over  a  Region  :   Prof.  E.  B.  Elliott. 

•  Printed  in  this  volume.  t  To  be  printed  in  Proceeding*^  Ser.  2,  Vol.  6. 


LIBRAET 


Presents. 


Between  December,  1906,  and  October,  1907,  the  following  presents 
were  made  to  the  Library : — 

From  the  Amerioan  Philosophical  Society : — 

*'  The  Franklin  Bicentennial  Celebration,"  Philadelphia,  1906. 

From  the  Society  of  Acconntante  in  Edinburgh : — 

"  A  History  of  Accounting  and  Accountants,"  Edinburgh,  1905. 

From  the  respeotiYe  Authors  or  Publishers : — 

Alasia,  Prof.  C. — "Basseg^a  Matematica,"  Paria,  1907. 

Bachelier,  Louis. — **Theorie  des  Probability  Continues." 

Bashforth,  Francis.— ''Ballistic  Experiments  from  1864  to  1880,"  Camb.,  1907. 

Dini,  Prof.  W.— **  Lezioni  di  Analisi  Infinitesimale,"  Vol.  1,  Parts  1  and  2 ;  Pisa,  1907. 

Fukuzawa,  S. — '^Vier  Mathematische  Abhandlungen,"  Tokyo,  1907. 

Glen,  Oliver  E. — **  Determination  of  the  Abstract  G-roups  of  the  Order  p-^r." 

Hamburger  Bibliothek. — **  Katalog  Math,  und  Physik,"  Hamburg,  1906. 

Huygen,  F.  C. — **  Over  de  Exhau8t-werking  bij  Locomotieven." 

LiapounofP,  A.—"  Sur  les  Figure*  d'Equilibre,"  Pt.  1 ;  St.  Petersburg,  1906. 

Mai,  Devan  Gaindra. — **  Trisection  of  an  Anglo,"  3rd  edition. 

Martin,  Artemas. — **  Table  of  Right- Angled  Triangles,"  and  **  Mathematical  Magazine," 

vol.  2,  no.  12. 
Kagsdale,   Virg^inia. — *'0n  the  ArrangemontH  of  the  Real  Branches  of  Plane  Algebraic 

Curves,"  Baltimore,  1906. 
Stormer,  CarL — "  On  the  Trajectories  of  Electric  Corpuscles." 
Walker,  B.  M. — "On  the  Resolution  of  Higher  Singularities  of  Algebraic  Curves." 

Coimbra:  Academia  Polyt.  de  Porto,  Ann.  ScientiAcos,  vol.  1,  no.  4,  1906,  and  vol.  2,  nos.  1-3, 

1907. 
Glasgow  :  Insurance  and  Actuarial  Soc.  Transactions,  ser.  5,  nos.  11-18,  1903-5. 
Indian  Engineering,  vol.  40,  nos.  16-26,  1906 ;  vol.  41,  1907 ;  vol.  42,  nos.  1-15,  1907. 
EAnsas:  Univ.  Science  Bulletin,  vol.  4,  nos.  1-6,  1907. 
London  :  Educational  Times,  vol.  60,  nos.  549-559, 1907. 
London :  Mathematical  Ghizette,  vol.  4,  nos.  61-65,  1907. 
Nautioal  Aimftnan  for  1910. 

Ottawa:  Literary  and  Scientific  Society,  Transactions,  1906-7t  no.  4. 
Paxis:  L'Enseignement  Math.,  ann.  9,  nos.  1-5,  1907. 

Tokyo :  Physioo-Math.  Society,  Proceedings,  vol.  3,  nos.  6-11,  1906-7  ;  vol.  4,  nos.  1-6,  1907. 
VacBOvie :  Soc.  des  Natnralistes,  Comptes  Rendus,  1898,  ann.  9  ;    1901-2,  ann.  12,  13  ;  1903-4, 

ann.  14,  15,  1906. 
Wamw  :  Wiadomosci  Matem.,  tom  10,  zeszyt  4-6,  1906  ;  tom  11,  zeszyt  1-4,  1907. 
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Exchanges, 

Between  December,  1906,  and  October,  1907,  the  following  exchanges 
were  received : — 

American  Journal  of  Mathematics,  vol.  29,  1907. 

American  Mathematical  Society,  Transactions,  vol.  8,  noR.  1-3,  1907. 

American  Mathematical  Society,  Bulletin,  vol.  13,  nos.  3-10,  1906-7;  vol.  14,  no.  1,  1907. 

American  Philosophical  Society,  Proceedings,  vol.  45,  no.  184,  1906  ;  vol.  46,  no.  185,  1907. 

Amsterdam :  Nieuw  Archie v,  deel  7,  stuk  4  ;  deel  8,  stuk  1,  1907. 
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AMEDEE    MANNHEIM. 

[For  this  notice  the  Gounoil  is  indebted  to  Prof.  6.  Barboux.] 

AvEC  le  Colonel  Mannheim  disparait  un  des  rares  g^ometres  qui  se 
bornent  aujourd'hui  encore  a  faire  usage  des  m6thodes  synth^tiques  sans 
faire  appel  en  aucune  maniere  aux  ressources  de  Tanalyse  moderne.  La 
devise  qu'il  avait  prise  6tait  celle  de  Poncelet  dans  le  Traite  des  Proprietes 
Projectives  :  "En  un  mot,  j'ai  cherch6  avant  tout  la  m^thode  de  d^couvrir 
et  de  demontrer  en  simple  g^om^trie."  Re^u  a  TEcole  Polytechnique  en 
1848,  a  Tage  de  dix-sept  ans,  il  6tait  entr^  a  sa  sortie  dans  Tartillerie  de 
terre,  mais  ses  goiits  le  portaient  vers  la  g^om^trie,  et  il  ne  tarda  pas  a  se 
faire  attacher  a  TEcole  Polytechnique  ou  il  a  fait  toute  sa  carriere,  d'abovd 
comme  r^p^titeur,  puis  comme  examinateur  d*entr6e,  et  enfin  commo 
professeur  de  la  Chaire  de  G^ometrie  Descriptive  dans  laquelle  il  succ6da, 
en  1864,  a  M.  de  la  Gournerie.  Ses  premiers  travaux  se  rapportent  aux 
m^thodes  de  transformation  en  g^ometrie  ;  mais  il  ne  tarda  pas  a  trouver 
un  sujet  f6cond  de  recherches  prolong^es  dans  T^tude  des  proprietes 
relatives  au  d^placement  des  figures  dans  Tespace  et  des  applications  de 
ces  proprietes  ou  il  s'inspira  heureusement  des  travaux  d'Euler,  de  Poinsot, 
et  de  Chasles.  Gela  lui  a  permis  de  constituer  un  ensemble  qu'il  se 
plaisait  a  designer  sous  le  nom  de  Gt'oviHrie  Cinematique,  et  qu'il  a 
developpe  dans  son  Conrs  de  Geonietrie  Descriptive.  L'etude  des  d6place- 
ments  qui  peut  prendre  un  corps  soumis  a  moins  de  cinq  conditions  m6ritait 
les  recherches  pers^v^rantes  que  M.  Mannheim  lui  a  consacr^es.  Parmi 
ses  travaux  les  plus  elegants,  il  convient  de  citer  une  etude  sur  la  cyclide 
de  Dupin,  des  constructions  g^om^triques  des  centres  de  courbure,  des 
recherches  sur  les  surfaces  regimes  et  les  systemes  des  rayons  rectilignes, 
ou  il  a  retrouve  par  la  g^om^trie  les  beaux  th^oremes  de  Kummer,  des 
travaux  sur  la  surface  des  ondes  de  Fresnel,  et  sur  Toptique  g^ometrique, 
&c.  M.  Mannheim  avait  prit  sa  retraite  comme  professeur,  il  y  a  quel- 
ques  annees.  Mais  il  ne  cessait  de  travailler  et  d'envoyer  aux  joumaux 
mathematiques  des  notes  courtes  contenant  toujours  quelque  elegante 
propriete.  II  avait  reuni,  il  y  a  quelques  annees,  ses  principaux  memoires 
dans  un  volume  in  4°  qui  porte  le  nom  de  Developpements  de  Geom^trie 
Cinema  tique. 
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EDWARD   JOHN    ROUTH 

One  of  the  most  famous  names  in  the  history  and  the  progress  of 
mathematics  in  England  has  been  transferred  to  the  roll  of  record  by  the 
death  of  Dr.  Edward  John  Routh  on  June  7th,  1907. 

During  the  greater  part  of  last  century,  nearly  every  able  mathe- 
matical student  at  the  University  of  Cambridge  was  prepared  for  his 
final  examination  by  a  private  tutor:  and  among  these  private  tutors 
("  coaches,"  to  adopt  the  word  of  technical  and  friendly  use),  two  names 
stand  out,  eminent  beyond  all  others.  They  are  Hopkins  and  Routh. 
William  Hopkins  was  a  conspicuous  figure  in  Cambridge,  teaching 
during  the  second  quarter  of  the  century :  among  his  pupils  in  that 
period  were  Stokes,  Cayley,  Adams,  Thomson,  Maxwell,  and  Routh 
himself.  Routh's  immediate  influence  extended  from  the  later  fifties 
until  1888 :  and  during  those  years,  a  large  majority  of  successful 
students  were  happy  in  calling  themselves  his  pupils.  The  University 
has  recently  decided  to  abolish  the  order  of  individual  merit  in  the 
Mathematical  Tripos,  and  thus,  incidentally,  to  annihilate  the  significance 
of  the  title  of  Senior  Wrangler,  and  of  another  title,  as  picturesque  though 
not  quite  so  honour-bearing.  It  is  Routh's  unique  distinction  to  have 
coached  twenty-tour  Senior  Wranglers  in  twenty-four  consecutive  years : 
no  man  will  ever  be  able  to  repeat  the  achievement. 

This  distinguished  teacher  and  investigator  was  born  in  Quebec  on 
20th  January,  1831.  His  father  was  Sir  Randolph  Routh,  K.C.B.,  an  old 
Etonian,  Commissary-General  in  the  Army,  and  Senior  Commissariat 
officer  at  Waterloo  in  1815.  His  boyhood  was  spent  in  London  :  he  was 
educated  at  University  College  School :  and  later,  at  University  College, 
he  came  under  the  influence  of  Augustus  de  Morgan.  It  may  have  been 
due  to  friendship  with  that  mathematician,  who  was  our  founder,  that 
Routh  became  a  member  of  our  Society  at  its  inception  in  January, 
1866. 

He  was  admitted  a  pensioner  at  Peterhouse  on  June  1st,  1850,  and  com- 
menced residence  in  October.  Clerk  Maxwell  entered  at  the  same  college 
in  that  year,  but  he  migrated  to  Trinity  near  the  close  of  his  freshman's 
term.  Other  names  belonging  to  the  same  '*  year  "  are  those  of  the  present 
Chancellor  of  the  University,  the  Duke  of  Devonshire  ;  Mr.  Aldis  Wright> 
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Mr.  Henry  Bradshaw,  Sir  Leslie  Stephen,  and  Mr.  Burbury.  In  these 
days  o!  depleted  numbers  of  successful  candidates  in  the  Mathematical 
Tripos,  it  is  not  unworthy  of  note  that  the  list  in  "  Routh's  year  "  (again 
to  use  our  vernacular  at  Cambridge)  contains  over  140  names.  Routb 
was  Senior  Wrangler  in  1854,  and  Maxwell  was  second  :  the  two  dis- 
tinguished mathematicians  were  bracketed  for  the  two  Smith's  Prizes 
(for  the  first  time  on  record). 

Routh  soon  was  elected  a  Fellow  of  his  college  and  was  appointed  to 
lecture.  At  the  time  of  his  degree,  the  Peterhouse  foundation  included, 
among  other  famous  men,  William  Thomson  (then  Professor  at  Glasgow, 
already  widely  known  in  Europe  by  his  original  work,  his  name  now  being 
merged  in  his  title  of  Lord  Kelvin)  ;  Peter  Guthrie  Tait  (cheery  in  spirit, 
strong  of  brain,  aggressively  unconventional  in  social  superficialities,  not  yet 
gone  to  Belfast  nor  transplanted  to  Edinburgh) ;  and  Steele,  affectionately 
described  to  me  by  Tait  as  the  greatest  mathematical  teacher  who  ever 
lived.  But  the  blight  of  illness  soon  fell  upon  Steele :  during  one  term, 
Routh  took  his  pupils  :  and  when  Steele  died,  the  pupils  remained  with 
Routh.  Thus  began  his  connection  with  the  private  teaching  of  mathe- 
matics at  Cambridge :  it  ceased  in  1888,  only  upon  his  deliberate  retire- 
ment from  the  work. 

From  that  time  onwards,  Routh's  teaching  occupied  the  greater  part 
of  his  activity  though  not  absorbing  the  whole  of  it,  for  he  made  valuable 
original  contributions  to  the  science  he  loved  and  served  so  well.  But 
these  came  slowly  in  the  earlier  years  of  his  maturity.  He  examined 
twice  for  the  Tripos — that  is,  the  old  Tripos,  in  its  greatest  days  ;  and^ 
after  the  first  occasion,  he  published  a  volume  in  co-operation  with  H.  W. 
Watson,  embodjring  the  solutions  of  the  questions  which  had  been  set  in 
1860.  Already,  as  a  young  man,  he  had  collaborated  with  Lord  Brougham 
in  publishing  (in  1855)  a  volume  entitled  An  Analytical  Vietv  of  Sir 
Isa^ac  Newton's  Principia ;  it  can  hardly  be  rash,  on  reading  the  book  at 
this  distance  of  time  from  its  publication,  to  assume  that  the  mathematics 
belonged  to  Routh  and  the  opinions  to  Lord  Brougham. 

Other  private  tutors — ^Walton,  Frost,  Todhunter,  Besant,  Webb  in 
later  years,  and  now  Herman — have  been  successful  in  taking  pupils  at 
Cambridge,  and  have  had  them  in  ample  numbers.  When  I  came  into 
residence  in  1877  as  a  freshman,  the  reputation  of  Routh  as  a  private 
tutor  was  in  a  class  by  itself ;  and  no  undergraduate,  whether  confident 
or  difiSdent  about  his  powers  while  ambitious  in  his  prospects,  dared 
lightly  to  abstain  from  coaching  with  the  maker  of  Senior  Wranglers. 
Thus  Routh  was  in  large  practice ;  the  largeness  of  his  practice,  and  the 
remarkable  success  of  his  pupils  in  the  examination  lists,  maintained  hia 
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pre-eminent  position.  Occasionally  (as  in  1867  by  Clifford,  in  1870  by 
Greenhill,  in  1875  by  Bumside)  a  bold  bid  was  made  by  some  other 
teacher's  pupil  for  the  highest  place  in  the  Tripos  :  but,  somehow,  it  did 
not  succeed,  and  the  Senior  Wrangler  still  had  "  Mr.  Routh  for  his  private 
tutor." 

No  doubt  can  be  felt  that,  at  the  epoch  of  his  greatest  influence,  most 
of  the  ablest  of  the  undergraduates  went  to  him  for  their  private  teaching. 
Success  certainly  led  to  increased  numbers :  but  it  was  incessant  and 
diligent  care  which  made  Routh's  teaching  supremely  effective.  It  is  true 
that,  after  a  time,  the  examiners  in  the  Tripos  were  mostly  old  pupils  of 
his,  and  so  his  dominance  might  easily  be  inferred  as  obvious :  yet  such 
an  explanation  is  hardly  even  a  fragment  of  the  truth.  Wherein,  then, 
consisted  the  genius  of  his  teaching  ? 

It  belonged  to  his  time ;  also  to  the  tradition  which,  silently  trans- 
mitted to  him,  was  maintained  and  strengthened.  It  was  superbly  direct 
for  the  purpose  in  view  :  and  it  was  strong  in  the  measured  completeness 
with  which  he  covered  the  whole  ground  for  the  Tripos.  Independence 
on  the  part  of  a  student  was  not  encouraged ;  for  independence  would 
rarely,  if  ever,  be  justified  by  the  event.  Foreign  books  were  seldom 
mentioned :  Routh  himself  had  summarised  from  them  all  that  could  be 
deemed  useful  for  the  examination.  Above  all,  he  was  a  bom  teacher. 
Regularity  and  steady  diligence  were  two  demands  which  he  always  made 
from  his  pupils.  As  a  result,  any  one  who  worked  carefully  could  feel 
confident  that  he  had  had  the  best  preparation  for  the  Tripos  which  was 
possible,  and  that  he  had  been  trained  so  as  to  make  the  most  of  his 
powers  in  the  examination. 

The  method  was  simple  in  operation.  His  pupils  went  to  him  three 
times  a  week,  for  an  hour  on  each  occasion.  They  were  arranged  in 
classes  of  six  to  ten,  selected  at  first  mainly  by  their  owq  statements  of 
mathematical  knowledge  brought  from  school,  and  sifted  later  by  their 
attainments  and  progress.  Each  hour's  work  was  substantially  of  the 
nature  of  a  lecture.  A  few  minutes  at  the  beginning  of  the  hour  were 
devoted  to  the  inspection  of  written  exercises,  a  process  at  which  Routh 
was  wonderfully  quick.  The  remainder  of  the  hour  was  occupied  with  a 
skilful  exposition  of  the  subject  under  consideration,  sometimes  summarised 
in  such  a  way  as  almost  to  compel  remembrance.  The  intrinsic  interest 
of  the  teaching  was  not  of  uniform  quality  ;  he  was  at  his  best  in  subjects 
so  diverse  as  solid  geometry  and  physical  optics ;  he  seemed  below  his 
best  in  a  subject  like  rigid  dynamics,  perhaps  because  (as  some  of  us  used 
to  imagine)  all  he  had  to  say  on  it  was  contained  in  the  book  which  he 
had  written. 
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In  addition  to  the  direct  teaching,  he  set  to  all  his  pupils  a  weekly 
paper  of  a  dozen  problems,  taken  mainly  from  past  examinations.  The 
conditions  of  answering  this  paper  were  made  to  alternate  in  successive 
weeks.  In  one  week,  a  student  could  devote  unlimited  time  to  the 
questions  :  in  the  other,  he  was  expected  to  limit  himself  to  three  hours 
so  as  to  feign  some  similarity  to  the  pressure  of  the  Senate  House.  The 
pupils*  answers  were  deposited  in  Routh's  rooms  in  Peterhouse  on  the 
Friday  or  the  Saturday  of  any  week :  they  were  returned  on  the  succeed- 
ing Monday,  when  he  placed  in  an  outer  room  a  carefully  written  set  of 
solutions.  To  add  a  stimulus  of  competition,  every  pupil's  answers  had 
been  marked ;  and  there  was  a  list  containing  names  and  marks,  so  that 
the  men  even  of  different  years  were  almost  encouraged  to  regard  the 
weekly  problem-paper  as  a  field  for  rivalry  and  comparison. 

Finally,  at  some  period  before  the  crucial  examination,  there  began 
the  process  of  revision,  in  the  form  of  bookwork  papers.  The  answers  to 
each  such  paper  had  to  be  brought  two  days  after  the  paper  was  set,  and 
they  were  examined  critically  in  class.  The  pupils  were  brought  up  to 
the  mark,  so  far  as  the  teacher  was  concerned,  partly  by  good  humour, 
partly  by  occasional  warnings  that  were  kindly  in  phrase  and  in  spirit,  and 
always  under  a  genial  sense  of  his  easy  mastery  over  the  whole  range  of 
subjects  included  in  the  examination. 

It  is  obvious  that  the  process,  if  not  supplemented  by  other  means, 
would  imply  a  uniformity  of  treatment  which  would  not  be  found  advan- 
tageous by  the  eager  members  of  even  an  average  class.  The  necessary 
supplement  was  provided  by  Routh  in  the  form  of  **  manuscripts,*'  which 
really  were  of  the  character  of  small  pamphlets  dealing  with  special  por- 
tions of  subjects  not  taught  in  his  classes.  Pupils  were  expected  to  copy 
these  manuscripts,  in  default  of  English  text-books ;  but  diligence  in 
taking  copies  was  far  from  universal.  Little  or  no  account  was  paid  to 
work  done  in  college  lectures :  and  attendance  at  a  course  of  any  Uni- 
versity professor's  lectures,  save  only  in  the  case  of  Stokes,  was  almost  a 
rare  exception.  Routh  prepared  his  men  thoroughly  for  the  examination  : 
its  needs  dictated  and  limited  alike  the  range  and  the  spirit  of  the  work 
done  with  him.  Out  of  much  knowledge  and  experience  he  realised, 
almost  as  by  instinct,  the  wants,  the  needs,  the  possibilities,  of  examiners 
and  examinees.  Simply  and  effectively,  he  dominated  the  Mathematical 
Tripos,  almost  during  the  whole  period  (1855  to  1888)  of  his  coaching 
activity.  In  that  time,  he  had  more  than  six  hundred  pupils.  On  twenty- 
seven  different  occasions,  he  prepared  the  Senior  Wrangler  :  and  in  my 
own  year  a  class  of  six  men,  who  had  been  taught  together  since  their 
freshmen's  term,  occupied  the  first  six  places  in  the  Tripos. 
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Exacting  as  was  this  work  throughout  the  year  (for  he  taught  through 
the  long  vacation  residence,  as  well  as  during  the  usual  three  terms),  it 
was  far  from  exhausting  his  mathematical  activities.  Quite  early  he  had 
produced  a  text-book  on  rigid  dynamics,  of  which  no  fewer  than  seven 
editions  have  appeared.  The  book,  in  its  first  form,  was  of  modest  size 
and  occupied  a  single  volume  :  but  the  contents  were  gradually  increased. 
The  seventh  edition  occupies  a  couple  of  closely  packed  volumes  and  is  an 
encyclopaedia  of  the  subject,  representing  much  original  work  on  the  part 
of  the  author  as  well  as  the  results  obtained  by  a  vast  number  of  writers. 
This  treatise  was  translated  into  German  on  the  initiative  of  Prof.  Klein, 
of  Gottingen,  who  contributed  an  introductory  preface  in  warm  commenda- 
tion of  its  importance. 

When  he  retired  from  private  teaching,  he  remained  a  lecturer  at  Peter- 
house  and  at  Pembroke  College.  In  the  comparative  leisure  which  then 
became  his,  he  compiled  a  two-volume  work  on  analytical  statics,  which 
now  is  in  its  second  edition  ;  and,  later,  he  published  a  single  volume  on 
the  dynamics  of  a  particle.  The  most  original  work  written  by  Routh — 
a  work  which  secures  for  him  an  honoured  place  among  the  most  dis- 
tinguished writers  on  theoretical  dynamics — was  his  essay,  A  Treatise  on 
the  Stability  of  a  Given  State  of  Motion,  particularly  Steady  Motion,  to 
which  the  Adams  prize  in  the  University  of  Cambridge  was  awarded  in 
1877.  In  that  essay,  he  introduced  the  modified  Lagrangian  function 
which,  as  Professor  Larmor  says,^  made  a  fundamental  advance  in  the 
principles  of  the  dynamical  interpretation  of  nature. 

Over  thirty  mathematical  papers  have  been  published  under  Routb's 
own  name.  Of  these,  perhaps  the  most  important,  and  the  most  novel  in 
its  time,  was  a  brief  paper  published  in  the  seventh  volume  of  the 
Qtiarterly  Journal  in  1866.  There,  Routh  develops  some  properties  of 
the  curvature  of  twisted  curves,  by  using  the  kinematical  relations  of  a 
set  of  moving  axes  in  three  dimensions :  readers  of  Darboux's  Theorie 
generale  des  surfaces  (of  which  the  first  volume  appeared  in  1887)  are 
familiar  with  the  frequent  applications  of  a  moving  trihedron  in  that 
great  treatise.  It  may  be  added  that  twelve  of  Routh's  papers  appeared 
in  our  own  Proceedings. 

In  1864  he  married  Hilda,  the  eldest  daughter  of  Sir  G.  B.  Airy,  and 
a  god-daughter  of  Dr.  Whewell :  she  survives  him,  together  with  a  daughter 
and  three  sons.  As  already  stated,  he  was  a  member  of  this  Society  from 
its  earliest  days :  and  he  was  elected  a  Fellow  of  the  Royal  Society  in 
1872.  Before  graduating  at  Cambridge,  he  had  proceeded  to  the  degree 
of  M.A.  in  London  University,  winning  the  gold  medal  for  mathematics 

♦  Nature^  27th  June,  1907rP.  202. 
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in  1853  :  and  at  the  time  of  his  death,  he  was  a  Fellow  of  that  University. 
When  the  new  degree  of  Doctor  of  Science  was  instituted  at  Cambridge, 
he  was  induced  to  apply  for  it  together  with  Besant :  they  were  admitted 
to  the  degree  on  31st  May,  1888,  being  the  first  two  recipients.  The 
honorary  degree  of  Doctor  of  Science  was  conferred  upon  him  by  the 
University  of  Dublin,  and  that  of  Doctor  of  Laws  by  the  University  of 
Glasgow.  His  fellowship  at  Peterhouse  had  been  vacated  by  his  marriage 
in  1864 ;  in  1883,  he  was  elected  an  honorary  fellow  of  his  old  college, 
and  for  many  years,  he  has  been  the  senior  among  the  small  and  select 
body  of  honorary  fellows  of  that  ancient  foundation. 

The  conclusion  of  his  full  activity  as  a  private  teacher  was  marked  by 
an  act  of  his  old  pupils  in  token  of  their  gratitude.  At  their  request,  his 
portrait  was  painted  by  Herkomer ;  and  it  was  presented  to  Mrs.  Routh, 
by  Mr.  Justice  Stirling  on  their  behalf,  at  a  gathering  held  in  the  combi- 
nation room  at  Peterhouse.  Those  who  were  present  are  not  likely  to 
forget  the  remarkable  collection  of  distinguished  men  there  assembled,  or 
the  appreciation  then  expressed  for  him  and  for  his  teaching,  or  the  un- 
affected simplicity  of  his  speech  in  his  reply  of  thanks.  A  copy  of  the 
picture  hangs  in  the  dining  hall  of  Peterhouse. 

He  served  for  one  term  of  office,  from  1888  to  1892,  on  the  Council  of 
the  Senate  of  the  University  :  but  the  business  did  not  seem  to  interest 
him  keenly.  What  did  interest  him,  among  matters  academic,  was  the 
Mathematical  Tripos.  Broadly  conservative  by  spirit,  alike  in  imperial 
politics  and  in  academic  politics,  he  was  willing  to  make  small  changes  in 
the  examination  from  time  to  time,  especially  if  their  tendency  appeared 
to  foster  the  study  of  applied  mathematics.  He  was  a  member  of  the 
Syndicate  which  recommended  the  changes  first  effected  in  1882,  when 
the  examination  was  divided  :  he  signed  the  report  which  maintained 
(though  without  enthusiasm)  the  order  of  merit  in  one  portion  of  the 
examination  and  replaced  it  by  a  classified  order  in  the  other  portion. 
Seven  years  ago,  an  attempt  was  made,  on  the  recommendation  of  the 
Special  Board  for  Mathematics,  to  abolish  the  order  of  merit  in  that 
portion  of  the  examination  where  it  had  been  retained :  the  attempt 
failed.  During  the  past  academic  year,  a  similar  attempt  succeeded.  On 
both  occasions,  Routh  was  the  leader  of  the  opposition,  taking  an  active 
part  in  the  struggle. 

His  natural  constitution  must  have  been  strong,  to  enable  him  to 
endure  the  severe  and  prolonged  labour  of  teaching  so  many  pupils :  in 
the  middle  period  of  his  work,  he  had  over  a  hundred  in  the  Michaelmas 
Term.  His  regularity  was  a  marvel ;  his  days  in  term  seemed  to  have  a 
stable    precision   in  their  round,   and  the  time   on  any  afternoon  could 
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almost  have  been  told  by  the  different  stages  of  his  walk  along  the 
Trumpington  Road.  Latterly,  his  strength  began  to  give  way :  and  in 
recent  months,  his  health  failed  so  completely  that  his  death,  when  it 
came,  was  not  unexpected.  The  attendance  at  the  funeral  service,  in 
Great  St.  Mary's  Church  on  the  10th  of  June,  gave  silent  and  significant 
testimony  to  the  esteem  in  which  the  great  teacher  was  held  by  his  old 
pupils  in  particular  and  by  the  University  at  large. 

July  6th,  1907.  A.  R.  Forsyth. 


NOTES    AND    CORRECTIONS. 


Thb  result  suggested  in  the  note  added  to  Prof.  Hiirn  paper,  pp.  340,  341  of  this  volume 
proves  to  be  true.  If  in  the  result  (VIII.),  proved  for  «-i- 1  a  positive  integer,  s  is  replaced  by 
S  — 2,  and  a-t-<-i- 1,  fi  +  t-t- 1,  y^9+  1  are  replaced  by  a,  Bi  7,  the  result  becomes 

8-1  L       7-»     7(7+l)5("«+I)      "J 

1  Tj^    (^_a)(7-fl)_^.       (7^aK7r«+l)(7-^)(r-/3+ll       ^1 

7  +  8  — a— /3-1  L       7(7+8  —  0-/3)     7(7+l)(7  +  8  — o  — 3)(7  +  8  — a  — /3+ 1)     '*J' 

This  result  has  been  proved  to  hold,  when  the  real  parts  of  8— I  and  of  7  +  8— o  — /3— 1  are 
positive,  by  Dr.  Barnes,  using  the  method  of  contour  integration  developed  in  his  paper  **  A  New 
Development  of  the  Theory  of  Hyper  geometric  Functions  **  to  be  published  in  Vol.  6.  A  more 
complete  result,  including  the  remainder  after  « + 1  terms,  has  been  obtained  by  Prof.  Hill, 
using  elementary  algebraic  meth(KLs  only.     His  result  is  that 

8  — 1  L       7.8  7«.8»J 

_n(n+l,7-l)n(n+l,7  +  8  -a-/3-2)  (^«+l)'-*  fi  +  _   «•« +       ^        a«./3»        "1 

n(«  +  l,  7-o-l)n(«+l,  7-i9-l)  8-1        L       8(7  +  »  +  l)     ■"     8.(7  +  M-|.l)J 

^        11+  (-/--'(-y-^)  +  ..+ ('y-«)»(r-J)«  1 

7  +  8-0-/3-1  L       7(7+8-o-fl)     ■**     7»(>  +  *-o-3)«J 

_n(«+  ijjy-_i)  n  («+ 1.  8-2)  (*+  IJ-'J-^:'^* 
n(«+i,  a-i)n(*+i,  3-1)  7<-8-o-3-i 

L       (7  +  8-o-/3)(7  +  »  +  l)  (7  +  «-a-3)H(7  +  «+l)J' 

Either  aide  of  this  equation  in  transformed  into  the  other  by  replacing 

o,  3,         7>  *♦  *»     '*» 

by  7 -a,     7  —  3,     7»     7  +  8-«— 3,     »',     *. 

Dr.  Barnes'  ref>ult  follows  from  the  above  by  making  n  and  s  both  infinite,  provided  that  the  rea 
parts  of  8—  1  and  of  7  +  8— a  — /3— 1  are  both  positive,  as  he  supposes.     These  n^ults  are  given 
in  papers  read  on  November  14th,  1907. 

Mr.  Hilton  sends  the  following  note  : — 

My  attention  has  been  called  to  the  fact  that  Dr.  G.  A.  Miller  gave  an  expression  for  the 
number  of  sub-g^ups  of  a  given  type  in  a  given  Abelian  g7X}up  {Annals  of  Math.^  October,  1904) 
which  is  equivalent  to  that  given  in  my  paper  in  Proc,  London  Math.  Soe.,  Ser.  2,  Vol.  5,  p.  3. 

CORRIGENDUM. 
Ser.  2,  Vol.  4,  p.  xiv.,  line  1,/or  **  University  of  Dublin**  read  **  Royal  Irish  Academy.** 
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ON  SUB-GROUPS  OF  A  FINITE  ABELIAN  GROUP 

By  Harold  Hilton. 

[Receiyed  October  7th,  1«06.— Read  November  8th,  1900.] 

1.  Let  H  be  a  sub-group  of  order  p""  in  a  finite  Abelian  group  G  whose 
order  is  p*  {p  prime).  Let  ti  of  the  invariants  of  ff  be  1,  ^  be  2,  ...,  /» 
be  m.  Let  t^  of  the  invariants  of  G  be  1,  u^  be  2,  ...,  «m  be  m.  The 
quantities  ^i,  ^g,  ^g,  . . . ,  2^,  7/3,  «8»  •  •  •  Q-^e  zeros  or  positive  integers  {Um  >  0). 

Then  a  =  Ui+2u2+3u^+.,.,         r=  ti-\'2t2+St^+..,; 

let  u  =  Mi+Ua+WgH-...,  t  =  ^1+^2+^8+...  • 

We  first  find  the  number  (X)  of  ways  in  which  a  base  \jgi,  g^,  g^,  ...]  can 
be  chosen  for  a  sub-group  of  G  of  the  same  type  as  H. 

Let  [7*1,  h^,  7*8,  ...]  be  a  base  of  G.  Then  G  contains  (i?'*'"— Dp*"**'* 
elements    of    order  p"* ;    namely,    h^^h^^h^ ....    where    at   least  one  of 

)8i,  ^a»  •••»  A^,     18    prime    to   p*       Therefore    gi    can    be    chosen    in 
(/?"•"— Dp""''"'  ways. 

When  gi  is  chosen  [g^,  11^,  h^y  ...]  may  be  taken  as  a  base  of  G.  Then 
G  contains  (p— 1)^?*"""*  elements  of  order  p^  whose  |}**"^-th  powers  are 
in    \gi\  ;   namely,  g^^h^h^'' ...,  where  ^a,  A,  ...,  fin^  are  multiples  of  pr 

Pi  is  prime  to  p,  and  ^81,^+1,  iSw^+j,  ...  are  any  integers.     Therefore  G  con- 
tains 


[(p««.__l)-.(^_-l)]^«-u.«  =  (p^^-i^i)p 


l+a-u. 


♦  See  Netto'R  Algebra,  Vol.  n.,  p.  246. 
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elements  of  order ^"*  whose  p^''^-th  powers  are  not  in   [Qi]  ;  i-e.^.g^  may 
be  chosen  in  (^*''"—l)j?^  "*"*"''"•  ways  when  gi  is  given. 

Again,  when  gi  and  gr^  are  chosen  [gr^,  g^t  h^,  A4,  ...]  may  be  taken  as 
a  base  of  G.  Then  G  contains  (^^—1)^""^'"  elements  of  order  y?"*  whose 
^^"•■"^-th    powers    are    in     [g^,    g^\  ;      namely,     g^'g^-h^h^  ..,     where 

i^s*  A»  •••»  i8i*«    are    multiples   of  p,  fii    or    /Sj    is    prime    to    p,    and 
fiy^+u  /8„„,+o,  ...  are  any  integers.     Therefore  G  contains 

[(p^ — l)—(y-l)] /?—'*-'  =  (/?"'"--- l)^2+«-u^ 

elements  of  order ^'^  whose  p^~^-th  powers  are  not  in    {g^  g^}  ;  i.^.,  g^ 
may  be  chosen  in  (jo»*"-2_i)^2+a-ii«,  ways  when  gi  and  ^2  are  given. 

This  reasoning  may  be  continued  to  show  that  the  first  tnt  generators  of 
the  base  maybe  chosen  in  ^.*^  ^      y».(»-i'>..)+^^i(^.-i)  ^-ayg.    where  /(A*) 

denotes  (p^-l){p^-^-l) ,..  {p^-Dip-D  and /(O)  =  1. 

Now,  when  [A^,  Ag,  A3,  ...]  is  a  base  of  G  every  element  of  order  jj**"* 
in  G  is  contained  in  the  group  whose  base  is 

and  conversely.     Hence,  by  reasoning  precisely  similar  to  that  used  above, 
G  contains   (^*'»+«'«  i  — l)jj«-''"'-i-2W'»   elements   of    order  jp"*~\    and   the 
7)"*"--th    powers    of    (^'"«— l)p*-'*'"->-2"«.     of     these     elements     are     in 
\9v  92^  •••»  9tJ;-     Hence,  as  before,  gt^+i  can  be  chosen  in 

ways  when  g^,  g^,    '-».9t^  a^e  given. 

Proceeding  as  before,  we  see  that  gt^^.2  can  be  chosen  in 

ways  when    8^1,^2,  ...,9'«„,+i  are  given.      Thus  we   show  that   the    first 
^Tii+^m-i  generators  of  the  base  may  be  chosen  in 

filim  —  tm)   f{Um  +  t(m-l  —  t,n  —  ^m  - 1) 

Xp^n»(^-'^J+^,n.l('^-'^.„-l-^"J+h%{tl-^Hh{t^-l)]^^t^t^.^ 

ways. 

Proceeding  in  this  way,  we  get 


/(w.ii  +  W,ft-i  +  ^^m-2— ^m— ^m-1  — ^m-2) 
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To  find  the  number  (Y)  of  distinct  bases  of  any  sub-group  of  G  of  the 
same  type  as  H  we  put  w^  =  ti,  u^  =  t^,  %  =  ^3,  ...  in  X.  The  total 
number  (N)  of  sub-groups  of  G  of  the  same  type  as  H  is  then 

JL  _  fjuj /(^m  +  ^m-l  — U 

The  above  reasoning  shows  that  the  necessary  and  sufficient  conditions 
for  the  existence  of  sub-groups  such  as  H  are 

i.e.,  the  ft-th  invariant  of  H  is  not  greater  than  the  ft-th  invariant  of  G 

\fC  ^^  ±f  A,  tJ,  . . .}. 

2.  To  find  the  total  number  (Jlf )  of  sub-groups  of  order  p"^  in   G,  we 
have  only  to  find  every  set  of  values  of  ti,  t^,  t^j  ...  satisfying  the  relations 

and  r=  ^1+2^2+^^8+ •••• 

Then  M  is  the  sum  of  the  corresponding  values  of  N.  A  general  formula 
giving  M  for  every  value  of  r  would  probably  be  somewhat  complicated. 

We  can,  however,  find  the  simple  expression  fprrT'zri]  ^^^  ^  when 
r  ^  the  smallest  invariant  of  6.     In  this  case 

Um  =  Uy  llnt-l  =  Un-2  =  t^m-S  =   ...   =  0 

for  every  sub-group  considered,  while 

j^ f(u) d 

''f{ti-t)f(t,)f(t^...P 

We  have  to  prove  'l7T^f^^  =  2(i^, 

the  sum  being  taken  for  all  positive  integral  or  zero  values  of  ^,  t^,  t^,  ... 


*  lu  the  notation  of  Bumaide's  Tlieory  of  Oi'oupgf  §  47,  tt<  ^  mt.  Since  the  ahove  was 
written  Prof.  Bumside  has  informed  me  that  this  corrected  form  of  his  result  was  communicated 
to  him  by  Prof.  E.  H.  Moore,  of  Chicago,  in  1899. 
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such  that     ,       .1^1.1         ^  ^   .  -.^   I  ft^   I 

This  is  obviously  true  when  i^  =  1.  We  assume  it  true  for  all  values  of  u 
less  than  the  one  considered,  and  use  induction  to  prove  the  theorem  true 
in  general. 

Now  /(^+r-l) 

=  the  coefficient  of  x^  in  p^^'^''^'^H\+px){l+p^x) ...  (l+p^^''-'^  x), 
i.e.,  in 
p-^'(^^-^) {\^px){l+p^x)  ..,{X'\'p''x){l'\'p.i>''x){l+p^ .p^'x)  ...  (l+j[)''-^i>*x) 

=:  n-hrir-k-X)  y  ^i<(<  +  l)  iS^ ^,(r-l)ii  +  4(r-0(r-(+  D j(^—^) 

^  ^^         f{t)f{ti-f)^  /(r-fl/(^-l)- 

But,  by  our  assumption, 

f{r-t)f{t-l)       "/U-t)/(ti)/(t2)  ...  ^ 

[e  =  ^(r-^-T)-(r-0T  +  Ti+(T.,+  2Ti)T,+  (T8+2T2  +  8Ti)T3+...] 

for  all  integral  values  of  tj,  tj,  xg,  ...  such  that 

T  =  T1+T2+T3+...  <  ^         Ti+2t2H-8t8+...  =  r-'L 
But,  if  we  put  t—T  =  ^1,  Ti  =  t^j  Ta  =  ^3,  Tg  =  ^4,  ... ,  we  have 

t  =  ^  +  ^8+^8+...,         t,+2t^+St^+,.,  =  r. 
Hence  /{u+r-l)  _  y  /(u)  . 

[/=«+(r-f)it+i  {^(^+l)+(r-0(;— f+l)-r(r+l)t] 
for  all  values  of  ti,  t^,  t^,  ...  such  that 

t  =  fj+^3+^3+...  ^  ,,,         /^+2^2+8^8+---  =  '•. 
We  readily  verify  f  =-  d,  which  completes  the  proof. 

8.  We  may  illustrate  the  result  of  §  1  by  finding  an  expression  for 
the  number  of  normal  (self -conjugate)  sub-groups  of  index  p^  in  any 
group  G.  Let  H^,  H^,  H^,  ...  be  these  normal  sub-groups,  and  let  D  be 
their  greatest  common  sub-group.  Since  GjHiy  GjH^,  GjH^y  ...  are 
Abelian  (being  of  order  p^y  the  commutant  of  6  is  contained  in 
Hi,  H^,  Hq,  ...,  and  is  therefore  contained  in  D.  Hence  F  =  G/D  is 
Abelian.  Moreover,  the  p^-th  power  of  every  element  of  G  is  in 
Hi,H^,H^, ...,  and  is  therefore  in  D.     Hence  the  j!)^-th  power  of  every 
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element  of  T  =  1.  It  follows  that  F  is  an  Abelian  group  of  the  type 
(2,  2«  2,  ...,  1,  1,  1,  ...)  \_y  2*8  and  z  Ts]  whose  oi'der  is  4a  power  of  p.* 
The  number  of  normal  sub-groups  of  index  p^  in  G  is  the  same  as  the 
number  of  sub-groups  of  index  p^  in  F. 

Now,   by   §  1,   F  contains   (i.)  TFnTT^    ~o\  P^^  sub-groups  with  y  in- 

J  \^)  J  (^ — ^) 

variants  2  and  z—2  invariants  1  ;  (ii.)  ^     *  .f — ^  with  y— 2  invariants 

j\^)  jyy  —  ^f 

2  and  z+'l  invariants  1;  (iii.)  ^,,/A^v%,       .,,  .,  ^p^~^    with  y— 1  in- 

/(l)/(l)/(2/  — l)/(^)^ 

variants  2  and  z  invariants  1.     The  factor-gi'oup  of  F  with  respect  to 


/..       .X  ^TT^P^^''^  of  the  sub-f?roups  (iii.)  is  cyclic;  the   factor-group  of 

F  with  respect  to  the  remaining  .,^{/:, ^,  sub-groups  of  index  p*  is 

/(2)/(2/+^— 2) 

non-cyclic.     This  is  readily  proved  directly  or  by  considering  the  reciprocal 
sub-groups.  + 

Hence  the  factor-group  of  G  with  respect  to   ^ ,   "^  j;  ^ ,, ,  p^'^'~^  normal 

f(y—l)f{l)^ 

sub-groups  of  index  p^  is  cyclic,  and  the  factor-group  with  respect  to  the 

remaining  ^     '^/y  "T q\  i^ormal  sub-groups  of  index  p^  is  non -cyclic. 

The  total  number  of  normal  sub-groups  of  index  p^  in  G  is  therefore 

^  ,  .. — ^tr r: — •  +  ^ — 7-  />*"^'"S  where  y  and  z  are  zero  or  positive 

integers.     As  an  example  we  may  take  the  group 

a^'-  '  =  6^=  1,         ab  =  ba'^^'\ 
for  which  y  =  ^  =  1. 


*  See  M.  Bauer,  Nouv.  Ann.  Math.  [3],  Vol.  xix.  (1900),  p.  508. 
t  Weber'8  Algebra,  Vol.  ii.,  p.  56. 
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ON    BACKLUND'S   TRANSFORMATION   AND  THE    PARTIAL 
DIFFERENTIAL  EQUATION  s  =  F{x,  y,  z) 

By  J.  E.  Campbell. 

[Ret-^ivetl  October  11th,  1906.— Read  November  8th,  1906.] 

Intboductory. 

« 

If  the  arc  of  a  surface  is  given  in  Gaussian  coordinates  by 

ds^  =  AMu^+B^dv^+'lAB  cos  a  du  dv, 

and  the  spherical  image  by 

dtr^  =  F^diL^-^Q'^dv^+^PQ  cos0  dudv, 

where  A ,  B,  P,  Q,  a,  and  0  are  known  functions  of  u  and  y,  the  surface  is 
itself  given,  save  as  regards  its  position  in  space,  and  its  determination 
depends  on  the  solution  of  Riccati's  equation. 

In  the  case  of  a  pseudosphere  (that  is,  a  surface  on  which  the  measure 
of  curvature  is  everywhere  negative  and  equal  to  unity  in  magnitude),  if  we 
refer  to  lines  of  curvature,  we  may  take 

a  =  0  =  m 

and  P  =  ^  A  =  cos  z,         Q  =  —  i?  =  sin  r, 

where  z  is  s,  function  of  u  and  v  to  be  determined  by 

(rz         (rz 

^r-o  —  -T-^  =  Sin  z  cos  .:, 

an  equation  at  once  transformable  (with  the  usual  notation)  into 

.s  =  sin^r. 

The  determination  of  all  pseudospheres  depends  therefore  on  the  solution 
of  this  equation,  and,  if  from  any  given  solution  we  can  deduce  another, 
we  can  from  the  corresponding  given  pseudosphere  deduce  another  pseudo- 
sphere. 

Now,  Bianchi*  had  shown  how  from  any  pseudosphere  another  could  be 


*  For  an  account  of  Bianchi^s  transfonnation  see  Darboux,  Surfaceti,  Vol.  ni.,  chapter  xii., 
or  Bianchi  (German  edition),  VorUstmgcti  iibei-  Lifcrentiahjrometrit:,  Kap.  xvii.  My  attention 
was  first  drawn  to  this  subject  by  reading  a  thesis  by  Miss  Coddiugton,  of  Columbia  University, 
•  m  *'  The  IliHtorical  Development  of  Pseudo^pherical  Surfaces." 
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fifeometrically  constructed,  and  Backlund*  was  able  to  use  this  discoverj 
to  illustrate  the  transformation  theory  which  he  himself  had  invented. 
Thus,  let  z  =^f(Xy  y)  be  any  integral  of  the  equation 

.s  =  sin;8r, 

and,  regarding  z  =zf{x,  y)  as  the  equation  of  a  surface,  let  x,  ^,  ^,  p,  q  be 
the  coordinates  of  one  of  the  surface  elements.  Consider  now  the  four 
equations 

a:'  =  x,      y' =  y,      p' =  — p+2asin^U— /),      ^' =  g— 26  sin  J(-8r+;8r'), 

where  a  and  b  are  two  constants  such  that  aft  =  1. 

We  may  regard  x',   tj\  z\  p\  q'  as  the  coordinates  of  some  other 
surface  element ;  for  the  condition  for  this  is 

dp'  _  dq' 
dy'       dx' ' 

that  *        —dp+a(dz—dz')QOB^{z—z')  __  dq  —  b  jdz-^-dz')  cos  j  jz+z') 
^^'  dy'  {=dtj)  "  dx'  (=  dx) 

i.e.,  —s+a  iq—q') COB  i(z—z')  -=  8—b(p+p')co8i(z'\-z')f 

which  comes  to  s  =  sin  z. 

It  is  also  at  once  verified  that 

.<?'  =  -T^  =  sin  z\ 

We  thus  see  that  when  we  are  given  the  surface  z  =  /  (x,  y)  we  can 
eliminate  x,  y,  z,  p,  q  from  the  four  connecting  equations,  and  obtain  two 
equations  in  x\  y\  z\  p\  q'  which  will  be  in  involution,  that  is,  will  be 
such  that  when  we  substitute  from  them  for  p'  and  q'  in 

dz' =^  p' dx' +q' dy' 

this  equation  will  be  completely  integrable ;  and,  further,  any  integral  of 

this  equation  will  satisfy  ,         .      , 

^  '  .s'  =  sm  z\ 

In  this  paper  I  propose  to  discuss  the  more  general  equation 

s  =  F(x,  y,  z), 

in  connection  with  Backlund's  transformation  theory,  and  to  show  that,  if 
we  exclude  equations  of  which  the  complete  solution  is  already  known,  the 
only  equations  of  the  proposed  form  to  which  Backlund*s  transformation 

*  Mathematisehe  Annaleuy  t.  xvn.  and 
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theory  will  apply  and  enable  us  from  one  solution  to  obtain  others  are 
equations  reducible  by  change  of  the  variables  to  one  or  other  of  the  forms 

«  =  "T -Tw  where  /c  is  a  constant, 

s  =^  Zf 

s  =  sin  z. 

It  will  now  be  necessary*  to  sketch  as  briefly  as  possible  Backlund's 
general  theory. 

Let  X,  y,  Zf  p,  q  be  the  coordinates  of  a  surface  element,  and  Ui  a 
function  of  these  coordinates.     Let 

then  in  operating  on  ui 

Let  (i,  j)xY  =  Xui  Yuj—  Yui  Xuj, 

and  let  {ifjxp,  ...  be  similarly  defined  ;  then,  if 

r    ^  =  ^^  ^^  —  — ^  ^^ 
dx   dy       dy   dx* 

we  have 

(ij)  =  (ij)xY+r  (:ij)pY+8  {ij)xp+s  {ij)QY+ 1  (ij)xQ'\'  {rt—fi^{ij)pQ . 
Finally,  denoting  iij)xp+{ij)YQ  by  [i,  i],  we  can  easily  verify  the  identity 
(28)  [14]+(81)  [24]+  (12)  [84]+(14)  [28]+(24)  [81]+(84)  [12]  =  0    (1) 

for  all  values  of  x,  y,  z,  p,  q,  r,  s,  L 

Let  now  t^  =  0,  t^j  =  0,  1^3  =  0,  w^  =  0  be  four  equations  arbitrarily 
assigned  connecting  two  sets  of  variables  x,  y,  z,  p,  q  and  x\  y\  z\  p\  q'. 
Can  these  variables  be  the  coordinates  of  two  surface  elements  ? 

Suppose  z'  =/(«',  y')  to  be  one  surface  and  x\  y\  z\  p\  q*  the 
coordinates  of  one  of  its  elements  ;  since  these  coordinates  are  functions 
of  x\  y\  the  four  assigned  equations  may  be  regarded  as  equations  con- 
necting X,  y,  z,  p,  q  and  x',  y\     We  may  therefore  regard  x',  y'  as  func- 


*  This  paper  was  written  before  the  appearance  of  the  la8t  volume  of  Forsyth's  DiffernUial 
EquaOofu,  in  chapter  xxi.  of  which  an  account  of  Backlund^R  work  and  its  recent  developments 
is  g^ven. 
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tions  of  X,  y^  z^  p,  q  and  (if  x,  y,  z^p,  q  are  element  coordinates  of  another 
surface)  thus  implicitly  functions  of  x  and  y.  We  therefore  must  add  to 
the  four  assigned  equations 

/^j  =  0,         i^a  =  0,         Wg  =  0,         u^  =  0 

the  equation  which  results  from  the  elimination  of  r,  5,  ^,  -3—,  -r">    j  > 

dx     dy     dx 

-f-  from  the  eight  equations 

duj  ,   dui^  ^4_  ^Hf  ^  —  0  duitdui  dx^.dui  dt^  _  ^ 

dx       dx'  dx       dy'  dx  *         dy       dx'  dy       dy'  dy 

a  =  1, 2, 8, 4). 

These  equations  give  at  once 

where  (ij)'  has  the  same  meaning  with  respect  to  the  variables  x',  y'  that 
(ij)  has  with  respect  to  x,  y. 

From  the  identity  (1)  we  therefore  see  that  w'  =  0  where 

w'  =  (28)'  [14]+(81)'  [24]+(12)'  [84]  +  (14)'  [28]+[24]'  [M]+(84)'  [12]. 

We  thus  have,  in  general,  five  unconnected  equations  to  determine  x,  y,  z, 
p,  q  in  terms  of  x',  y',  z\  p\  q' ,  r',  s',  t' ;  and  the  condition  that 

dz — pdx  —  qdy  =  0 

may  be  satisfied  will  lead  therefore  to  two  differential  equations  of  the 
third  order  which  z'  =  f{x',  y')  must  satisfy. 

It  is  not  difficult  to  prove  that  these  two  equations  of  the  third  order 
are  compatible ;  and  therefore  we  see  that  there  are  surfaces  z'  =f(x'y'), 
to  each  of  which  a  single  surface  can  be  made  to  correspond  by  the  four 
assigned  equations. 

Suppose,  however,  that  the  equation  w'  =  0  is  such  that  from  it  and 
the  four  assigned  equations  it  is  possible  to  eliminate  x,  y,  z,  p,  q  :  we 
niay*  by  aid  of  these  four  equations,  throw  w'  =  0  into  an  equation  of 
Ampere's  form  in  x',  y',  z',p\  q',  /,  5',  t'  only.  If  z'  =f(x',  y')  is  any 
surface  satisfying  this,  the  equations  obtained  by  eliminating  x',  y'  from 

t^  =  1^  =  Wg  =  U4  =  0 
will  be   in  involution;     and   any  surface   satisfying  the  corresponding 
Pfaffian  equation  dz-pdx-qdy  =  0 

will  also  satisfy  the  equation  w  =  0  where 
to  =  (28)  [14]'+(81)[24]'H-(12)[84]'+(14)[23]'+(24)[81]'+(84)[12]'. 


0  Mb.  J.  E.  Campbell  [Nov.  8; 

If,  now,  w  =  0  can  also  be  thrown,  by  aid  of  the  assigned  four  eqoations, 
into  a  form  in  which  the  variables  x\  y\  z\  p\  q'  do  not  occur,  we  have 
a  Backlundian  transformation  enabling  us  to  obtain,  by  the  solution  of  an 
integrable  Pfaffian  equation,  from  any  integnil  of  one  Amperian  equation 
an  integral  of  another  (or  it  may  be  the  same)  equation  of  Ampere's  form. 

Of  course,  if  the  equations  are  arbitrarily  assigned,  they  will  give  rise 
merely  to  a  correspondence  between  certain  surfaces  and  establish  no 
Backlundian  transformation  l)etween  equations  of  Ampere's  form. 

If  the  equation  t^?'  =  0  should  vanish  identically,  the  four  equations 

Wj    =    0,  7/2   =   0,  Mg   =    0,  W4  =   0 

will  be  four  of  the  five  equations  required  for  a  contact  transformation, 
and  in  this  case  w  =  0  will  also  be  a  mere  identity. 

A  problem*  the  solution  of  which  would  be  of  interest  would  be : 
Given  an  equation  of  Ampere's  fonn 

Hr+Ks+Lt+M+N  {rt-!^)  =  0,  (2) 

to  determine  the  forms  of  11^,  u^,  U3,  '^4  in  order  that  the  equations 

Z/.J  =  0,         w^  =  0,         Wg  =  ^»         '*4  =  0 

may  have  (2)  as  their  ?r  equation,  and  that  the  corresponding  w'  equation 
may  be  expressible  in  terms  of  x\  ij\  z\  p\  (/'  only  ;  and,  in  particular,  to 
find  the  form  of  the  Amperian  equation  in  order  that  the  two  Amperian 
equations  may  be  the  same,  and  thus  have  the  property  of  having  an 
infinity  of  integrals  determined  by  one  integral. 

A  particular  case  only  of  this  problem  will  here  be  considered,  viz.,  the 
determination  of  the  forms  Ui,  n^,  Uq,  u^,  and  F  in  order  that  the  two 
Amperian  equations  may  be  each,  in  their  own  set  of  variables,  of  the  form 

s  =  F(x,  y,  z). 

As  the  paper  is  rather  long,  I  have  divided  it  into  five  sections.  In 
the  first  I  prove  that  Biicklund's  transformation  will  not  apply  to  any  of 
the  equations  under  consideration,  unless  at  least  one  of  the  generating 
equations  consists  of  a  relation  between  the  arguments  x,  y,  z  and  x\  y\  z' 
only. 

In  the  second  section  I  use  the  theorem  established  in  the  first 
section  to  show  that  the  generating  equations  can  be  thrown  into  the  form 


*  In  conneotion  with  this  problem  see  Clairin,  Ann.  de  V EeoU  Norm,  Snp.f  3e  8^.,  t  ziz. 
(1902),  Supplement :  and  GtHirsat  in  a  memoir,  Amialet  de  Toulouse,  26  S^.,  t.  zy  (1002). 


1906.]  Backlund'b  transformation.  11 

where  /i  is  a  function  of  x,  y,  z,  and  z'  only,  while  /a,  /a,  and  f^  are  possibly 
functions  of  «,  y,  z,  z\  p,  and  q. 

In  the  third  section  I  prove  that  f^  must  also  be  independent  of 
p  and  q. 

In  the  fourth  section  I  prove  that  by  a  simple  transformation  we  may 
take  the  generating  equations  to  be 

x'  =x,         1/  =  y,         p'  =/8  {x,  y,  z,  z\  p),         g'  =f^  {x,  y,  z,  z\  q). 

Finally,  in  the  fifth  section  I  prove  that,  corresponding  to  these  fornxs, 
transformations  of  the  required  type  do  exist,  but  only  for  equatiojas 
reducible  to  one  of  the  three  forms 

s  =  sin  ^f,         5  =  z, 

and  s  =  -7^ 4- 

{x—yr 

where  #c  is  a  constant . 

I. 

1.  First  we  shall  consider  the  case  where  the  four  equations  are  such 
that  from  them  no  equation  can  be  algebraically  deduced  connecting  x,  y,  z 
and  x*l  y\  z*  only. 

They  may  therefore  be  thrown  into  the  forms 

JP=/i»       ^=A      V'-U       <l'—fi 

where  /i,  /a,  /a,  f^  are  functions  of  the  arguments  a*,  y,  z,  x\  y\  z'  only. 
Let 

and  let  a^ ...  be  a  system  of  functions  defined  by 

Oil  =  X/i,        ai2  =  X/i,        Gfis  =  A/a,        ai4  =  Xf^ : 

«2i  =  y/i»         (hi  =  y/a,         aaa  =  Y/g,         0514=  y/4 ; 

a«  =  57i.       ««  =  Y%,       a„  =  Y'/e,       Uu  =  Y%. 
It  will  now  be  found  that  to  =  0  becomes 

Nirt-s^+Hr+Ks+Lt+M  =  0 
and  w'  =  0  becomes 

N'(r't'-8'^+H'r'+K's'+L't'+M'=  0 
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where 

H  =  --a28a4a--a^(a84— a48)+ti24^> 

L  =  —  aiga^i— aii(a84"— «48)+^4%i» 

—  aga  (Oil  034 — ai4  flai) + «8i  (^12  ^  "■  ^4  ^ 
and 

7/'  =  ai2— Oai* 

H'  =  —  a4ia^--a44(ai2--aai)H-a42ai4» 

K'  =  a4ia38+«8i^+(«84+^4a)(«i2""^i)— «4a^"~^^4» 

L'  =  —  a3iaa8— a3g(ai2— a2i)+aa3ai8, 

J^f'  =  ~a28(^«41~«81^44)  — «a4(%l«43~«38«4l)  +  Ka~^l)(«88^44  — ^^3^43) 

^14  (^88  ^42       ^82  ^48?   I   ^8  (^^  ^42       ^^  ^44'  • 

In  order  that  N,  fl",  L  and  ^',  H',  1/  may  all  vanish,  we  must  have 

^^2  ^^  ^21>       ^84  ^^  ^48>        ^23^42  ^^  ^32^24»         ^18^41  "~  ^31^14>        ^4^42  ^  ^41  ^^» 

and  ^^81  =  ai8fl^82« 

These  lead  to  one  of  the  following  sets  of  relations  : — 


—  -"   —  -*^  —  — ">  «12  —  ^1>  "84  —  "'- 

^82  ^42  ^1  **41 


48  > 


^82  —  ^'^  —  ^41  —  ^14  —  0>  ^12  —  ^1»  ^84  —  ^48  > 

^42  ^^  ^  ^  %1  "^  ^18  ^^  ^>  ^12  ^^  ^21>  ^34  ^^  ^48' 

Now  the  first  set  of  relations  leads  to  w  and  w*  vanishing  identically, 
and  therefore  to 

P  =  /i»     ^  =  A    !>'  =  A     ?'  =  A 

being  fom*  of  the  equations  of  a  contact  transformation.  We  need  not 
therefore  consider  this  set  at  all.  The  third  set  of  relations  is  obtained 
from  the  second  by  interchanging  x'  and  //'  and  p*  and  g' ;  so  that  we 
need  only  consider  the  second  set,  which  gives,  to  determine  /i,  /a,  /g,  f^, 
the  equations 
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I^  /i»  /a>  /st  fi  satisfy  these  equations,  «(?  =  0  becomes 

.  =  «,,  =  (I +/.|)/, 

provided   that    obY^d^^—a^o^i    i^  "^^  zero  ;    if   it  were   zero,   w  and    \e* 
would  vanish  identically. 

We  must  therefore  also  have 

and,  if  all  of  these  equations  can  be  satisfied, 

will  have  the  required  property. 

2.  We  now  write  u  =/i,  v  =/2,  and  then  we  have,  to  define /g  and/4, 

and  from  (^+./,^J/^  =  0 

we  see  that  -^^^-r-^  +« -^^^^  =  0. 

This  may  be  written  in  the  form 

and  therefore  -^^  log  w+  -^  is  a  function  of  w,  a?',  x,  y,  z  only  ;   that  is, 

Xu  is  such  a  function. 

Let  Xu  =  /(i^,  i;',  x,  //,  z). 

From  the  equations  cvi^  =  031  =  F(ir,  //,  ^) 

we  have  Yu  =  F{xyz)  =  Xr, 

and  we  see  that  X  and  7  are  commutative  operators.     It  follows  that 

XF  =  XYu  =  YXu  =  Yf  =  F^^  +  ^+v^. 

We  shall  now    prove  that  /  cannot  contain  z  explicitly,  though  it  may 
implicitly,  as  being  a  function  of  u. 
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If  it  did  contain  z  explicitly,  we  should  conclude  from  the  above 
equations  that  v  must  be  a  function  of  x\  w,  x,  y,  z ;  say 

V  =  (/>{u,  x\  X,  y,  z). 

Now  Yu  and  Tx^  are  both  zero,  and  therefore  w  is  Y'^;  that  is, 
Tv  is  zero;  that  is  a^  =  0.  But  FF  =  0,  and  therefore  TYu  and 
YYu  are  both  zero  ;  so  that 

annihilates  u. 

Now  a^  is  zero,  and,  as  we  saw  that  018^42—^^31  could  not  be  zero, 
we  cannot  take  a^  to  be  zero ;   we  conclude  that  dujdz*  must  be  zero. 

Now,  if  cujdz'  were  zero,  so  would  be  dujdy',  and  therefore  u  depend 
only  on  x\  x,  y,  z;    then  from 

a  .    a 


k+^5i)^=^'^  =  ^(^'^'"^ 


we  should  conclude  either  that  v  did  not  contain  y'  or  z',  or  that  bu/cz 
was  zero. 

If  u  did  not  contain  z,  we  should  then  have 

^  =  F(x,  y,  z\ 

and,  as  u  does  not  contain  ^,  neither  can  jP.  But,  if  F  does  not  contain 
z^  the  equation  5  *=  F  is  integrable,  and  as  such  has  been  excluded  from 
consideration. 

If  V  did  not  contain  y'  or  z\  then  we  should  have 

V  =  /i(^'»  «»  y»  -sr),         g  =  /a(x',  X,  y,  z\ 

and,  eliminating  x\  we  should  have  a  relation  between  x,  y,  z,  p,  q  which 
could  not  possibly  lead  to  a  Backlundian  transformation. 

We  conclude  that  /  does  not  contain  z  explicitly,  and  therefore 

Xu  =fiu,x\x,y) 

and  3-+^-^  =  ^  ^+  ?-•  (1) 

ox         oz  ou       oy 

It  will  now  be  shown  that  this  equation  must  be,  not  a  mere  equation 
connecting  u^  x\  x,  y,  z,  but  an  identity  in  these  arguments. 

First  we  notice  that  by  our  assumption  as  to  the  form  of  the  four 
equations  ^  ,        ^  ,       ^ 
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defining  the  Backlundian  transformation  there  can  be  no  equation 
connecting  x,  y,  z,  x\  y\  z*  ;  for,  by  the  definition  of  such  a  trans- 
formation, four,  and  only  four,  unconnected  equations  can  exist  between 
the  coordinates  of  the  two  sets  of  elements. 

The  equation  (1)  then,  if  it  is  not  a  mere  identity,  must  give  tt  in 
terms  of  x\  x,  y,  z  only ;  but  we  have  shown  that  such  an  hypothesis 
is  inconsistent  with  the  limitation  placed  on  the  proposed  problem.  We 
conclude  that  (1)  is  an  identity  in  the  arguments  u,  x\  x,  y,  z. 


8.  Differentiating  (1)  with  respect  to  a  and  z  successively,  we  have 


fV  ~  a^  ^' 


and  therefore,  since  by  our  limitations  F  must  contain  z^    ^fjdu^   does 
not  contain  u. 

We  therefore  have  /  =  ^+Bw+iCw^ 

where,  since  /  does  not  explicitly  contain  z.  A,  B,  and  C  are  functions 
of  x^y,  and  x'  only.     Substituting  this  value  of  /  in  the  identity  (1), 

aF,    aF_  ,^  ,  ^  ,^,  a^  ,    a^.^aac 

ex         cz  cy  oy  oy 

and  therefore 

cy  oz  cy  ex  cy 

From  the  second  two  of  these  equations  we  have,  by  the  condition  of 
compatibility.  ,c  .    a^B       j^dB,.dA^. 

cx       oxoy  oy  oy 

and,  since  F  must  contain  z,  we  therefore  conclude  that 

■TT-  =  0     and      C-^ — h  •?^— ;r B  ^^^  =  0. 

ox  cy       cxcy  cy 

Differentiating  the  identities  (2)  with  respect  to  x\  we  see  that,  since 
F  contains  z  while  A,  B,  and  C  do  not,  we  must  have 

ax'"""'         ax'-"'         Sycx'"^' 

C  is  therefore  a  mere  constant  c,  while  B  and  c^A/oy  are  functions  of 
X  and  y  only. 
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4.  First  we  take  the  case  where  c  is  not  zero.     From 

we  have  F-\ -^  =  ^"^(x,  y) 

where  ^  is  some  function  of  x  and  y  only.     From  this,  combined  with 

T.?-  =  BF+  -TT-     and     c  -k — h  *— ^^ jB  .,r-  =  0, 

ox  oy  &y       oxoy  oy 

we  see  that  B(/>  =  -^ 

and  therefore  F+  —  ,5^  log  6  =  tf^^^'^'  ^»°«^)  ; 

c   oxoy        ^ 

so  that  the  Amperian  equation  is 

^_  L+  Jl  log  0)  =  ,je(,+i  ciog^) 
oa^ay  V         c         ^ / 

The  equation  is  therefore  reducible  by  a  point  transformation  to  the  form 


5  =  6^" 


where  c  is  a  constant. 

This  is  Liouville's  equation,  of  which  the  solution  is  known  (Forsyth, 
Differential  Equatimis,  1885  edition,  p.  421),  and  therefore  is  not  to 
be  considered. 


5.  Next  we  take  the  case  where  c  is  zero,  and  we  have 

dF  ^dB  cFB  ^^3-B 

oz       "Sy'         oxoy  ^' 

It  is  easily  seen  from  the  second  of  these  equations  that 


a 


ft 


B  =  ^  + 


2a' 


a'    •   /S-a 

where  a  is  a  function  of  x  only  and  /3  of  y  only,  and  the  dashes  denote 
the  function  differentiated  with  respect  to  its  argument. 

We  therefore  have  -^r-  =  —  .J^    ,^ ; 

oz  (p  —  aY 

80  that  the  equation  is       .s  =  —  ,0^     x^  ^+^(2^,  //). 
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It  z  =  Zi,  where  Zi  is  a  function  of  x  and  y,  is  a  particular  integral  of 
this  equation,  by  a  transformation  z'  =  z—z'  we  can  deprive  the  equation 
of  the  function  ^ ;  and  then,  by  taking 

1/  z=  /3,  X'  =  a, 

we  can  bring  it  to  the  form 


{y—xf 

Now  this  equation  has  (Darboux,  Surfaces,  Vol.  ii.,  p,  143)  the  integral 

where  a  is  an  arbitrary  function  of  x  and  jS  ot  y;  and  therefore  may  also 
be  excluded  from  further  consideration. 

The  general  conclusion  is  therefore  that  there  is  no  Backlundian 
transformation  of  the  type  required,  and,  if  a  transformation  exists,  it  must 
include  as  one  of  its  '*  generating  *'  equations  a  relation  between  x,  y,  z, 
x\  y\  z*  alone. 


II. 

6.  We  now  know  that  the  four  generating  equations  of  the  Backlundian 
transformation  which  leaves  s  =  F(x,  y,  z)  unaltered  must'  involve  an 
equation  connecting  x,  //,  z  and  x\  y\  z'  only. 

Let  them  be  thrown  into  the  forms 

a:'=/i,         U'=U        V'=^U         (i'=U 

where /i, /2, /a,  and/4  are  functions  of  the  arguments  x,  y,  z,  p,  q,  and  z\ 
It  is  always  possible  to  throw  the  equations  into  these  forms  unless  they 
involve  a  relation  ()etween  those  arguments.  That  such  a  relation  cannot 
exist  in  the  Backlundian  transformation  we  are  considering  may  be  proved 
formally ;  I  do  not,  however,  give  the  proof  here,  lest  it  should  add  un- 
necessarily to  the  length  of  a  paper  already  long,  in  that  its  nature  is 
not  essentially  different  from  the  methods  of  proof  now  to  be  employed. 

The  generating  equations  being  now  in  the  assumed  form,  the  first 
Amperian  equation  is  found  to  be 

where/  denotes  the  differential  coefficient  of/  with  respect  to  z\ 

BBS.  2.      TOL.  5.      NO.  945.  C 
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The  second  Amperian  equation  is 

(r'<'-5"^[12]+r'|(l-/,jg[41]+/,/,[42]-/,/,[12]} 

+  f{a  -/s/,)  [23]+/8/,[18]-/3/8[12] } 
+«'{/8/.[41]+(/8/,-l)[24]+/,/i[23]+(/,/,-l)[31] 

+/./«  [14]  4-/4/8  [24]+  (1  -fj-fj^  [84] 

+fj<  [32]+/8/4  [81]  =  0. 
Since  the  coefficients  of  r't'  — «'^  r'  and  V,  must  be  zero, 

[12]  =  0,      (l-f,U  [41]+/4/i  [42]  =  0,       (1-/3/1)  [28]+/^/,[13]  =  0. 
By  aid  of  these  and  the  identity 

(28)[14l+(81)[24]+(12)[84]+(14)[23]+(24)[31]+(84)[12]  =  0, 
the  first  Amperian  equation  gives 

\ [23]/4/i+[41]/8/, ]  { (14)[28]+  (24)[31] } 

+[28]  { [41]  (/Jn-fJdH94:]fJ,  \  (12)  =  0.     (3) 

Conversely,  if  this  equation  holds,  so  also  does  the  first  Amperian  equa- 
tion, unless  at  least  one  of  the  following  sets  of  conditions  holds, 

[28]  =  0,        A  =  0;  [41]  =  0,        f,  =  0; 

[28]  =  0,     [81]  =  0;  [41]  =  0,     [42]  =  0,  (4) 

when  (8)  becomes  a  mere  identity. 

7.  As  the  generating  equations  must  involve  a  relation  between  x,  y,  z 
and  «',  y',  z'  only,  {12)pq  is  zero.  Our  object  will  now  be  to  prove  that 
neither  /^  nor  /g  can  involve  p  or  q,  and  first  we  assume  that  both  do 
involve  one  or  other  of  these  arguments. 

Suppose /i  contains  27,  say :  then,  since  (12)pg  is  zero,  if  Pfq  were  zero, 
<2/a  would  be  zero ;  and,  as  this  is  contrary  to  our  hypothesis,  we  must 
suppose  that  fi  and  /^  both  contain  p. 

We  shall  now  prove  that  an  Amperian  equation  of  the  kind  we  are 
concerned  with  cannot  be  of  the  form 

a(12)+6(18)=0  (5) 

where  a  and  b  are  any  functions  of  rr,  y,  z^  jp,  g,  and  z'. 
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Since  (12)pq  =  0,  we  have  b  {1S)pq  =  0.  We  cannot  take  6  to  be  zero ; 
for  the  equation  would  then  reduce  to  (12)  =  0,  an  equation  which,  as 
being  soluble  by  Monge's  method,  falls  without  the  scope  of  this 
investigation. 

We  then  have  {1S)pq  =  0,  and  therefore,  since  {12)pq  =  0,  and  /i 
contains  p,  (2S)pq  =  0  ;  so  that,  /ul  being  some  function  of  x,  y,  z,  p,  q,  and 
^'»  Q^P^P  annihilates /i, /a,  and/g. 

Since  the  coefficients  of  r  and  t  are  to  be  zero  in  (5),  and 

(1  2)gK   =  JUL  (12)pr,  aQ)QY   =  M  (18)pr, 

we  have        a  (12)^^+6(13)^^  =0,         a  (12)Qx+b  il3)Qx  =  0 ; 
and  therefore,  unless  jn  is  zero,  we  also  have 

aa2)px+b{13)px  =  0. 

But  this  would  make  the  coefficient  of  s  zero ;  so  that  we  must  take  /u  to 
be  zero. 

Since  /i,  /a,  /g  do  not  now  contain  q,  the  equation  takes  the  form 

.9  {aa2)xp+b(lS)xp\  +a{12)xY+baQ)xY  =  0 

where  a  (12)/>r+6(13)i>r  =  0  ; 

and  [12]  =  0  gives  X—\P  as  an  annihilator  of /i  and /a  where  X  is  some 
function  of  x,  y,  z,  p^  and  z\ 

Noting  that  {1%xy  =  X  (12)pr, 

we  have  (5P/1+  Yf,)iX-\P)f^  =  0. 

We  cannot  take  (X—XP)/^  =  0  ;  for  that  would  reduce  the  equation  to  a 
mere  identity.     If,  then,  the  Amperian  equation  is 

s  =  F  (x,  y,  z), 

-FP+  Y  and  Q  would  both  be  annihilators  of  /i ;  and  therefore  also  3/3ir, 
and  so  hFjhz .  P.  But  P  does  not  annihilate  /j,  and  dFjhz  =  0  would  mean 
that  the  Amperian  equation  was  integrable,  and  therefore  outside  our  in- 
vestigation. 

Similarly  we  see  that  there  can  be  no  equation  of  the  form 

a(12)+6(28)  =  0. 

8.  Suppose  now  that  we  have  an  equation  of  the  form 

a(28)+6(81)+c(12)  =  0,  (6) 

and  that  (19) pq  is  not  zero.     Since  the  coefficient  of  rt—^  is  to  be  zero, 

c  2 
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and  Q—\P  annihilates /i  and /a  but  not/g,  we  must  have 

aPf,  =  bPf,. 

Since  the  coefficient  of  r  must  also  be  zero,  the  equation  (6)  takes  the  form 

P/i(23)+P/2(31)+P/8(12)  =  0,  (7) 

and  the  vanishing  of  the  coefficient  of  ^  in  this  gives 

Pfv    Qfv    Xf,    =0. 
Pfi^     Qfi^     ^fn 

PU  QU  Xf, 

This,  combined  with  the  fact  that  (12)/'^  is  zero  but  not  (18)rQ,  gives 
(12)px  and  (12)gA'  both  equal  to  zero.  Since  [12]  =  0,  we  also  have 
{12) QY  =  0,  and  thus,  unless  Qfi  =  Qf^  =  0,  we  should  have  (12)  =  0. 
As  we  cannot  have  this,  we  must  take  Qfi  =  Q/a  =  0.  Since  [12]  =  0, 
we  may  say  that  X— XP  annihilates /^  and/g  where  \  is  some  function  of 
^>  Vi  z,  p,  and  z'. 

The  equation  (6)  now  takes  the  form 

(5g/3+X/8-XP/8)(12)rP  =  0. 

Now,  we  cannot  ever  have  (12)y/.  =  0 ;  for  it  gives  (12) fq  =  0 ;  and  there- 
fore, since    (12)jf/.+(12)ry  =  0,  we  have  (12)x/'  =  0;  but 

(12)r/.  =  (12)jr/>  =  0 

gives,  since  P/i  is  not  zero,  (12)A^r  =  0  and  thus  (12)  =  0. 
If,  therefore,  the  Amperian  equation  is 

s  =  F{Xy  y,  z), 

we  see  that  FQ+X—\P 

annihilates  /g. 

9.  Returning  now  to  the  equation  (3),  assume  for  the  present  that 
none  of  the  conditions  (4)  hold.     We  cannot  then  have 

[2B]/4/i+[41]/3/a  =  0; 

for  that  would  reduce  the  first  Amperian  equation  to  the  form  (12)  =  0. 
We  therefore  have     [23](14)p()+[81](24)pg  =  0. 


1906.]  Backlund's  transformation.  21 

Let  Q—fiF  annihilate /i  and /a  ;  then 

;[23]P/i+[31]P/,|  (g-/xP)/,  =  0 
and    [28]  P/i+[81]  P/,  =  P/a  (mpx+Qf^  (12W  =  (12)p^(Q-mP)/8. 

It  follows,  since  (12)y'i'  cannot  be  zero,  that  Q—fxP  must  annihilate 
/8or/4. 

We  therefore  take  /,  to  be  so  annihilated — if  we  had  chosen  to  take  /j 
instead  of /g,  we  should  have  used,  instead  of  (8),  the  corresponding  equa- 
tion obtained  by  interchanging  the  suffixes  8  and  4  and  also  1  and  2. 

We  now  have  (12)/.g  =  (13)pq  =  (28)i>g  =  0,  and  cannot  therefore 
have  (14)/.y  =  0  ;  in  fact,  if  we  had,  we  should  be  able  to  obtain  from  the 
generating  equations  three  equations  not  containing  p  ox  q  and  thus  be 
able  to  express  z  in  terms  of  x\  y\  z\  p\  and  q*  only ;  that  we  cannot  so 
do  was  the  assumption  made  at  the  beginning  of  this  section. 

The  equation  (8)  is  now  of  the  form 

(24)[81]+(41)[82]+6'  (P2)  =  0 
where    c  =  [28]{C/',/8-/8/4)[41]+/4/i[84]|/|/,/,  [28]+^^^^ 

and  (14)  pg  is  not  zero.     It  follows  that  Q  annihilates /i, /g,  and/g,  and  that 

FQ+X-\P 

annihilates  /i,  A,  and  f^. 

•  •  • 

We  now  prove  that  neither  J\  nor  f^  can  be  zero.  If  f^  were  zero,  we 
could  not  have  [41]  zero ;  for,  by  hypothesis,  the  conditions  (4)  do  not 

hold  ;  we  must  therefore  have  fifa—l  =  0  ;  f^  does  not  therefore  contain 
q.     But  this  we  have  just  seen  is  impossible,  since  (14)^^  is  not  zero. 

If  f^  =  0,  then  /a/i  =  1  ;  since  /a  has  the  two  annihilators  d/Bz'  and 
FQ+X—XP,  and  not  P,  we  see  by  taking'  the  alternant  that  X  =  0.  It 
follows  that  FQ+X—XP  annihilates /i,  and  therefore  also  /g.  Since  /s 
does  not  contain  (/,  this  would  make  [28]  =  0,  and  thus,  contrary  to 
hypothesis,  one  of  the  conditions  (4)  holds. 

Now,  if  neither  fi  nor  /s  is  zero,  the  second  Amperian  equation  takes 
the  form 

s'  •!M/8/3+[23]/Ji}-/«/4  l[28]/4/i+[84]/,/a+[41]/,/3}  =0 
where  1—fa/i—fifa  must  not  be  zero;  that  is, 

s'-fsA  =  cf J,  1 12SI  (7)' 

By  (7)  we  have  cPf^  =  [32]  P/, ;  {If 
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and  therefore,  the  second  Amperian  equation  being 

«'  =  -F(/i.  U  ^')  =  F",  say, 

Also,  since  (1  -/8/i)[28]+/8/.  [18]  =  0, 

we  have  P/j  =  /«  (/,  P^-A Pfi) ; 

and  therefore  F'(12)^y.+  (24)yy.  =  0,  (8) 

where  we  write,  for  (12)j/js',i>,  simply  (12) j/.. 
Let  F(3+-X:-XP  be  T ;  then 

and,  noting  that,  as  T  destroys /i  and/g,  it  must  destroy  F\  and  that 

r(12)^/.  =  PX  (12).;.-{12),.,         r(24),T  =  P\(24).r~(24U 
we  have  P  (12).-',+ (24)..,  =  0.  (9) 

It  follows  that  F'  {12)i^.+(24)p,  =  0.  (10) 

Operate  again  with  T  on  (9),  and,  since 

r(12)..  =  \(12)p,+  ^(12).,s 

r(24)y.  =  X  (24)/>,+  ^  (24),T-  ^AQfv 

oz  cz 

we  get  -^AQ/i^O. 

But  this  is  impossible,  for  cF/bz  =  0  would  mean  that  the  Am2)erian 

equation  was  integrable,  and  we  have  proved  that  /g  is  not  zero,  and  /^  not 
annihilated  by  Q. 

We  conclude  that,  if  none  of  the  conditions  (4)  hold,  either  fi  or  /^  is 
independent  of  p  and  q. 

10.  We  must  now  examine  the  cases  'where  some  of  the  sets  of  con- 
ditions (4)  hold.  Let  these  conditions  be  respectively  referred  to  as 
Aj  £,  C,  and  D.     If  A  holds,  we  see  at  once  that,  unless  [42]  is  zero,  the 
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first  Amperian  equation  would  be  of  the  form 

a  (12) +  6  (24)  =  0, 

which  we  have  seen  is  impossible. 

On  the  other  hand,  if  [42]  =  0,  we  have  the  condition  D. 

We  thus  need  only  consider  the  condition  A  in  conjunction  with  the 
condition  D,  Similarly  B  in  conjunction  with  C  We  cannot  have  G  and 
D  together ;  for  that  would  make  the  coeflBcient  of  s'  zero. 

We  shall  now  show  that  C  cannot  hold  without  B.  Assume  that  C 
holds,  but  not  B ;  then  A  cannot  hold,  for  it  leads  to  D,  and  we  have,  from 

[28]  P/i+[81]  PA  =  (12)pr  (Q-^P)U 

that  (18)PQ  =  0, 

and  therefore  (14)pq  is  not  zero.     The  Amperian  equation  is  now 

{/4/iC84]+(/4/8-/8/4)  [41]}  (12)  +  (24)[41](l-/8/i)+(41)[14]/,/;  =  0. 
We  cannot  have  /^  zero ;  for,  since  B  does  not  hold,  that  would  mean 

1-/4/.  =  0; 

and,  from  the  form  of  the  Amperian  equation  and  the  fact  that  (14)pq  is 
not  zero,  f^  does  not  contain  q ;  so  that  neither  would  f^^  which  is  absurd. 
Nor  can  we  have  /2  zero ;  for  that  would  reduce  the  equation  to  the 

^^™  a  (12) +  6  (24)  =0. 

Since  neither  /i  nor  /a  is  zero,  the  second  Amperian  equation  is,  by  (7)' 

m 

and  we  thus  have  F'Pf^  =  /g  (24) r^ .  (11) 

Now,  /i,  /a,  and  f^  are  annihilated  by  T,  as  is  also  /g,  since 

[23]  =  [81]  =  0. 
Operate  therefore  with  T,  and  we  shall  obtain 

P'^=/8(24)...;  (12) 

and  therefore,  since  /,  is  not  zero, 

(24)p,  =  0.  (18) 

Operating  on  (13)  again  with  T,  we  obtain 
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We  thus  see  that  C  and  B  must  go  together,  and  similarly  we  see  that 
D  and  A  must.     Taking  B  and  C  together,  the  identity  becomes 

[24]  (31) +[84]  (12)  =  0, 

and,  as  we  cannot  have  [24]  =  0,  we  must  have  (18)p^;  =  0 ;  and  the  first 
Amperian  equation  becomes 

l[24[(/4/8-/8/4)+[34](l-/,/;)  [  (12)+[24](24)+[42]/8/j(41)  =  0, 
whilst  the  second  is 

s'  [24]  =  [24]/,  /8+  (1  -fj^  [84]. 
As  before,  we  thus  obtain  the  equation 

F^Pf,  =  /3  (24)p^, 

and  by  operating  with  T  see  that  this  would  lead   to  the  inadmissible 

equation  /^  =  0.     Similarly  for  the  cases  A  and  D  in  conjunction.     We 
thus  conclude  that  either /^  is  independent  of  p  and  q,  or  else/g  is. 
We  may  take  /i  therefore  to  be  a  function  of  x,  y,  z,  and  z'  only. 


III. 

11.  Our  next  object  is  to  prove  that /2  cannot  contain  p  orq:  we  there- 
fore assume  that  it  contains  p ;  a  similar  method  would  be  applied  if  we 
were  to  assume  that  it  contains  q. 

Our  first  step  will  be  to  prove  that  one  of  the  conditions  -4,  B,  C,  D 
must  now  hold.  Suppose  that  none  of  them  hold ;  then,  since  the  equa- 
tion (3)  is  now  equivalent  with  the  first  Amperian  one,  we  must  have 

(14)n,[23]+(24)p^[31]  =  0; 

for  we  cannot  have  l^^lAfi'^L'^yifsA  =  0- 

We  then  have  (24)pg[31]  =  0.  If  (24)pq  were  zero,  Q^/mP  would 
annihilate  f^  and  f^  (since  f^  is  not  independent  of  p),  and  therefore 
[14]  =  0  would  be  a  consequence  of  [12]  =  0.  But  [14]  =  0  must  lead 
to  condition  B  or  Z).     We  thus  have  [31]  =  0. 

Since  [31]  =  0  and  the  conditions  (4)  do  not  hold,  by  equating  the 
coefficients  of  /*  and  t  to  zero,  we  see  that 

(U)pY.     (12)PK    =  0; 
(14)^.v,     (12)^A' 
and  therefore,  since  (24)pq  is  not  zero,  X/i  is  zero  or  Y/i  is.     If  Xfi  were 
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zero,/i  would  depend  on  y  and  z'  only,  and,  as   [18]  =  0  must  now  lead 

to  1— /8/i  =  0,  the  same  is  true  for /g.  This  would  mean  a  relation 
between  x\  p\  and  z*  which  is,  of  course,  impossible.  Similarly  for 
Yf,  =  0. 

12.  We  must  therefore  assume  one  of  the  conditions  A,  JS,  C,  D, 

Assume  that  B  does  not  hold. 

If  C  holds,  D  cannot,  as  it  would  make  the  coefficient  of  s'  zero. 
From  [81]  —  [12]  =  0,  we  see  that  (23)  pg  =  0,  and  therefore,  from  the 
first  Amperian  equation, 

(l-/3A)C24)yv  =  0. 

To  take  (24)  yy  =  0  would  lead  to  [14]  =  0,  and  thus  to  JS  or  i)  ;  so  that 
we  must  tixke  1  — /3/1  =  0.     From  [23]  =  0,  this  gives  us 

A/s  P/,+  y/sQA  =  0 : 

and  therefore  (18)jcy  =  0.  As  /i  and  /g  contain  neither  p  iiur  q,  this 
would  give  (13)  =  0,  which  is  impossible. 

Similarly,  we  see  that,  if  D  holds,  we  must  have,  from  [14]  =  0  and 
[12]  =  0,  that  [24]p,^  =  0 ;  and  therefore,  from  the  Amperian  equation, 

/s/l  (*28)y>v  =  0. 

As  B  does  not  hold,  we  have  (28)po  =  0 ;  and  therefore,  as  P/j  is  not 
zero,  (84)  PQ  =  0. 

But  this  would  mean  that  three  equations  could  be  obtained  inde- 
pendent of  p  and  q,  and  this  we  have  proved  is  impossible. 

Suppose,  now,  that  A  holds :  then,  from  the  Amperian  equation  and  the 
identity,  we  have 

/4/1  (28)pg+(l-/3/i)(24)p^  =  0,         [14](28)p,,+[81] (24)/^  =  0  ; 

and,  as  we  cannot  have  (28)p(^  =  (24)p^  =  0,  we  must  have 

/j\  [31] +  (1-/3/1)  [41]  =  0. 
But  this  combined  with  A  and 

/4/i[42]+(l-/,/^[41]  =0 

would  lead  to  (12)  =  0  or  a  mere  identity,  instead  of  an  equation  of 
the  kind  we  require. 

We  must  therefore  take  the  condition  B.  With  this  we  cannot  have 
[81]  =  0 ;  for  it  would  lead  to  (28)i'(;>  =  0,  and  thus,  through  the 
Amperian  equation,  to  (24)pq  =  0,  which  we  have  seen  is  impossible. 
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13.  The  Amperian  equation  now  takes  the  form 

a(18)-6(12)  =  0, 
where      a  =  (I-/4/2)  [31]+[24],         b  =  {fj,-f,h)  [81]+[84], 
and  [14]  =/;  =  0,  [28]+/8/2  [18]  =  0, 

but  [18]  is  not  zero. 

Since  the  coeflBcients  of  /*  and  t  must  vanish,  we  have 

XMaQfs-bQf^  =  YMaPf^-bPf^  =  0. 

If  neither  Xfi  nor  Y/i  ^^^^  zero,  we  should  have  (23)pq  =  0  and  so 
[18]  =  0.  We  must  therefore  have  Xfi  =  0  or  Y/i  =  0.  If  Y/i  =  0, 
we  have,  from  [12]  =  0,  that  PfaXfi  =  0  ;  but,  by  hypothesis,  iy,  i*  ^^ot 
zero,  and  we  cannot  have  Xfi  =  Y/i  =  0 ;  for  then  would  /j  be  a  mere 
constant. 

We  must  therefore  take  Xfi  =  0  and  so  Q/i  =  0.  From  [14]  =  0,  we 
now  see  that/2  ^^^A  ^^^  independent  of  9,  and  we  also  have 

aPf,  =  bPf^ ; 

and,  since  [18]  is  not  zero,  /a  must  contain  q. 

We  may  take  /i  =  //,  and  we  find  for  the  Amperian  equation 

sPAQfs+PfaXfs-PfsXf,  =  0, 
which,  by  aid  of  [23]+/8/2[18]  =  0,  becomes 

sPf2+fsA+YA  =  0. 
If  this  is  to  coincide  with        s  =  F(Xj  y,  z), 

we  see  that  FP+  Y+fa  ^, 

annihilates  /j. 

We  cannot  have  /g  =  0 ;  for  then  would  both  FP+  Y  and  Q  be 
annihilators  of  f^  and  we  should  thus  be  led  to  dPfdz  =  0.  It  follows 
thdt  /a  =f'\-q<l>y  where  /and  </>  are  functions  of  the  arguments  x,  y,  z,  p, 
and  z'  only,  and  that  /g  has  the  two  annihilators 

F^  +  ^+f-r-^     and     ^+0^. 
(jj)      cy         c:  vz  cz 

Equating  to  zero  the  coefficient  of  q  in  ['iSj+Za  /a  [13]  =  0,  we  get 
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The  second  Amperian  equation  is 
5'{[42]+(A/,-l)[31]f 

+/8/4[31]+/4/8[24]+(l-/,/;)[34]+/4/4C32]  =  0. 
Expressing  [84]  and  [24]  in  terms  of  a,  b,  and  [31],  this  becomes 

The  relation  aPf^  =  bPf^  gives,  on  substituting  for  a  and  b  their 
values  and  making  use  of  [23]+/8/j[l3]  =  0, 

YAPA  =  PA(YA+fJ^+(fJs-f3fd  Ph+ii-hUPU      (U) 

If  the  second  Amperian  equation  is  therefore  to  coincide  with 

s'  =  F{y,  /„  z')  =  F*     say, 

we  must  have  F  =  (fP+  Y+fs  J7)/,. 

Since  F  and/4  do  not  contain  q,  we  must  have/4  ^^^o  annihilated  by 

It  follows  that  fi  is  a  function  of  /j,  x,  y,  and  p  only  :  let 

fi  =  *(/2»  ^»  /A  i^)- 

14.  Since  #  is  to  be  regarded  as  the  function  of  the  arguments /s,  x,  y, 
and  p,  we  shall  understand  by  c^/dp,  for  instance,  the  partial  coefficient 
with  respect  to  p  when  x,  y,  and/^  are  kept  constant ;  so  that 

We  therefore  have  P  =  F^  +  P-,  (15) 

d^       dy 

since  -PP+r+/8jr-y  annihilates /g. 

Differentiating  this  equation  with  respect  to  z'  and  z,  we  get 

_aFa*^/^  a«*      a^  _a£\^3  a7) 

so   that  <P  -TT-r  =  -;^    TT—  . 

cz'        oz  op 
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It  follows  that 

\oz   opJ  I       \vz  op  J 


I  IJ^P   ^  v/  j^  3if"  V  A  II  ^F'   ^„^  .  cF'  „^\       XL 


since  ^f2Pi>  =  X^P/g; 

that  is, 


/^    ^ 


+ 


I  Cz  xrpvx 

,,  ,  (dF  a^*  ,  a*  a  ^,a  /ai^^  a^    xj^ 

80  that  l-?r-  ^-^^  +  T—  ~  X/'  1  /  -^  ^^-2  =  Tfr. 

\vz  cpcx      cp   i'z        J I   vz  cjr       Pfc^ 

Operating  with  A'  and  P  on  (15),  we  have 

a'^4>        c?^     a*        /     a^*      a^     ai^'\ 

rxcly  dp  ex       dp  \     c;/?c/2      oydf^       d/g/ 

a**       a^*    /    a^      a^     a^'x 

^+F^  +  (p^+^-^)P/2  =  0,     (19) 
?p?y  ?p^       \     ?prf^       Vf/df^       a/a/    ''^ 

and  we  thus  obtain 

(  3"*  ^^.  ^t")  i"]^  S'f  I  ^"^  ^  xf] 

\dpdy  rp^l  \?.z  vpCx      cp  oz        I 

d^  dp  \oxvy  op  ex      tp        J 

Now  this  equation  involves  only  the  arguments  p,  x,  //,  /g,  and  z\  and, 
unless  it  is  an  identity,  we  could  by  means  of  it  express  /g  in  terms  of 
X,  y,  ^,  and  p  ;  but,  as  we  have  proved  that  /g  is  not  zero,  this  is  impossible, 
and  therefore  it  is  an  identity. 

We  shall  now  obtain  an  identity  in  the  arguments  x,  y,  p,  /g,  and  z 
which  will  also  be  required.  Equating  to  zero  the  coefficient  of  q  in  (14) 
we  get  (  a  -I 

■|/,P/,|;+(1 -/,/,)  P[ 

since  t:^  +^^,  annihilates  both /a  and/,. 

Eliminating  Pf'ilO-—fif^  by  means  of  (16)  and  (19),  we  have 


[APA  ^  +(1-/4/2)  p ;-  log  ^  =  0, 


W-/./;.  =  (||+.0)/(|-^,-al+*^)^ 


cF  a*  idF'  c^    a* 

and,  since  <h  =  -;r-  ^^/-»^-7     and     F'  =  -F^s — h-^r- , 

^        cz   cp/  i)z'  cp       cy 
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we  thus  obtain  the  required  identity 

/af  8^  ,  ^,  a^  _  a*  a^\  /^  a*  ^  ,  a*  c^f  _  ap  a^\ 

^  ai^  a^  pF  a^  .  ^  a^  5F^  .  a^  ffl^     a^  a^    p,  a^\ 
a<8r'  3p^  va/a  a/)       c^  a<?'     a?/  a^a/a    op  dyd/^       apa/g/ 

(21> 
Also,  from  [28]+/3/2[13]  =  0,  we  have,  since  the  terms  containing  q 

''*"'^^'  P/X/a  =  PMXf+<l>F), 

15.  The  investigation  now  divides  into  two  parts  corresponding  to  the 
cases  d^jdp^  =  0  and  cM^jop^  =^  0. 
Taking  the  first,  we  have 

aF_^    af^aF^Q       ^  =  o 

dz  (^phx       hp       dz  '  dp^ 

It  is  easily  seen  that  d^jdp  =  0  is  inadmissible — in  fact,  it  would  at 
once  give  oFjdz*,  0  =  0.  Since,  then,  d^/dp  is  independent  of  p  but  not 
zero,  (^Fjdz^  must  be  zero. 

Since  an  equation  of  the  form 

can  by  a  simple  transformation  be  deprived  of  the  term  ^  on  the  right, 
we  may  take  0  to  be  zero,  and  4>  is  then  given  by 

5^  \    dp) 

so  that  Od^jdp  =  a  function  of  y  and/j  only,  say  =  V^Q/,/2). 

From  (19)  we  see  that  we  cannot  have  d^jdpdy  and  o^jhp^  both  zero  : 
for  that  would  involve  dF'/Sz'  being  zero. 

Since  F'  =  z*6(y,f^  =  z^0\  say,  the  second  identity  (21)  gives 

a*  ae'  ^  ^,  a^ 

^  a/2  dpdf^' 

It  follows  that  9'l(d^lrp)  is  independent  of  /a,  and  therefore  0'0/\(r  is  : 
but  9  depends  only  on  x  and  7/,  and  therefore  fl'/V^  is  independent  of  /g. 
It  follows  that  O'/V^  depends  only  on  y. 

'*'^Tz  dpi  "^  "  &' 
and  therefore,  as  0  depends  only  on  //  and  is  not  zero,  and 

/a  =  9^+/ 
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we  may,  without   essentially  altering   the   proposed   problem,  take  ^  to 
be  -1. 

The  equations 

^^  =  ^'      ^  =  -^^  +  ^'      PfXA  =  PA{Xf+</>F) 

now  become,  since  ^  =  —6', 

d^+e'  =  0,         ^  =  ef(z-\-z'),        (Xf-Bz)  Pf^  =  X/tPf. 

Operate  with  FP+BlB^y-\-fdldz',  which  annihilates  /j,  on  the  second  of 
these  equations,  and  we  get 

where,  in  operating  with  dj?y,  f^  is  to  be  regarded  as  constant. 
From  this  we  deduce 


,  f  a»   /I  af>\       a*  ,    Q'\„f 


„,     !  a*  / 1  a*\       a*  ,    en  j, , 


and  therefore 

a»/ia*\,     a»,«fl       a,©' 

This  is  an  identity  in  the  arguments  x,  y^  z  p,  and  /g,  and  ^  does  not 
occur  in  0,  Q\  or  0.     We  therefore  have 

The  equation  5  =  F  =  0;? 

is  therefore  a  linear  one  soluble  by  Laplace's  method,  and  as  such  falls 
outside  the  scope  of  the  present  investigation. 

16.  We   now   come   to   the  case   where   9^/3p*   is   not   lero.      The 
identity  (20)  may  be  written 


dp  d^  cp^  dz 
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Since  $  does  not  contain  z, 

and  therefore,  since 

"•^  8;^5^^'^^  =  ^5:;a;^''«a7' 

a« 


and  so 


•*u       u  t:tl    a^     /a**         n 

we  either  have  F-\-  *   ^    /  :5--q-  =  0 

opoyi  op* 

The  first,  making  ^  independent  of  z,  is  inadmissible,  and  we  thns  see, 
from  the  second,  that  F  must  be  of  the  form  ae^+y  where  y8  is  a  function 
of  y  only  and  a  and  y  are  functions  of  x  and  ^. 

Without  loss  of  generality  it  is  easily  seen  that  we  may  take  y  to 
be  zero,  and  we  may  say        p  =  e{x,  y)d^^^\ 

and  therefore  F  =  OiyJ^^"^^^^  =  ev*^     say. 

The  second  identity  (21)  may  now  be  written 

■  a^  a»#     a#  a^     p,  a»*\ 
ay  a? a/a    ^a^/a/g       apa/j/* 

From  the  known  form  of  F"  we  see  that  this  mast  vanish  identically,  as 
though  F"  and  m"  were  independent.    We  thas  have 

a*3**_a*^_Q.      af  a»*_af  a»*_Q 
^  Bj^ap    ^  3p'       '      ay  apa/j    ap  ay  a/. 
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It  follows  that  y^  I TT—  is  independent  of  p  and  /j.     Let  it  be  written  X, 

where  X  depends  therefore  on  x  and  tj  only. 
The  identity  (22)  now  gives 

-^    ^.     T-2  —  :n    -n     't— ^  =  ^s—  ^.    ^     (>r-  log  n+/)Yr) ; 
cxcy  ('p^       ^poy  cpvx       cp  vpcy  \cx  / 

so  that  ^  =  X  ^^  log  e+pxj^^ . 

Since  X  and  d  are  independent  of  p,  and  y/  is  not  zero,  X  must  be  zero  ; 
that  is,  d^ldy  =  0.     We  therefore  have,  from 

F'  =  F^  +  ^     and     0  ^-^  =  ^  ,r-, 
rp       r?//  d^'        az  cp 

that  ^  =  ^/^'. 

Now  0  is  annihilated  by 

and  therefore  -tJ^  P/q  =  0. 

It  follows  that  \Er(^)  must  be  a  mere  constant  which  we  may  take  to  be 
unity. 

We  now  have 

F  =  ee=,     F'  =  e'r ,     and     F'  =  F^. 

op 

Operating  on  -s-'  =  ;2'+log  ^  +log  -^ 

with  ^^^+|+/|^' 

which  annihilates  /a,  we  get 

/    ^.  a  1    a*  ,  a ,    e 

f  =  0^       log  ,^  +  ^  log  -3- ; 
and  thus 

a-^      a4>    /      a*-^        a4>      a^         \ 

P/  =  Oe=i^log^  +  (0r^  log^~^log0')p/2. 
dp^     ""dp       \      vpcf^     ""  ()p       dtjdf^    °     /    -^ 
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Eliminating /by  means  of 

X/aP/  =  {Xf+F<p)Pf^  =  {Xf+Oe^PU 
we  get 

It  follows  that  YY  log  0  =  0 ; 

and  therefore  the  equation  can,  by  a  simple  transformation,  be  reduced  to 
the  integrable  form  __ 

We  have  thus  finally  proved  that  neither  /^  nor  f^  can  contain  p  or  q. 


IV. 

17.  We  have  now  to  consider  the  possible  Backlundian  transformations 
when  two  of  the  generating  equations  connect  Xy  y,  z  and  x\  y\  z*  only. 
The  generating  equations  may  be  taken  in  the  form 

«'=/i»        y'=h       P'=U        <l'=U 
where  /i  and  /a  are  functions  of  the  arguments  a:,  y,  z^  and  z*  only,  and  /, 
and/4  functions  of  these  arguments  and  p  and  9. 
The  first  Amp^rian  equation  is 

/4/i(28)+(/4/;-i)(8i)+(/4/8-/3/4)(i2)+/8/;(i4)+(i-/8/;^^    =  o, 

where  /  denotes  the  differential  coeflScient  of  /  with  respect  to  z\ 
Let 

C  =/4/iX/a+(l-/4/a)X/i,         D  =hhXf,+  (l^fJ,)XU 

From  the  fact  that  /i  and  /a  do  not  contain  p  or  q,  we  see  that  the 
coefficient  of  rt^^  in  the  equation  is  zero :  the  vanishing  of  the  co- 
efficients r  and  t  gives 

APfs+BPf,  =  0,         CQf^+DQf,  =  0. 

The  vanishing  of  the  coefficients  of  r'  and  f  in  the  second  Amperian 
equation  gives 

(1  -fj^  [41]+/,/;  [42]  =  0,         (1  -/g/i)  [28]+/8/,  [18]  =  0, 
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since  [12]  =  0 :  that  is 

CPA+AQf,  =  0,         BQ/^+DPfs  =  0. 

It  is  easily  seen  that  the  coefficient  of  s  in  the  first  equation  is 

CPfs+DPf.-AQ/s-BQ/,; 

so  that  Ay  By  C,  B  cannot  all  be  zero. 
If  none  of  them  are  zero,  then 

Ph  =  IL^QL^9I±. 

B        -A       -D        C  ' 

but,  as  this  would  make  the  coefficient  of  s  to  be  zero,  at  least  one  of  them 
must  vanish. 

It  is  easily  proved  that  we  must  have 

B  =  C  =  Pfs  =  Qf,  =  0 

or  A=D  =  Pf,  =  Qf^  =  0. 

We  take  the  first  case  only,  the  other  being  derivable  by  interchanging 
X  and  y. 

18.  We  shall  now  "prove  that  both  Xfi  and  Y/a  ^^^  zero,  and  to  do  so 
begin  by  assuming  that  neither  is  zero.  The  Amp^rian  equation  is 
seen  to  be 

s(AQf,-DPf^  =  (fsAY/J  Yf,-fJ,Xf,l  Xf,-fJ,+fJ^ai)xy. 
To  simplify  this  we  have 

A  =  fj,  (12)xr  /  Xf„  D  =  /a/j  (12).Tr  /  % 

/a  =  Yf,  I  (/;  Yf,-f,  y/i),  /,  =  Xf,  I  (/,  Xf,  -f,  XU . 

^  =  ^^  -  4  (/a Xy/x-/i XYU  +  Xf,  Yf,  -XU  Yf,). 
A  "  ^I  'Yf^'  ^^'~-^' ^^''^^'  ^^'~^^ ^•^'^' 

^^  =^^  - ^y^xf\-f\xu-\-flxf,-f\xf^. 


1906.]  Backlund's  transformation.  8* 


where  we  denote  by  (/i/a)« 


^  dz       dz  dx' 


and  where  {fj^^  has  a  similar  meaning. 

By  aid  of  these  equations,  combined  with  the  fact  that  (12);tY  cannot 
be  zero  without  reducing  the  equation  to  a  mere  identity,  we  see  that  it 
becomes 

•  •  ••  • • 

+x/i  y/a-x/;  r/a-/;xy/,+/,XY/i. 

If  we  take  X  =  X/,  ^,  -f,  X,         Y=  Yf,  ^,  -/,  Y, 

this  may  be  written  in  either  of  the  forms 

Jl 

m 

/a 

It  should  be  noticed  that  our  assumption  that  neither  Xfi  nor  Y/q  is  zero 

involves  the  fact  that  neither  can  fi  nor  f^  be  zero  ;  to  suppose  either  zero 
causing  the  coefficient  of  s  to  vanish. 

Since  the  coefficients  of  pq,  of  p^  and  of  q  must  all  vanish  on  the  right, 
we  have  from  the  first  of  these  facts  that 

and  therefore  Xfif^zzlf^  must  be  a  function  of  the  arguments /i,  x,  and 
y  only. 


Let  then  (fif^zz'lA  =  l/gr 


when  F  is  some  function  of  the  ai:guments  /i,  x,  y.     It  now  follows  that 
and  the  equation  takes  the  form 


■^/l=^l(-D/l+l/f|)- 


D    2 


\ 
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As  the  coefficient  of  q  must  be  zero,  X  must  annihilate  BF/dfi,  and,  as  it 
also  annihilates  /i,  we  see  that  dF/dfi  must  contain  x,  only  as  involved  in 
/i,  if  at  all. 

Since  the  coefficient  of  p  is  also  zero, 


1^ 


dz'     -^'^z 


must  annihilate  f^t-^^W^^^; 

and  therefore,  since  it  annihilates  F  and  its  derivatives,  it  must  annihilate 

-'r-/^-.     It  follows  that  "T"/"'^  is  independent  of  -?. 
o///  02r  oyl  az  ^ 

From  what  we  have  noyr  proved  we  see  that 

/a  =  *  {z—<p(fi,  y)—ylr(x,  y),  x\ 
where  <p  and  /  are  functional  symbols,  and  the  equation  is 

•^         d/i  Vox   dz'     -^^dx/  V       oy        vy  J  /  fj/j       •'  ^  dx  dy 


that  is 


so  that  the  equation  is  integrable. 

It  follows  that  our  assumption  that  neither  Xfx  nor  Y/a  was  zero  is 
not  tenable. 

19.  Take  Xf-^^  to  be  zero,  the  other  case  being  deducible  by  interchange 
of  X  and  y  and  of  x^  and  y\ 

If  X/i  =  0,  we  cannot  have  Xf^  =  0,  as  that  would  involve  a  relation 

between  x\  y\  and  z* ;  we  therefore  have  /i  =  0. 

We  may  now  take  /i  =  //,  when  the  relations  become 

P/s  =  <3A  =  0,         A  =  \  -f,U        D  =  xu       /,/,+  Y/i  =  0. 
Assume  that  Y/a  ^^  ^^^  zero,  and  the  equation  is 

s  { (1  -/i/a)  Qh-XUPU  =  (/sA-fd+  Yfd  XA+  ifja-l)  XU     (28) 
We  can  now  say  that  f^  z=f-\-q(f)^ 

where  /  and  (f>  are  functions  of  the  arguments  x,  //,  z,  and  z' :    let  the 
Amperian  equation  be  —  u»/ 

8  —  J^  (Xf  ?/,  Z). 


i 
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It  will  be  convenient  to  introduce  the  operators  /  and  ^  where 

and  the  symbols  u  and  v  where 

u  =  {F<t>+Xf)IXU         V  =  Xi^lXU 

From  the  Amperian  equation  (28)  we  obtain,  by  equating  to  zero,  the 
coefficient  of  g,  and  the  term  independent  of  q, 

(f+FP)f,  =  u+(jf-f^u)U         i>h  =  f^+(i>-Av)A.  (24) 

Also,  since  7  and  0  both  annihilate  /j, 

And  therefore,  since /a  is  not  zero  (Y/a  being  assumed  different  from  zero), 

the  operators  /  and  ^  are  commutative. 

The  next  step  is  to  prove  that  either  dF/dz  is  zero,  when  the  equation 
would  be  soluble,  or  that  Pf^  =  (l-'fif2)<plXf2.  As  the  latter  conclusion 
would  involve  the  vanishing  of  the  coefficient  of  s,  we  should  thus  be 
driven  to  the  assumption  that  Yf^  is  also  zero. 

We  easily  obtain,  by  operating  with  ^  and  /  on  (24), 

-(i>-Av)FPf,; 
and  therefore,  since  f<l>  =  <pf  and  <pP  =  P^, 


•      • 


^  PA+FP{v+M<f>-f^v)\  -  {i>-fav)FPf, 


•  • 


=  (I-/4/3)  (<l>u-fv)+{f-f^u)v+(f^v-<l,)u+U<l>f-f<p)+fJi(u<l>-v/). 
This  simplifies  to 
dF 


dz 


PA+0.-fJ^iFPv+fv-<f,u-fv+<fM)  =  U<l>f-f<f>). 


Now  ^f  =  f^r+f^'  J)?^=^^+^a?  = 

and  therefore,  since  rT'  -^^  ~  S"'  ^-^^ 

we  have  f4>  =  </>/- 
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Also      Pv  =  X  ps 


"  ©  A-^«'        >  =  ^  (Xf<l>-Xf{i>-vU  llXfi; 


so  that  we  have,  finally, 

that  is,  dF/dz  is  zero  or  P/j  =  (1  -fj^  <l>lXf^. 

We  thus  see  y/2  niust  be  zero  as  well  as  Xfi,  and  oonsequently 
/a  =  0  also. 

We  may  therefore  take 

f^  =  y,        A  =  x,         Pf,=  Qf,  =  0; 
but  it  will  now  be  more  convenient  to  interchange  x  and  y,  and  therefore 

^^^^  h  =  x,      h  =  y.      PA  =  Q^  =  0. 

V. 

20.  We  have  now  come  to  the  case  where  the  four  generating  equations 
are  of  the  form 

x'  =  X,       2/'  =  y,      j>'  =  A(x,  y,  z,  z\  p),       q'  =  ^{x,  y,  z,  z\  q), 
and  the  Amperian  equations  are 

s  =  F(x,  y,  z),         s'  =  F{x\  y\  z')  =  F(x,  y,  z')  =  F'     (say). 
We  assume  that  F  must  contain  z,  and  we  have 

P'  =  Yf,+fJ^+FPf^  =  Xf,+fJ,+FQf,.  (26) 

It  will  be  noticed  that  these  are  identities  in  the  arguments  x,  y,  z,  p,  g, 
and  z^ ;  for,  otherwise,  z'  would  be  expressible  in  terms  of  x,  y,  z,  p, 
and  9,  which  it  cannot  be  from  the  generating  equations.  For  a  similar 
reason  we  cannot  have  /a  =  0  or  f^  =  0. 

From  the  forms  of  the  identities,  we  also  see  that  /g  must  be  linear 
in  p  and  /^  in  q. 

Let  A  =  Ap+C,        f,  =  Bq+D, 


C       .      0  ::;  „    V      ,      C 


^-^a^'  +  ai'  ^-^dP'^d^'   ^-^a?"*"a;'  ■^-■^a?"*'a^' 

when,  from  (25),  we  have 

BA  =  AB  =  DA  =  CB  =  BC  =  AD  =  0,1 

f-  (26) 

F-AF  =  DC.         F'-BF  =  CD  ) 
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If  A  and  B  both  contain  z\  then  B  having  the  annihilators  A  and  C, 
also  has  ^C—ljA  ;  but  this  is  impossible  (since  B  contains  z*)  unless 
A  and  C  are  commutative.  But  A  and  D  are  commutative,  and  therefore 
A  is  commutative  with  DC— CD;  that  is,  A  is  commutative  with  3/3-?', 
or  C  and  D  are  commutative.  The  first  alternative  is  inconsistent  with 
the  hypothesis  that  A  contains  ^' ;  the  second,  since 

F'-AF  =  DC    and     F'-BF  =  CD, 

gives  A  =  Bf  which  is  impossible,  as  it  would  cause  the  coefficient  of 
s  to  vanish. 

It  follows  that  A  and  B  cannot  both  contain  z'.  Suppose  that  A  does 
not:  then,  since  B^  =  0,  ^  does  not  contain  z;  nor  does  it  contain  y, 
since  D  annihilates  it.     It  is  thus  a  function  of  x  only. 

If  B  contains  z\  then  we  have  seen  that  A  and  C  are  commutative : 
operating  with  .^  on 

F-AF  =  DC,        F-BF  =  CD, 
we  easily  have,  since  ^  is  a  function  of  a;  only, 

AF-AAF  =  ADC  =  DAC  =  DCA  =  0, 
AF-BAF  ==  ACD  =  CAD  =  0, 
and  therefore  (A  -B)AF  =  0. 

Since  F  must  contain  z,  we  cannot  have  AF  =  0  ;  and  therefore 
B  =  A,  which  we  have  seen  is  impossible.  We  conclude  that  B  does 
not  contain  z\ 

Since  B  does  not  contain  z'  and  is  annihilated  by  A,  it  does  not  con- 
tain z  either ;  and,  since  CB  =  0,  it  must  be  a  function  of  y  only. 

21.  We  now  have,  from    AD  =  BC  =  0, 

C  =  /{z'-^Bz,  X,  y),         D  =  fl>{z'—Az,  x,  y) ; 
and  therefore,  from  (26), 

F'-AF  =  DG+Cy,         F-BF  =  CD+Dx 

where  C  denotes  dCldz'  and  Cy,  ^Cjdy  and  D,  Dx  have  similar  meanings. 
We  now  have 

{A-B)F  =  Cb->rDx-DC-Gy,  (27) 

{A-B)F' =  ACb+AD,-BDC^BCy.  (28) 
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^^^       TxK^z  +^  a7'J~laJ  +^  d~z')^  -  "^  5?' 
a^  Va^  "*■  dz'i    \Tz  "^  a^'/  av  ~  rfv  a^' ' 


dy  \bz         hz'l      \cz         3^7  dy       dy 
and  therefore 

Since  f  does  not  contain  z'^  we  get,  by  differentiating  (27), 

CD+b,  =  DC+Cy; 
and,  differentiating  (28)  with  respect  to  z,  we  have,  by  (29)  and 

oz  oz 

that  AHcb+D,)+A  ^  2)  =  B\DC+Cy)+B  ^  C. 

ete  ay 

Let  now  z*—Az  =  ti,        z'—Bz  =  i? ; 

then  we  may  regard  (7  as  a  function  of  r,  x,  ^,  and  D  as  a   function  of 
u,  X,  y. 

So  regarded 

It  follows  that 

Differentiating  the  first  of  these  equations  with  respect  to  v^ 

(A^—B^i^  ^^  —  ^   ^0  ^\  —  £^  sy^ 


1906.]  Baoklund's  tbansformation.  41 

Similarly  from  the  second  we  deduce  that 

\du  av^      B-^A  dv^  dy/  dx  cur 

Now,  unless  A^  =  B^,  we  must  have 


^      8m--'         * 
for,  if  they  are  not  both  zero,  we  have 

dA^    \  [  dB    1 

(4> _  B V I  9f  _  ^  [  ]  3^  _  ^  I  +  ^  B  |1  ^  =  0. 
cv      A—B\  \ou      B—A\  dx   dy 

which  at  once  gives  ^^  =  ^  =  0, 

unless  A^—B^  =  0. 


22.  Assume  now  that  A^^  B^^  and  we  may  take 

C  =  a  {z'-Bz)+^,         D  =  y  (z'-Az)+S. 
Where  a,  )8,  y,  and  S  are  functions  of  x  and  y  only 

We  thus  have 

F-AF  =  ayU'-i^^)+i8^-a§?^+ay(^'-^^)+a<J, 

ay 

F-BF  =  y,(-^'-^^)+^x-y^^+ya{^'-B^)+y)8, 
and  it  follows  that  we  must  have 

where  X  and  /x  are  functions  of  x  and  //  only. 

Without  loss  of  generality   we  may  take    m  =  0,    and  we  have,  to 
determine  X, 

\v  =  y,u+^,— y  ^  jE^+y«^+i^v- 
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It  follows  that 

dB  dA 

^y—'JZ^*  V^  =  BI:^'  av=yx,  Sa+fiy  =  fiy+8^=iO; 

and  therefore  a  =  - — =r ,         y  =  ^  ^ . , 

and  so  6 (a?)  ^  =  0(//)  -7-  . 

dy  dx 

We  may  thus  put  (if  neither  A  nor  2i  is  constant) 

a  =  /Cg^logM— B),  y  =  ic  ^  log  (il  — B), 

where  ic  is  a  constant,  and  we  get 

The  equation  is  thus 

s  =  Ka-K)^'^zl{A-B)\ 

dx   dy 

If  either  ^  or  fi  is  a  constant,  the  equation  is  integrable,  and  therefore 
without  the  scope  of  this  enquiry.  Take  therefore  A  and  £  to  be  the 
independent  variables,  and  the  equation  becomes 

s  =  k{1- k)  zl{x-y)\  (80) 

and  the  corresponding  transformation  formulte  are 

X     y  y     X 

x'  =  X,  y'  =  //, 

where  /  and  ^  are  functions  which  satisfy  the  equations 
If  we  denote  the  equation  (Darboux,  11.,  p.  54) 

^—y     y--^    (x—yr 

where  a,  6,  and  c  are  constants  by  {a,  b,  c),  then  we  know  that  for  any 

transformation  ^       /         x«t 

z  =  {x—yrz 
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the  form  is  unaltered,  and 

c+a(l-6),         c+6(l— a) 
are  invariantive. 

The  invariants  of  the  equation  (81)  regarded  as  a  particular  case   of 
the  more  general  linear  one  are 

c+a{l--b)     ^.     c+bil-a) 

It  is  easily  seen  that  /  satisfies  the  equation 

(0,   1,    -K^  =  0, 

and  ip  the  equation  (1,  0,  — ic^  =  0, 

while  the  equation  (30)  is    [0,  0,  k(1—k)  }  =  0. 

All  of  these  equations  can  be  solved  if  ir  is  an  integer  (Forsyth,  Theory  of 
Differential  Equations,  Vol.  vi.,  p.  58,  Ex.  1). 

r 

28.  We  now  pass  to  the  case  when  A  is  constant,  and  therefore  B  also. 
We  have,  since  A  and  B  are  constant, 

and  the  equation  s  =^  F  becomes 

s  =  ayz, 
and,  by  a  simple  change  of  the  independent  variables,  we  may  take 

a  =  y  =  1. 
The  equation  is  now  s  =  z,  (82) 

and  the  Backlundian  transformation  which  corresponds  is 
X'  z=  X,    y'  =  y,   p'  =  Ap+z'-^Bz+fix,  y),    q'  =  Bg+/— ^£f+^  (a;,  y), 
where  /  and  ^  satisfy  the  equations 


%+*  =  "■ 


dx 
so  that /and  ^  both  satisfy  the  equation  (82). 

24.  Finally,  we  have  to  consider  the  case  where  ^^  =  B* ;  that  is, 
since  we  cannot  have  A  =  B,  A+B  =  0.  Now,  as  ^  is  a  function  of  x 
only,  and  B  of  y  only,  we  cannot  have  A  +B  =  0  unless  ^  is  a  constant 
which  we  may  take  to  be  unity,  and  we  then  take  B  =  —  1. 

C  is  a  function  of  z'+z,  x  and  y,  and  D  of  z'—z,  x  and  y,  and  we  have 

CD+A  =  DC+Cy  (88) 
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where    D  and  D,    are  annihilated    by  d/dz'+^fdz  and   G  and   Cy    by 

Operating  with  these  two  annihilatore  successively  on  (88),  we  get 

CD  =  DC. 

•  •  •  • 

As  we  cannot  have  C  or  D  equal  to  zero,  for  neither /g  nor/4  can  be,  we 

"^"^^^'^^^  CIC='dID; 

and  therefore  each  of  these  quantities  must  be  a  function  of  x  and  y  only. 
We  thus  have 

where /, /i, /a,  <pi,  0a»  «>  ^^^  ^  ^^^  functions  of  x  and  y  only. 
Since    2jP  =  DC+Cy+CD+D^,     2F  =  CD+D^-DC-Cy, 

we  get  from  the  fact  that  F  does  not  contain  z^  that  /|  is  a  function  of  x 
only,  /  a  mere  constant,  and 


'^+«^=^ +'■/=»• 


We  now  have 


2i.  =  /M  sin  (2./  +^,-^-^  (||  - 1|)  ; 

and  therefore,  by  a  simple  transformation  of  the  variables,  we  have  as  our 

equation 

5  =  sm  Zy 

and  as  our  transformation  formulae 

x'  =  x,         2/'  =  y»        p'  =  />+2  sin  ^  2"^         ?'  =  5+2  sin  -^-^. 
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THE  DIOPHANTINE  EQUATION    x^'-Ny''  =  z 
By  Major  P.  A.  MagMahon,  F.R.S. 

[Beoeived  December  7th,  1906.— Read  December  13th,  1906.] 

1.  The  Diophantine  equality 

\x  =  iJLy+z 

is  equivalent  to  the  Diophantine  inequality 

It  has  been  shewn*  that  the  arithmetically  independent  solutions  of  this 
inequality  are  obtained  by  forming  the  descending  intermediate  series  of 
convergents  to  the  continued  fraction 


X 


If  this  finite  series  be 


1  Op  Oi  CLt  Q<-H  On' 

0  '     /So'     A'     ""     A'    A^l'     ""     iSn' 

the  general  solution  is 

X  =  U  +  l)ai+i^a<+i» 

//  =  (4  +  l)A+M+i, 

where  ^ ,  B  are  arbitrary  positive  (including  zero)  integers. 
The  fundamental  solutions  are  given  by 

X  =  at, 
and  it  was  shewn  long  ago  by  Sylvester  that,  if 


Po 

Pi 
?1 

Pn 

•  •  •> 

♦*  The  Diophantine  InequaUty  \x  ^  ^y,"  ^«'«*-  ^-*»'-  y»«»w.f  Vol.  xix.,  Part  i.,  1900. 
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be  the  principal  convergents  to         -r-, 

and  A     2l  PiL 

the  principal  convergents  to  the  fraction  whose  partial  quotients  are  the 
same  as  those  of 

X  ' 
but  taken  in  reverse  order , 

Pn-iqs—Psqn-1  =  (  — )'"^^?«_,-i. 

These  important  results  involve  the  complete  solution  of  the  problem  of 
finding  the  arithmetically  independent  solutions  of  the  Diophantine  equality 

for,  taking  the  descending  intermediate  series  of  convergents  to 

^     or    -^ 
qn  A 

Pnfit  —  atqn  =  Pniq'2m  +  Sq2m+l)  —  {p2m  +  Sp9m+l)  qn 

r 

=  — jPn-2m-l~h5jPa-2w-2  ; 
hence  >^at  —  /JLfit  =  Pn~2m-B  +  (Chm  +  l^S)  Pn-^tm-ij 

where  a2m+2  is  the  partial  quotient  which  is  the  maximum  value  of  s. 

Now  l>n-2m-8  +  (a2m+l  — S)l>»-Jw-2 

is  the  numerator  of  one  of  the  descending  intermediate  series  of  con- 
vergents to  the  fraction  which  is  the  reverse  of 

Writing  this  series         -^  ,    -^  ,    ...,    -^' , 

PO  Pi  Pn' 

Xat^/JL^t  =  On'-t-l 

where,  when  t  =^  n\  we  take  a'_i  to  be  zero. 
We  have  therefore  the  following  theorem : — 

''The  fundamental  arithmetically   independent  solutions   of  the 
Diophantine  equality  x     _        i 

are  formed  by  constructing 
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"  (i.)  the  descending    intermediate    series    of  convergents  to  the 
fraction  -^,  viz., 

A 


a^ 


(in' 


"  (ii.)  The  descending  intermediate  series  to  the  fraction  which  is 


the  reverse  of  -^  ,  viz., 

A 


Op  ai  (in' 

o*  ^      o*   ^     •  •  * '      O'    * 

PO         Rl  Pn' 


"  The  solutions  are  then  n'+l  in  number,  viz., 
where  ali  is  to  be  taken  equal  to  zero." 


where 


As  an  example,  take 

222 


31a;  =  222^+-?, 


81  ^6+  6  ' 


222  _  g_i.    1     1 
43  ""^"^6+  7  • 


the  descending  series  to 


222 
31 


IS 


and  to 


1    8   15   22  29   36  43   222 
0'  1'  2'  8'  4'  5'  6'  31' 

222 
43 

J__61116212631222 
0'     1'     2*     3'     4'     5'     6'     43' 

and  we  derive  the  fundamental  solutions 


u 


1 

0 

81 

8 

1 

26 

15 

2 

21 

22 

8 

16 

29 

4 

1  11 

86  , 

5 

:    A 

43 

6 

,  ^^ 

222 

31 

'   0 

and  every  other  solution  is  a  linear  function  of  these  eight. 
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2.  It  is  a  corollary  from  the  foregoing  theorem  that  the  fundamental 
(that  is  arithmetically  independent)  solutions  of  the  Diophantine  inequality 

N  not  being  a  perfect  jn-th  power,  are  obtained  by  forming  the  infinite 
descending  intermediate  series  of  convergents  to 

If  this  series  be     — ,    -§^,    ...,    -^,    ^i^,  ...,  ad  inf., 

0      Pi  Pt      Pt+i 

the  general  solution  is       x  =  (A  +  l)  at+Bat+i , 

Hence  this  is  also  the  solution  of  the  Diophantine  inequality 

and  thence  we  say,  in  regard  to  the  Diophantine  equality 

that  the  fundamental  values  of  x  and  y  are  as  above,  and  it  remains  to 
determine  the  properties  of  z. 

My  first  aim  is  to  connect  z  with  the  continued  fraction  which  denotes 

Putting,  in  a  usual  notation, 

J\ri/«  =  xi  =  «!+—, 

X2  =  fl2"r        9 


•  •! 


,  1 

Xk  =  flA  + 


let  the  principal  convergents  be 

2::!      £SL      Pi_ 

A     J_     £l 

°^  1  •    0  '     1 

we  have  x„^,  =  -^L-—-^ 

Pn  +  l       [In  +  l-i-y 
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The  expressions         (— )"  (pn  Pn^^—Nq^q^-^)  =  I/«+i , 

are  esseutially  positive  ;  Ln+i  has  been  termed  a  '*  rational  dividend,"  and 
Afn+i  a  *'  divisor." 

Substituting  this  value  of  Xn+2  in  the  relation 

^n  +  lJ^n+i  ^^  (^n+1  ^it.+2'r^ 

and  comparing  coeilicients,  we  find,  putting 

the  two  fundamental  relations 

LnLn^i  +  (^r^'N(p^;^;^q^-'-p:-'q^;l)  =  an+iL«+iM.+ilf„M«^i,   (1) 

Ln  +  Kn+l  =  Un  +  lMn,  (2) 

where,  comparing  the  coefficients  of  N'^^,  the  first  relation  corresponds  to 
s  =  0,  and  the  second  relation  is  given  by  all  values  of  s  from  1  to  m— 1, 
and  no  other  relation  is  obtainable. 

Now,  the  intermediate  convergent  of  the  descending  series  appertaining 

is,  in  general,  -^ , 

where  at  =  p2n + 5p2« + 1 , 

fit  =  q2n+sq2n+i'. 
so  that  the  general  expression  of  z  is 

Z   =  [iA  +  inp.2n  +  Sp2n^l)+B  {  P2n  +  {S+l)p2n  +  l\'lr 

-N[{A  +  l)(q,,.+sq2n^i)+B{q2n+{s+l)q2n^i\lr 

[(A-{-B  +  l)p->n+\s(A+B+l)+B]p2n+i']r 
-Nl{A+B+l)q2n+{s(A+B+l)+B\q2n^ilr; 

or,  writing  A+B+1  =  w, 

s{A+B+l)+B  =  u,, 
we  have 

8KB.    2.      VOL.    5.      NO.   947.  B 
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There  are  w+1  coefficients  of  which 
the  first    1?5,— ^?5i  =  Af2ii» 
the  second    />?n~^i^2ii+i— ^?2*r^?2«+i  =  Kon+i  =  asn+iAfjn— i«m, 

the  m+l-th    pTn+i'-NqZ+i  =  —M^^i. 


the  second    /?5i  ^Pin+i—Nq^n  ^< 
them-th    P2nP^'^\''Nqonq^-_^\ 

4-Vi/i  «».  J- 1   4-k       ^w       \r>i»»       — 


We  have  to  express  the  remaining  coefficients  from  the  8rd  to  the  (m— l)-th 
inclusive  in  terms  of  the  numbers  L,  M  and  the  partial  quotients  a. 
Postponing  the  general  consideration  of  this  matter,  I  observe  that  the 
expression  for  z,  viz., 

is  a  linear  transformation  of         x'^--Ny'^ 
to  new  variables  //,  Ua ; 

the  modulus  of  transformation  being 

Pin      Pin  +  l     ^  1- 
q2n        </2h  +  1 

Hence  we  may  employ  known  results  in  the  theory  of  invariants  of  binary 
forms  in  the  investigation. 

It  is  convenient  to  consider  in  particular  and  in  detail  the  cases  of 
m  =  2,  8,  4,  ...  in  order  to  lead  up  to  the  theory  of  the  general  case. 

8.  The  case  m  =  2. —         x^  =  Ni^+z. 
The  general  value  of  z  is 

where  u  =  ^+£+1, 

Ug  =  su+By 

A,  B  being  arbitrary  positive  integers,  and  s  a  positive  integer  not 
exceeding  a2n+2* 

Since  here  K^+\  =  L^n+i,  we  have  the  relations 

Z/2n+i'2ii+l         =  ^n+lAf2n> 
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2 


and  thence  M2«Af2»+i+L2,n-i  =  N, 

where  M2nM2n+i  is  an  essentially  positive  number.  This  relation  at  once 
establishes  the  periodicity  of  the  numbers  M,  the  numbers  L,  and  the 
numbers  a.  Also,  for  given  values  of  ^,  £,  it  is  clear  that  z  has  a  finite 
number  of  numerical  values. 

The  relation  i^suitfan+i+LL+i  =  N 

is  obtained  at  once  by  equating  the  invariants  of 

x^-Ni/ 

and  (Jtfan,  Lo^+i,   —  ATsn+iX^*  ^*)- 

It  leads  to  a  relation  between  three  values  of  z,  if  such  values  depend 
upon  the  same  three  numbers 

for  write  za,b,»  =  (Af2m,  I'2«+i,  —Mzm+iX'^if  tt^)*  =  a2  =  ^2  =  ..., 
^c,D,t  =  (M2my  i-jwi+i,  —M^m+iX^iy  ^a)^  =  a^  =  ^J  =  ..., 

We  may  clearly  eliminate 

between  these  three  equations  and  the  invariant  relation 

Jtf2nJtf2n+l  +  ^2n+l  =  N  \ 

for,  squaring  the  symbolic  identity 

we  obtain  a^  j8? + a^  /Su — {cLpf  {uvf  =  2att  o^  fiu  ^» 

and  two  similar  identities  which  lead  to  the  relations 

Zc,D,tZE,F,T'\'N{vwf  =    KAfjm,  Lsm  +  l,   — -Sf2m+lX^l,  ^sX^^l'  "'a)  f  ^ 

-?^if.*^c,D,t+^  (wt?)^  =  {(Afam,  1/2111+1,  — Jlfam+iX^i,  ^aX^l'  ^2)!^ 

B    2 
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and,  since  iaftf  =  —  2A". 

Moreover  (vur)  a,+(irM)ar+(Mr)a,  =  0 : 

whence  (vtcfa\  =  (?rM)*a;+(Mr)*a^+2  0rii)<?ir)a,aw, 

or 

itmfzA,  n,  •  =  (wuf  zr^  h,f+(uvfzf,  F.r+2  (irwXttr)  v"  I  zc.D.i^F.  F.  r+y  (vw)*  ;- 
and  rationalising, 

ivw)*  z\  B,  ,+('^w)*  ^^  jr>,  e+  (wr)*  ^£,  f,  ^—2  (iri/)*  (ur)*  ^c.  z), i  ^^.  f,  r 

—  2  (Mr)*  (Fir)*  ^>:,  f-.  r  Za,  /;.  i — 2  (nr)*  (wuf  Zj.  «. ,  ^c  p.  « 

This  relation  can  also  l>e  obtained  as  follows : — 
The  four  quadratics  a;,  aj,  at,  a; 

are  connected  by  the  relation 

..,  _  (£t?)(£l£)     .>,    (£I£)(£W)     2  1      Uu)(xt)      m 

"'  ""  (Mi;)(M/r)  ""'*■  (vw){vu)  "'^"*"  (?rtt)(iri7) """" 

since  the  right-hand  side  is  a  homogeneous  quadratic  function  of  X|,  x,, 
and  has  the  values 

a:,   a;,   a"^ 

for  /•=//,»,  M?  respectively  ;  if  we  compare  the  coefficients  of 

2  2 

on  the  two  sides  of  the  identity,  we  obtain  the  expressions  of 

as  linear  functions  of  a^,  aj,  a;^. 

Moreover,  equating  the  discriminants  of  the  two  quadratic  functions  of 
j:,,  X2,  we  ol)tain  the  sought  quadratic  relation  between 

'2         "1         '1 

The  expressions  (vw),  (wu),  (uv) 

involve  arbitrary  positive  integers 

A,  B,  C,  D,  E,  F, 


1906.] 
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which  can  be  determined  so  that 


and  then 


(vw)^  =  (wuf  =  (wr)*^  =  1  ; 


-  2  • 

a  representation  of  4^  as  a  teimaiy  quadratic  form. 

Also  ZcjKtZE,F,r  +  N, 

Zk,f,  i-^a,  /;,  «+-^?, 

are,  each  of  them,  perfect  squares. 

Now,  it  is  clear  that  (vto),  (wu),  (uv) 

cannot  all  be  of  the  same  sign. 

If  we  choose  the  constants  so  that 

{vw)  =  —  (wu)  =  —(mi?)  =  +  1, 

Za,  B,  h  =  ^r,  D,  t  +  ^E^  F,  r+^Vi^C,  Z),  t  Ze,  F,  r  +  -N), 
ZC,  D,  t  =  Zji^  >•,  ,+Za,  /;,  s—'iy/iZE,  F,  rZA,  H,  «  +  -N), 
Zr,  F,  r  =  Za,  7i,  «+^C,  />,  t  — 2>v/(^^,  7^  »Zc,  7),  r  +-^0. 

In  every  case  two  of  the  signs  attached  to  the  radical  will  be  negative  and 
one  positive. 

Mr.  G.  B.  Mathews  has  pointed  out  to  me  that,  if 


a  =  (vwf  aii 


h  =  (wuf  dl. 


c  =  {uvfal. 


f  =  {wu)(uv)aaa„:,     g  =  {:uv)(vw)  a,ra„,     h  =  (vw)(:wu)  auOi., 

the  ternary  quadratic  form 

(a,  6,  c,/,  g,  li^x,  y,  z)^  =  {(viv)auX+{wu)  ar//+(w^?)au,^}^ 

bc—f^  =  ca—g^  =  ab—h^  =  —  (vwf  {wuf  {uvf  N, 
gh—af  =  hf—bg  =  fg—ch^  —  {vwf  (wuf  (uvf  N, 

a— 6  =    b'—g    =  c— A, 
a—b—c—y  =  6— c— a— 2gp  =  c^a^b—2h  =  0, 

a     /a     gr     =0, 
h     b    f 
9     /    c 
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and  a/+  bg +ch  =  +  2N  (vwf  {ivu)^  {uv)\ 

gh+hf+fg  =  -   N  {vwf  {tou?  {uv)\ 

4.  The  case  m  =  8.—         j?  =  Nif+z. 
The  general  value  of  z  is 

and  we  have  the  relation 

Lin -2^211+1  "h N  (P2n  + 1  ^'In  +i?2/i 32u  + 1)  =  Clin  + 1  L-jutX  ^in  +  Afsw  Af Sn^i* 
Since  (pzn-^^iq^n  +  lhaqin  +  lf  =   l+4/>2«72«i>2i»  +  l?2»+l 

and  (jP2n-H?2n+i^2H92»»  +  l)"~(i^2H32n-l+/>2«-ig'2M)  =  So^n  + 1 />2n  ?«», 

there  is  no  difficulty   in  eliminating  p  and  q  and  obtaining  a  relation 
between  the  quantities  L,  M,  a,  and  ^. 

The  following  is  a  better  method  of  procedure. 
Equating  the  invariants  of     x^—Ni/^ 

and  {M'2n,    a-zn^xM^n—L^lm    L-ln  +  U    —  ^/iii  +  lX^*  ^^«)'» 

we  obtain  at  once 

Af2nMln+l  +  6M>2nM2n+lL2n+l  (d^in  +  liUn^ Lin)  ""^  (^*2r  +  1  Msn  — Lg*)' .V.jh  +  I 

3  O  2  -rO 

•^AM^nLin  +  l  —  3  (0^211+ l^^M  —  i/2n)    iz-jn  +  l    =  -AT  • 

This  invariant  relation  between 

3/2,,,  JW^2»+i>  i/2H,  i/2u+i>  ^2«+i»  and  N 

is  the  fundamental  property  of  the  continued  fraction  to 

NK 
It  may  be  written 

J^n  M2n+ 1  —  BAfgii  Min  + 1  -^2n  -^2*1  +  1  "1"  4 A/2H+ 1  i'2H  +  43/2,,  i'Sn  + 1  —  SZvJw  i/*" '♦' * 

2  2 

+  6  (Mo„  Jl/^o,t  + 1  Z/2n  + 1  —  2AZi>u  + 1  L'Zn  +  /vo,,  Lon  + 1)  Af2„  dj,,  +  1 

2  2        2 

+  8  (4ilf  2»  + 1  i' 2m  —  i'2n  + 1)  Mo„  0/2,,  +  I 

—  4 Af 2»+ 1  Mln  (l2n  +  I 
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From  the  Hessian  of  z,  we  obtain 

=  —  2\^a:y  =  — -?^(Wi>2«+W.??2n  +  l)(wg2n  +  W*?2n  +  l), 

yielding  by  comparison  of  coefficients 

M>2n  Lon  +  l  —  («2n+ 1  M^n  —  L^u)     =  —  -^J^Su  ^2%^ 

—  M2nM2n  +  l  —  L2n  +  l{Ci2n  +  lM2n—L2n)  =  — -A'^(i>2ii5'2n  +  l+i?2ii  +  l  g'2». 

o 
—  M^n  + 1  fell  + 1  -^ w  2«  —  i/ 2»)  —  -f'  2»  -r  1   =  —  Np2n  + 1  ^2n  + 1  • 

Of  these  the  second  relation  has  been  previously  found  as  a  fundamental 

equation  derivable  from  the  continued  fraction.  Similarly  from  the  cubic 
covariant 

—  Mln  M^2n  +  1  —  3  Mon  («2u  + 1  M^n  —  ^2ii)  i'2rt  +1  +  2  (u^n + 1  Min  —  -^2n)     . 

==  —  N  (pln+ Nqln) , 
and  three  other  relations. 

By  the  solution  of  a  cubic  equation  it  is  obvious  that  z  can  be  expressed 
in  terms  of  nr      tit  t       t  \t 

Let  a  value  of  z  be 

(Af2«,  A''2„+i,  L-jn+i,   —  Jlf2„+iXwi,  t^a)' =  aj, 

where  A'2u + 1  =  a  2,,  ^iLon  —  M'2n » 

and  let  other  values  of  z,  depending  upon  the  same  consecutive  pair  of 
principal  convergents 

be  (ij,    a^,    a^    aj; 

then  we  have  the  obvious  identity 

^:i  _.  (yv)iyw){yx)  ^3_j_  {yw){yx)(yu)  ^^_^  {yx)(yu)(yv)  ^3  ,  (yu)(yv)(yw)  ^3 
"       (t^u)(ttw)(?/a:)    **      (v?i?)(r-c)(?w)    '"     (?^a^) («??*)  (2^?w)    ""     (xu)(xv){xiv)    " 

which  is  symmetrical  in  u,  v,  w,  x,  y,  in  that  an  identity  remains  whatever 
substitution  be  impressed  upon  these  letters.  Each  side  of  this  identity 
is  a  homogeneous  cubic  function  of 
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and,  equating  the  discriminants,  we  obtain  a  homogeneous  quartic  function  of 

^3       ^8       -.3        -8 
a«,      Or'      «»r>     «T 

equal  to  a  constant.     This  constant  is  a  function  of 

homogeneous  and  of  degree  4,  which,  as  shewn  above,  is  equal  to 
Hence,  by  giving  special  values  to 

H^,    U^,       t?i,     V2»       ^^'l»    ^2»       -^1.    •=P2» 

we    get    a    representation   of    N^    by    means  of    a  quaternary   quartic 
form. 


5.  The  case  m  =  4. —       x*  =  Ny*+z. 
We  require  an  expression  for 

Since  i?2n+2  =  «2rt+2jP2n  +  l+i>2«, 

we  have 

^2a+2  =  M2n'\-^{(hn+lMzn  —  -^2n)  ^n  +  2  +  6X2n+ia2n+2  +  4L2M  +  ia2w  +  2 

J^2n  +  2  =  (l2ti  +  lMoy^       -L!/8»  +  8A2»  +  ia2M+2"t"8Z>.2/»  +  lflt2H  +  2 — ^2h-^\  ^2«  +  2  > 
-X2»  +  2  =  -X2rt  +  l  +  22v2n  +  ltt2n  +  2  —  ATg,, +  i  02^  +  2  • 

The  second  of  these  relations  enables  the  required  expression. 
From  the  first  two  relations,  eliminating  A'2n+i, 

AT 2n + 2  "r  2i>2«  +  2  fl2n  +  2 
=  Af 2n  +  2  (a2n  + 1  A/oh  —  L 2«)  G-tn +2  —  2L2»  + 1  (12h  +  2  +  i^/2n + 1  «2n  +  J- 

We  now    investigate    the    relations  obtained  from  invariant  theory. 
The  expressions  for  z  are 

(Wpan  +  Us  Pin + 1)*  —  ^  {Uq2n  +  W,  ?2«  + 1)  ^ 
and  (Af2n,    02^+1  Af2n  —  I/2n,    X2a+i,    L2n  +  1,    —  il^^^^^Xw,  W,)* 
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Equating  the  two  invariants  of  the  two  forms 

—  Jlf2n^2»+iil/2rt+l"l"2  («2»+1^2m  —  L2n)  -Y2»4.iL2n+l  —  i^/2»^^2n+l 

"i"  (^^«n  + 1  -V2n  —  Z>  jn)    -^^^in  + 1  ~  ^Gn  +1  =  0, 

whence 

1  —  Mzn  Afon  +1  —  4  (aort  + 1  Af 2»  —  L2tt)  Z/2n  + 1 )   A2n  4  1  —  8il/2H  Af 2n+ 1  ^2tt+ 1 

+  6  (aau  +  lAlon  —  Z/2M)i/2n  +  l-Y2n  +  i  —  SMznLon^l 

therefore 

8M2»Z/2«+i  —  8(a2»+iil/2»  —  L2n)    M2n^l 


X2n+1  — 


—  M2,tM2n  +  l  —  4(a2H+lA/2tt-"^2n)i'2n  +  l""8ilf2ftAf2H+i 


__  Q  (^»  +  lAf2n  —  L2n)    ^in  +  l  —  ^^inLjn  +  l 

4Jlf2»Af2n  +  l  — 2(a2n  +  l3/2n  — L2tt)L2ft+l--iV" 

the  required  expression  of  X211+I' 

Thence,  from  the  invariant  relations, 

ilf 2n  A^2n+ 1  +  4  (tton  + 1  -S/2n  —  -^2«)  i'2»+ 1  —  -N^ 

2  o 

__   07   1  (^n+l-^2w  —  L2n)   itf2n-H  —  -?fef2tt-^2n-H  [ 

{  4Jlf2»3/2H+l  — 2(a2n+lAf2»  — ^2n)L2n+l— ^> 

the  invariant  relation  between 

Mint  M-m+ii  T^2nt  L2n+u  ^'2»+i  and  N, 
which  is  the  fundamental  property  of  the  continued  fraction  to 

Let  the  value  of  z 

be  denoted  by  aj ; 

then  we  have  the  identity 

4  _  {zv){zw){zx)(zy)  ^4  ,   (zw)(zx)(zy)(zu)  ^4  ,     (zx)(zy){zu){zv)    ^ 
^'      {uv)  {uw)  {ux)  iuy)  "**     (vw)  {vx)  (vy)  (vu)  ^*'     (wx)  (wy)  (wu)  {wv) 

.    {zy){zu){zv){zw)  ^4  ,    {zu)izv){zw)(zx)  ^4 . 
(xy)  (xu)  (xv)  (xw)  "'     iyu)  iyv)  iyw)  iyx)   ^ ' 


4 
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and.  eqaating  the  invariaDts  of  dej^reea  2  and  8.  we  find 
<i.»  a  homo^eneoos  quadrade  fonction  of 


oi,   at.   a^,   a*,   a^ 


equal  to  A'. 


(ii.)  a  homogeneous  cubic  function  of  the  .same  values  of  z  equal 
to  zero. 

Results  in  integers  are  obtained  by  giWng  special  values  to 

consistent  with  the  definition  of  these  quantities. 
We  obtain  representation  of         A' 

by  means  of  a  quinary'  quadratic  form. 

In  general  the  special  properties  of  the  continued  fraction  to 

are  obtainable  from  the  invariant  theorv  of  the  binarv  m-ic. 
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THE    ASYMPTOTIC    EXPANSION    OP    INTEGRAL    FUNCTIONS 
DEFINED  BY  GENERALISED   HYPERGEOMETRIC   SERIES 


By  E.  AV.  Barnes,  Sc.D. 

[Recoived  Doc<?mbor  3rd,  1906.— Read  December  13th,  1906.] 

1.  The  present  paper  is  one  of  a  series^  in  which  the  author  has 
endeavoured  to  make  a  contribution  to  the  theory  of  integral  functions 
defined  by  Taylor's  series. 

Generalised  hypergeometric  functions  form  a  wide  class  of  integral 
functions  whose  asymptotic  expansions  are  closely  connected  with  the 
theory  of  linear  differential  equations.  They  appear  to  originate  with 
Clausen +;  two  important  papers  are  due  to  Thomae,J  and  the  in- 
vestigations of  Goursat^    should   also  be  consulted.      But   the   detailed 


Biimes,    (o;    *'The    AH3miptotie    Expanniou   of      ^    ^  i       a\     ^^^   *^®  Singularities  of 

X  l'" 

g{x.,B)  =2  /'     (Quarterly  Journal  of  MathnnnlicHy  Vol.  xxxvu.,  pp.  289-313. 


-  (fl)  *'The   Anymptotic    KxpiiiHion   of   Integral    FunctiouH   defined  by   Taylor's 
Series, "  Philo^ophual  Tranfactionn  of  the  Royal  Society  (A),  Vol.  206,  pp.  249-297. 

•  (7)  ''On  certain  Functions  defined  by  TaylorV  Series  of  Finite  Radius  of  Con- 
vergence," ProciTfiwyn  of  t fie  Lotuion  Mathematical  Society^  Ser.  2,  Vol.  4,  pp.  284-316. 

-  (8)  **  On  the  AMymptotic  Expiinsion  of  the  Integral  Functions 


„.o    r(i  +  «}  „.o  r(i  +  w  +  wa)' 

Camht'iflgt  Philonophical  Ttatmaetwux^  Vol.  XX.,  pp.  2IA-2J2. 
(€)  '*On  the  Use  of  Factorial  Series   in   an   Asymptotic  Expansion,**    Quarterly 

Journal  of  Mathematics,  Vol.  xxxvui.,  pp.  116-140. 
iv)  "On  Functions  defined  by  Simple  Types  of  Hypergeometric  Series,"   Cam- 

hrtdye  Philoxophical  DtrfmuctiottH,  Vol.  XX.,  pp.  253-279. 

t  Clausen,  (1828)  OW/r,  Bd.  m.,  jip.  89-92. 

X  Thomae,  (1869)  J/<iM^iw<//i>Af  .-lw/ir//r«,  Bd.  11.,  pp.  427-444. 

(1879)  Crelle,  Bd.  i.xxxvii.,  pp.  222-349. 

^  (loursat,  (1883)  Annalen  dc  V Ecolf  Xormalc  Superienre,  Ser.  2,  T.  xn.,  pp.  261-395. 

(1884)  Acta  Mathematica,  Bd.  v.,  pp.  97-120. 
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development  of  the  theory  is  largely  due  to  Pochhammer,*  whose  volum- 
inous writings  form  an  interesting  study. 

In  the  present  paper  I  take  substantially  the  notation  of  Pochhammer. 
The  general  type  of  series  considered  is 

^i      Gi  ..,  Qp    ^  ■         ai(ai  +  l)  ...  ap(aj)+l)        ^i 
l.pi  ...  p,j  l.'l.piipi+l)  ...  /5,(/0,/+l) 

r(ai) ...  r(a,,)  "=o  7ii  r{p^+7i) ...  rip^+n)  ^ 

wherein  p^q.     This  series  we  shall  denote  by 

P    7  «  ^l»  •  •  * »  ^P  >    Pit  •  •  '9  Pq  9    ^  » 

or,  briefly,  by  ^,F,/j:). 

The  series  satisfies  the  differential  equation 


[(S+ai)  ...  (&+ap)-  ^  (^+/^l-l)  ...  (&+P,-l)]y  =  0 


(1) 


wherein    &  =  xidjdx).      The   equation  is  of   order   (g+1),   and  g  other 
linearly  independent  solutions  are  given  by 

where    m  =  1,  2,  ...,  q.      Among  the  quantities  pr— />m+l,  that   corre- 
sponding to  m  =  r  is  to  be  omitted. 

It  subsequently  proves  convenient  to  make  a  change  in  our  notation ; 
so  that,  for  brevity,  we  write 

nra-p,) 

Qo(-^)  =  "T 7^^7("i»  •••»<^,>;  pi,  '"jPuI  (— y*a:[, 

II  r(l~a,) 

*  Pochhammer,  (1886)  *' UeberdieDifferentialgleichungderallgemeinerenhypergeometrifiohe 
Reihe  mit  zwoi  cndlichen  Hingularen  Pimkten,**  Cfrelle,  Bd.  en.,  pp.  76-159. 

(1888)  '*  Ueber  gewiflse  partielle  Differentialgleichungen  denen  hypergeometrische 

Integrale  geniigen,*'  Mathematiache  AunaleHy  Bd.  xxxm.,  pp.  353-371. 

(1891)  '*  Ueber  die  Differentialgleichung  dor  allgcmeineren    f- Reihe,"    Mathe- 

tnatiHehe  Anunlen^  Bd.  xxxvni.,  pp.  586-597. 

(1891)     **  Ueber     die     Differentialgleichimgen     der     Reihen    F{py<r\  x)     and 

^'(p»  o"*  t:  ^;,"  MtUhematischf  Annaleny  Bd.  xu.,  pp.  197-218. 

(1893)  *'  Uebor    die    Reduction    der    Diit'erentialgleiohung    der    allgemeineren 

^•-Reihe,''  Crelle,  Bd.  cxu.,  pp.  58-86. 

(1895)    **  Ueber   die    Ditt'erentialgleichungen    der    /''-Reihen    3-ter   Ordnong," 

MathematUehe  Antutletty  Bd.  XLVi.,  pp.  584-605. 

(1898)  **  Ueber  die  Differentialgleichungen  der  i'-Reihen  4-ter  Ordnung,"  Mathe^ 

matisehe  Annaleny  Bd.  L.,  pp.  285-302. 

The  reader  of  Pochhammor's  papers  will  note  that  an  earlier  paper  (1870,  Crelle^  Bd.  Lxzni., 
pp.  135-157)  dealt  with  serien  of  a  different  type,  to  which  the  name  *'hypergeoinetric*'  was 
also  given. 
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^(/^,,~l)Ii'^(/^^-/^,) 

Q^ix)  =  x'-'- ^r-^ 

II  Y(prn  —  at) 
XpFqll  +  di—pm,   ...,   l  +  ap  —  prnl    2— /9^,    ...,/>«  —  />«+ 1  :    (—^x} 

{m  =  1,  2,  ...,  q). 

Then,  evidently,  the  (^+1)  linearly  independent  solutions  of  the  differ- 
ential equation  (1)  are 

Qm'A-Tx:      (m  =  0,  1,2,  ..,.q). 

We  shall  put  jm  =  q  +  l—p,  so  that  /m  is  an  integer  ^  1. 

2.  Various  types  of  integral  functions  were  considered  by  the  author 
in  the  memoir  "On  the  Asymptotic  Expansion  of  Integi*al  Functions 
defined  by  Taylor's  Series."  Parts  IX.  and  X.  of  this  paper  contained  a 
rt'sume  of  results  relating  to  the  most  simple  hypergeometric  integral 
functions  iF^{a\p\x]  and  ^i\p\x\.  The  proofs  of  such  results  were 
given  in  detail  in  a  subsequent  paper.*  By  means  of  contour  integrals^ 
involving  gamma  functions  of  the  variable  in  the  subject  of  integration, 
it  was  shewn  to  be  possible  to  develop  the  theory  of  i^i {a\  p\x\  with 
considerable  simplicity  ;  and  from  it  the  theory  of  JFi  \p\  x\  was  deduced 
by  Kummer's  formula 

These  two  functions  are  the  most  simple  examples  of  the  two  classes  into- 
which  higher  hypergeometric  integral  transcendents  can  be  divided,  the 
division  corresponding  to  yu  =  I  or  yu  >  1.  References  to  the  history 
and  literature  of  the  asymptotic  theory  of  these  two  elementary  tran- 
scendents will  be  found  in  the  paper  just  cited. 

The  corresponding  theory  of  the  higher  transcendents  which  forms 
the  subject  of  the  present  investigation  is  by  no  means  an  obvious  ex- 
tension of  more  elementary  results.  The  asymptotic  expansions  which 
arise  for  the  two  simple  functions  iF^\a\  p;x]  and  qFiI/o;^!  have  them- 
selves the  form  of  hypergeometric  series.  In  the  more  complex  cases 
this  not  true.  Moreover,  there  does  not  appear  to  be  any  analogue  to 
Kummer's  formula  which  we  can  use  to  deduce  the  cases  when  fx>  \ 
from  cases  when  /x  =  1.  Nor  has  any  analogue  to  Gauss's  expression  of 
2^i|a>i8;  y;  1}  in  terms  of  gamma  functions  been  discovered,  and  MeUin 
denies  the  possibility  of  its  existence. 


*  Loc.  cit,y  §  1,  Paper  {yi). 
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3.  The  results  of  the  present  theory  were  adumbrated  by  Stokes,* 
who  shewed  that,  if  x  be  real  and  positive, 

n  T{ar) 

n  T(p,) 

where  /  tends  to  unity  as  x  tends  to  infinity. 

The  general  tlieory  when  x  can  take  any  complex  value  is  due  to  Orr.+ 
In  his  first  paper  Orr  shewed  that,  if 

I  arg  x\  <  TT ■  1  +  J)u }     and     m  =  1,  2,  . . ., />, 
Bin  Tram  r^i  am  7r(/0r — «««) 

r(ajnr(««-p,+i) 

(A) 

This  result,  which  is  obtained  almost  intuitively  in  Part  I.  of  the 
present  paper,  was,  with  Orr,  the  main  outcome  of  some  thirty  pages  of 
laborious  analysis  in  which  it  was  derived  by  an  elaborate  process  of 
induction  :  the  notable  simplification  obtained  by  the  present  methods 
will  be  at  once  apparent  to  the  reader. 

In  his  second  paper  Orr  obtained  the  dominant  term  of  the  asymptotic 
•equality  which  is  given  in  Parts  II.  and  III.  of  the  present  memoir.  In 
Part  III.  I  shew  that,  if  |  arg  a:  |  <  x  and  m=  1,2,  . . .,  M, 

=  exp{-M^-2~)-''x^/'*;.(27r)i^-^V"*a;'''''^"''"*^'"  2  ^"^*  Z^^     (B) 

rt=0  X 

where  d  =  [Sa~2/5+i(At-l)]/M. 

Orr's  second  paper  bears  traces  of  great  compression :  the  argument 
is  most  difficult  to  follow,  and  at  times  the  methods  seem  open  to  serious 
objection.  Moreover,  the  method  only  gives  the  dominant  term  of  the 
asymptotic  expansion  in  question,  and  it  is  obviously  desirable  to  shew 
how  subsequent  terms  arise  in  the  general  case,  even  though  their 
complexity  is  such  that  they  are  not  actually  obtained. 


♦  Stokes,  Pi-oceedingt  of  the  Combine  Philosophicai  Stteiety,  Vol.  Yi.,  pp.  362-366  (1839). 
t  Orr,    Cambridffe  PhHotophi$al  Tramactiona,  Vol.  xvn.,  pp.  171-199  (1898) ;   pp.  283-290 
(1899). 
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Further,  Orr  only  adumbrates  the  converse  theory  of  the  expression 
of  the  hypergeoraetric  integral  functions  separately  in  terms  of  groups  of 
asymptotic  expansions.  He  suggests  that  such  should  be  obtained  by 
elimination  between  the  results  of  the  equations  (A)  and  (B).  In  this 
paper  I  shew  that  the  ^contour  integrals  which  I  employ  give  such  ex- 
pressions even  more  easily  than  they  give  the  converse  equalities.  And 
the  nature  of  certain  apparent  redundancies  which  the  latter  equations 
seem  to  contain  is  at  once  apparent  from  the  present  theory,  which 
appears  to  solve  every  problem  which  the  asymptotic  theory  of  the  series 
presents.  The  importance  of  the  theory  and  its  generality  must  be  my 
excuse  for  the  length  of  this  paper. 

4.  The  simple  method  used  in  Part  1.  to  obtain  the  formula  (A)  of  §  3 
is  an  obvious  application  of  ideas  which  I  have  employed  for  many  classes 
of  functions.  The  idea  of  employing  contour  integrals  involving  gamma 
functions  of  the  variable  in  the  subject  of  integration  appears  to  be  due 
to  Pincherle,*  whose  suggestive  paper  was  the  starting  point  of  the  in- 
vestigations of  Mellin,+  though  the  type  of  contour  and  its  use  can  be  traced 
back  to  Kiemann  [(Euvres  Matheviatiques  (1898),  pp.  166-167].  The 
formula  (B)  is,  however,  only  obtained  by  the  use  of  factorial  series  of  a 
somewhat  complicated  type,  and  the  reduction  of  these  series  to  more  simple 
forms  and  the  development  of  their  properties  are  the  most  novel  features 
of  the  present  investigation.  This  use  of  factorial  series  to  obtain  the 
asymptotic  expansion  of  integral  functions  for  the  region  at  infinity  for 
which  they  are  exponentially  infinite  is  due  to  the  author,  and  was  em- 
ployed in  a  recent  paper  I  in  which  his  asymptotic  expansion  of  G^ix^  6) 
when  ii(a:)>0§  was  obtained  anew.  Eftch  type  of  integral  function 
discussed  gives  rise  to  a  new  type  of  factorial  series ;  but  wide  classes 
of  such  series  possess  similar  properties,  and  the  investigation  in 
Part  III.  of  the  present  paper  is,  to  some  extent,  based  on  the  properties 

of  the  more  elementary  series 

»     T{n-s) 
n=on\{n+d)^ 
previously  discussed. 

5.  When  /u  =  1  tihe  results  for  generalised  hypergeometric  integral 
functions  differ  in  character  from,  and  can  be  obtained  by  more  simple 
analysis  than,  those   which  hold  good   for   other   integral   values  of  /u. 

*  Pincherle,  **SiiUe  fimzioni  ipergeometriche  generalizzate '  *  (1888),   Atti  d.  R.  Aeeadetnut 
dei  Zineei,  Ser.  4,  It^miieonti,  Vol.  iv.,  pp.  694-700,  and  pp.  792-799. 
t  MeUin,  Acta  SocistatU  Seientiarum  Fennica  (1895),  T.  xx.,  No.  12. 
X  Lo€.  cit.,  f  1,  Paper  (c).  §  Loe.  eit.y  {  1,  Paper  ()3),  Part  III. 
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Consequently  in  Part  II.  of  the  present  paper  this  special  case  is  con- 
sidered separately. 

I  construct  the  function  pSp{s)  defined  when  B{s)  >  iJ(2a— 2p)  by 
the  factorial  series         ^   r^u      \    v   i-n  i*      \ 

ifo  T{t+1)  ,i\  ra^ar+t-s) 

and  shew  by  transformations  depending  on  contour  integrals 

(1)  that  pSpis)  admits  of  analytic  continuation  over  the  whole  of 
the  finite  portion  of  the  s-plane  ; 

(2)  that  it  has  simple  poles  at  the  points 

s  =  Xa—Xp—r     (r  =  0,  1,  2,  ...,  oo) 
at  which  the  residues  can  be  calculated  with  sufficient  labour,  and 
no  other  finite  singularities,  except  the  obvious  ones  which  belong  to 
r(-s)and  T(l-pr-s); 

(3)  that,  if  s  =  ii+tVy  when  u  and  v  are  real,  and  if  u  be  finite 
and  e  >  0,  |pS;,(s)  |  exp  KfTr— e)|r|}  can,  by  taking  |  r  |  >  a 
sufficiently  large  positive  quantity  F,  be  made  less  than  any  arbitrarily 
assigned  positive  quantity  fj  ;  * 

(4)  that,  if  both  u  and  |r|  be  large  and  positive  and  e  >  0, 

I  pSp(s)  I  <  fju  exp  I  — f  TT+e)  1 1;  1 1 

where,  for  any  finite  positive  value  of  k,  j;„  exp  I  ku  \  can  be  made  as 
small  as  we  please  by  taking  u  sufficiently  large,  if  s  be  not  in  the 
immediate  vicinity  of  one  of  the  poles  of  pSp(s), 
From   these  results  the  asymptotic   expansion   of    that    combination 
of   generalised  hypergeometric  integral   functions   (/x  =  1)   which  is  ex- 
ponentially infinite  at  infinity  is  deduced. 

6.  The  case  tvhen  jul  is  an  integer  >  1  is  discussed  in  Part  III.     There 
I  construct  the  function  pS,i{s)  defined  when 

R{S)  >  R[^a-I.p  +  i(/JL-l)']liUL 

«    r(s+tifx)  iira-pr+tifx-s) 

by  the  series  2  '-^^ , 

'^'  ll  TitlfjL  +  rlfji)  li  r(l_„,+  ^/^_,s) 

r=l  r=l 

and  by  more  elaborate  methods  shew  that  it  possesses  similar  properties  : — 

(1)  pS,j(s)  is  an  analytic  function  over  the  whole  s-plane. 

(2)  Apart  from  the  obvious  poles  which  arise  from  Y(—fjLs)  and 
T{pL'~jULp,—iuis)y  it  has  for  its  sole  finite  singularities  simple  poles  at 

♦  In  thiw  case  I  Bay  that  |^^;*(*)|  exp  {(fir  — »)  |  f|}  tends  uniformly  to  zero  as  .  r  i  tends 
to  infinity. 
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the  points  [Sa— Sp+JO*— D— ^]/m     (''  =  0,  1,2,  . ..,<») 

at  which  the  residues  can  be  calculated  with  sufficient  labour. 

(3)  The  expression  IpS^Wl  exp  j[(At+l)  tt— e]|t»|I  tends  uniformly 
to  zero  as  |v|  tends  to  infinity,  if  e  >  0. 

(4)  |pS,(s)|  <  fju  exp  [[— (/x+l)  x— eJU'lI-  when  u  and  |r|  are  large 
and  positive,  where  9juQxp{ku\  can  be  made  as  small  as  we  please 
by  taking  u  sufficiently  large  and  independent  of  \v\. 

Prom  these  results  we  deduce  the  complete  series  of  asymptotic  ex- 
expansions  (B)  given  in  §  3. 

I  do  not  in  the  present  paper  attempt  to  apply  the  methods  used  to 
more  general  types  of  factorial  series  {e.g.,  when  fx  is  not  an  integer),  nor 
do  I  consider  the  associated  problem  of  the  nature  of  the  finite  singularities 
of  generalised  hypergeometric  series  of  finite  radius  of  convergence. 
These  questions  I  hope  to  consider  on  a  future  occasion. 

Part  I. 

The    Asymptotic   Expansion    of    Linear    Comlmmtions    of    Generalised 
Hypergeonwtric    Integral    Functions    which   are   not   exponentially 
Infinite  at  Infinity. 
7.  Let  p^q   and  /m  =  q+l—p.     We  proceed  to  she\c   tlmt  there 

are  p  asymptotic  eqiialities  of  tJie  type 

T(a,)ra-p,) ...  r(i-p,)  ^  ,  (-)p-9r^ 


,  r(ai-/^.+i)r(/>,-i)  n' r(p,-p,) 


+  2 


/ 

I 


r^l  '' 


II  T{pr-a,) 

Xr  "'*'/i'Vl«l"~/^rH-l,   ...,  Op  —  pr+l  ; 

2  — Pr,  1— /Or  +  Pi,  ...,  1—pr  +  pq;    (  — F'^^T 


— o_  » 


7 


r(a,)  II  r{a^-p,+l) 

V 

u 

/=2 


lir(l  +  a,-a,)  «^_«^+i,  ...,«^««^,+  l.   _i/^;.,     (A) 


each  valid  when  |argic|  <  7r(lH-J/ic).  In  the  asymptotic  equality  ths 
error  which  results  from  stopping  at  the  (h-^-iyth  term  of  the  series 
for  q^\Fp^\{ — 1/xj  is  a  quantity  Jk  where  le/j^x** "•"*',  can  be  made  as 
small  as  we  please  by  taking  \x\  sufficiently  large.  The  other  ip—1) 
asymptotic  equalities  are  obtained  by  interchangi^ig  aj  with  og,  ag,  ...,  a^ 
respectively. 

8BR.  2.      VOL.  5.      KO.  948.  F 
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Let  as  denote  the  expression  on  the  left-hand  side  of  the  asymptotic 
equality  (A)  by  11. 

We  will  first  shew  that 

T('-s)r(a,+s)fLT(l^Pt-s) 

n=-J^l  ;; '-^ X'cfa,  (B) 


P 

n 

(=2 


2x1  J  jj  Y{l^at-S) 


the  integral  being  taken  roufid  a  contour  which  embraces  the  positive  half 
of  the  real  axis  and  encloses  all  the  poles  of  the  subject  of  integration 
except  those  of  r(ai+«). 

In  the  first  place,  since  q-\'\>py  the  integral  is  absolutely  con- 
vergent. By  Cauchy's  theory  of  residues  it  is  therefore  equal  to  the 
sum  of  the  residues  of  the  subject  of  integration  inside  the  contour. 

Now  the  residue  of  r(n— «)  at  its  pole  s  =  n-\'m  is  (— )"*"Vwt!. 
Hence  the  integral  is  equal  to 


,  r(ai+w)  n  r(i-p,-/o 


00 


{-xY  ,=1 


11  1  (1— at— n) 


,    ,     -r   ,^,ro<>,-i-»)iriv-/><-«)r(«i+i-/>r+») 

*  n  T{pr-at-n) 

t=2 


8.  We  may  next  alter  the  co^itour  of  integration  so  a^  to  give  us 
the  asymptotic  expansion  (A). 

By  the  asymptotic  expansion  of  the  gamma  function  we  know  that, 
if  |arg  «|  <  TT  and  |s|  be  large, 

where  \J\  tends  uniformly  to  unity  as  |5|  tends  to  infinity. 
Hence,  if  5  =  u+iv  where  u  is  finite  and  |t;|  is  large, 

|r(5+a)|  =  exp|-Jx|v|Hv*+«-i«±»"*|\/2TJ, 

the  +  or  —  sign  being  taken  as  v  positive  or  negative. 

Hence  the  contour  integral  (B)  will  vanish  when  taken  round  that  part 
of  a  great  circle  at  infinity  for  which  U  (s)  >  —  A:  where  k  is  any  finite 
positive  quantity,  provided 

\ekrgx\<(q+S-'p)^7r, 
i-e.j  |argx|  <  ttU+Jm). 
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If,  then,  Zr  is  a  line  parallel  to  the  imaginary  axis  which   passes 
between  the  points  — oi— fc  and  — aj— fc— 1,  we  shall  have  11  =  —  r —  I 
together  with  the  sum  of  the  residues  of 


r(-«)r(aiH-s)  n  r(i--p,-«)x' 

n  T(l-atS) 

t=2 


at  its  poles   — a^,  — oi — 1,  ...,  — a^ — k. 


Thus        n 


■-— «1    V    ^      •''' 


_„  r(ai+«)  11  ra-p,+ai+n) 


<=i 


»=o      n ! 


II  r(l-a,+a,+;0 

t  =  2 


+  Jk, 


and  it  is  evident  that  |  Jjia:"''^*!  for  any  finite  value  of  A:  can  be  made 
as  small  as  we  please  by  taking  |a;|  greater  than  an  assignable  positive 
large  quantity. 

We  thus  have  the  given  asymptotic  expansion. 


9.  Let  us  consider  the  set  of  expansions  of  the  type  (A)  in  detail. 

When  p  =  q  =z  1,  so  that  m  =  It  we  have  one  asymptotic  expansion 
of  the  sum  of  two  hypergeometric  integral  functions,  and  this  asymptotic 
equality  is  valid  when  |  arg  x  \  <  f  tt. 

The   single   expansion  is  therefore  equal  to  two  separate  expansions 

F  2 
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when  B{x)  <  0.+  From  these  two  we  may  eliminate  one  of  the  hyper- 
geometric  integral  functions  and  obtain  an  asymptotic  expansion  for  the 
other  when  B(x)  <,0  whose  dominant  term  is  only  algebraically  infinite 
(or  zero).  The  work  has  been  carried  out  in  my  previous  paper,!  where 
it  has  been  shewn  that  we  get  the  asymptotic  equality 

,F,\a;p;x}  =  j^f^^^^  {-x^'^^^lci,  1+a-p;  -l/x} . 

More  generally,  when  p  =  q>l,  so  that  /u  =  1,  we  have  p  asymptotic 
expansions  of  the  sum  of  (p+1)  hypergeometric  integral  functions,  and 
these  asymptotic  equalities  are  valid  when  |  arg  x  \  <  |7r.  There  are  thus 
in  all  2p  relations  when  B{x)  <  0.  At  first  sight  we  might  be  tempted 
to  say  that  by  eliminating  p  of  the  hypergeometric  integral  functions  we 
can  obtain  p  different  asymptotic  expansions,  when  B(x)  <  0,  for  the 
remaining  hypergeometric  function.  This,  however,  is  evidently  absurd, 
and,  in  point  of  fact,  of  the  2p  asymptotic  equalities  only  p+1  are 
independent,  as  may  be  shewn  by  the  somewhat  laborious  algebra  which 
results  from  writing  down  the  equations  and  actually  performing  the 
elimination. 

The  single  asymptotic  equality  which  results  from  eliminating  all  the 
hypergeometric  integral  functions  in  the  expression  Tl  except  the  first 
is  actually  the  relation,  valid  when  ii(j)<0, 

^1  "i  T^/  \  r  v^p '« '^i' ' "1  ^pf  Pi*  "'f  Pp"  -^ i 


r(a,)  li'  Wat-ar) 


=     ]S^  (  —  X)    *-   jr- j.+  iFj.^i^Un   l+«r  — Pi,    ...,  l  +  ar  — /Op; 


r=l 

t=] 


the  star  denoting  the  omission  of  the  term  l+Or— ar. 

10.  This  may  be  proved  directly  by  contour  integration  as  follows 
AVe  consider  the  integral 

r(-,s)  li  Y(at  +  s) 


^^'  J         II  Y{pt+s) 


'ipt+s) 


taken  round  a  contour  which  embraces  the  positive  half  of  the  real  axis 


f  The  reader  may  compare  the  more  complex  case  of  ^  48.  where  the  variouH  ranges  of  arg  x 
arc  given  in  detail. 

X  Cambridge  Philonophieal  IVansnetionSy  Vol.  xx.,  pp.  253-279,  ^  12. 
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and  encloses  only  the  poles  5  =  0,  1,  2,  ...  of  the  subject  of  integration. 
It  is  evidently,  by  Cauchy's  theory  of  residues,  equal  to 

1  T^T       \  i    ^P  ^  ^^'    ***'  ^'    ^^'    "'9  Pp9    ^J  • 

But,  if  I  arg(— a;)|  <  ^tt,  we  may  swing  the  integral  back  as  in  §  8.     We 
thus  see  that  it  is  asymptotically  equal  to 

2  (-x)-r  2  £- ^-^ . 

'^='  '''  n  T(pt-ar—n) 


/=-! 


We  thus  have  the  given  result. 


11.  When  jUL>l  there  is  no  direct  analogue  of  the  asymptotic  equalify 
just  obtained :  in  fact,  tliere  is  no  region  of  the  plane  at  infinity  over 
which  pFq{x]  can  be  represented  by  an  asymptotic  expansion  wlwse 
diyminant  term  is  algebraically  infinite  (or  zero).^ 

To  take  the  simplest  case,  suppose  that  yu  =  2  so  that  q  =:  p-\-l. 
Then  we  have  p  equalities  of  the  type  (A),  §  7,  each  of  which  gives  the 
asymptotic  expansion  of  a  sum  of  (p+2)  hypergeometric  integral  functions 
valid  when  |  arg  x  \  <  2^.  These  are  equivalent  to  2p  relations  between 
the  (pH-2)  functions  when  |arga;|<7r.  But  only  (p+1)  of  these 
relations  are  independent.  Therefore  the  sum  of  suitable  multiples  of 
two  hypergeometric  integral  functions  (p  =z  q—l>  0)  can  be  expressed 
as  an  asymptotic  expansion  with  its  dominant  term  algebraic,  and  the 
equality  will  hold  all  round  infinity ;  but  a  single  hypergeometric  integral 
function  (p  :=  q—1)  does  not  admit  of  such  an  expansion  for  any  portion 
of  the  plane  at  infinity. 

In  the  case  p  =  0,  g  =  1,  discussed  in  my  previous  memoir,  no 
asymptotic  expansion  exists  whose  dominant  term  is  algebraic. 

More  generally,  when  /u  ^  2,  the  p  equalities  of  the  type  (A),  §  7,  give 
rise  to  (p+1)  independent  asymptotic  equalities,  each  involving  (q+1) 
hypergeometric  integi'al  functions.  Hence  the  sum  of  suitable  multiples 
of  q+l—p  =  fi  such  functions  can  be  represented  by  an  asymptotic 
expansion  whose  dominant  term  is  algebraic,  but  no  combination  of 
less  than  /a  is  capable  of  such  representation. 


t  A  reference  to  Parts  II.  and  III.  will  shew  the  connection  between  this  theorem  and  the 
lact  that  e*  tends  to  zero  as  x\  tends  to  infinity  when  |arg  (— x)|  <  |ir,  while  exp  (/i/^;^  >)  where 
^  is  an  integper  >  1  does  not  ]>08se8s  a  similar  property  when  ] arg x\<  v. 
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12.  The  fondamentel  combination  of  this  type  may  be  obtained  by 
considering  the  integral 

,   ,  r(-«)  n  r(«,+j)  n  va-pr-s) 

r=l 

If  the  integral  be  taken  round  a  contour  which  embraces  the  positive 
half  of  the  real  axis  and  excludes  the  poles  of  11  r(ar+^)>  it  will  be 
equal  to 


r=I 


n  T{ar)       , 

■J n    r(l— />,)pF, I a„  ...,  Op ;  pi,  ...,p,;  (—)''"''*} 

n  T(pr)  *■=•'+' 

,  rot>,-i)  n  T{i+a,-pr)  n'  T(pr-pd 

n  r(p,+i-pr) 

2— /Or,   l  +  Pi^Prf   ...,*...,  l+p,f^pr;  {"^^'x}. 

If  |arg(— i:)|  <  J/utt,  the  integral  may  be  swung  back  in  the  previous 
manner  and  we  shall  obtain,  as  the  asymptotic  expansion  of  the  linear 
combination  of  the  /a  generalised  hypergeometric  integral  functions  just 
written  down,  the  series 

p  r(a,)irr(a,-a.)    II     T{l  +  u-pt) 

2  (-x)-"^ '-^ *-^^ 

n  V{pt-ar) 

l  +  ar — Ui,  ...,*...,  1  +  a,. — Op;  — l/if}. 

The  sum  of  these  p  series  is  asymptotic  in  Poiucar^'s  sense. 

In  the  same  way,  by  considering  other  contour  integrals  which  may 
with  ease  be  written  down,  we  can  obtain  suitable  combinations  of  any 
number  [less  than  {q+2)  and  greater  than  (/x— 1)]  of  hypergeometric 
integral  functions  whose  asymptotic  expansions  have  their  dominant 
terms  algebraic.  i 
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We  thus  get  all  the  results  which  can  be  derived  from  the  (j?+l) 
independent  asymptotic  expansions  contained  in  the  formula  (A)  of  §  7 
by  eliminating  any  possible  number  of  the  hypergeometric  integral 
functions  involved. 

Other  combinations  of  the  hypergeometric  integral  functions  involved 
have  their  dominant  terms  exponentially  infinite  :  to  the  development 
of  such  expansions  we  now  proceed. 

Pabt  II. 

The  Exponentially  Infinite  Asymptotic  Expa7isions  of  Linear  Com- 
binations of  Generalised  Hypergeometric  Integral  Functions  for 
which  p  =  q, 

18.  In  the  ensuing  investigation  we  limit  ourselves  to  the  case  p  =  q* 
/A  =  1,  partly  because  the  theory  may  be  developed  in  a  more  simple 
manner  than  the  most  general  theory  when  /a  >  1,  partly  because  the 
results  differ  somewhat  in  character  from  those  of  that  theory. 

The  differential  equation  of  the  functions  considered  is  now 

[&+a,)  ...  0  +  a,)-£  0+Pi-l)  ...  (S+Pp-1)]//  =  0. 
It  is  of  order  {p+l)^  and  the  independent  primitives  are 

X  "'*'"pFp|ai— pm+l,  ...,ap— p,H+l; 

(?ii=  1,2,  ...,;>). 

We  have  seen  in  §§  9  and  10  that  when  ii(x)<0  each  of  these 
functions  can,  near  |  a:  |  =  oo ,  be  represented  by  an  asymptotic  expansion 
whose  dominant  term  is  algebraic.  We  now  proceed  to  find  asymptotic 
expansions  of  these  functions,  valid  when  B{x)  >  0,  and  to  find  Orr*s 
linear  combination  of  the  functions  which  has  an  asymptotic  expansion 
of  the  same  exponential  type. 

For  this  purpose  we  construct  the  function  pHp{s;  aj, ...,  Op,-  /oj,  ...,pp) 
or,  as  we  shall  briefly  write  it,  pS^Xs),  which,  when  R{s)  >  U(2a— 2/)), 
is  represented  by  the  convergent  series  of  gamma  functions 

s  r(-5-M)  ^  fr(i~p,+^-^)) 

I  have  previously  discussed  the  corresponding  function  for  which 
p  =  1,  and  have  shewn  (2oc.  dt.^  p.  268)  that 

c  u.  „.  ^^  -  T{''S)\\^s+\^p)\\s+p^a) 

1  (1 — a)  1  {p  —  a) 
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This  equality  corresponds  to  Gauss's  well  known  theorem.  It  shews  that 
iSi  (8)  admits  of  analytic  continuation  over  the  whole  finite  portion  of  the 
5-plane  ;  that  iSi(8)  has  simple  poles  at  «  =  a— p— r  (r  =  0, 1,  2, ...,  qd  ), 
and  no  other  finite  singularities  except  those  of  r(— 5)  and  r(l— «— p); 
and  that,  if  8  =  u+iv  and  u  be  finite,  |iSi(s)|  exp{(fx— c)  |t?|}  tends  to 
zero  as  1 1?  I  tends  to  infinity,  if  e  >  0.  Unfortunately,  it  does  not  seem 
possible  to  obtain  any  such  simple  expression  for  pSp{8)  when  j>>l. 
We  must  therefore  employ  other  methods  to  obtain  the  corresponding 
properties  of  pSpis)  which  have  been  already  stated  in  §  5. 

14.  Let  jySjXs)  denote  the  sum  of  all  temi8  of  the  8eries  by  which 
jtSp(s)  ha8  been  defined  when  i?(«)  >  ii(2a— 2/))  except  the  fir8t  k  of 
stich  terms.  Choose  the  positive  integer  k  so  that  B(—8-\-k-\-l-'pr)  >  0 
(r  =  1,2,  ...,p).  Let  I  be  a  straight  contour  parallel  to  the  imaginary 
QMS  passhig  to  the  left  of  the  point  —  s+fc  and  to  the  right  of  the 
points  pr— 1.     Then  I  say  that 


%\mrs 


TT 


•^M = H'-^^  il^M  "*■ 


provided  E(s)  >  ii(2a— 2p). 

For  under  this  limitation  the  integral  is  convergent,  since  the  subject 
of  integration  behaves  at  infinity  like  (— ^)~*"^0  *r--Pr^ 

Also  the  integral  will  vanish  when  taken  round  an  infinite  circular 
contour  to  the  right  of  the  axis  I  if  this  contour  pass  between  the  poles 
of  r(-0-s). 

Hence,  by  Cauchy*s  theory  of  residues,  the  integral  is  equal  to 

it   r=l  Td-ar+t^s)    T(t+l)T(l+S-t) 

_,     y     fr     r(l-p,.-f^~6)    r(ts)    sin  ITS 
ttk  r=l    r(l-a,+  ^-.s)    r(^+l)  TT 


sm  ITS  /, 


TT 


,)Sp(s). 


Bin    l^S 

15.   We  will  next  sliew  tliat pSp{s)  can  be  expressed  a^  the  sum 

TT 

of  multiples  of  p  series  of  the  form 

iu     r(«+i)      ,^,ru+-»)   <'-i.^    '/'). 

the  Vs  and  c's  being  linear  combinations  of  the  us  and  p's  which  differ 
for  different  values  of  r. 
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Provided  Bis)  >  J{(2a— 2/o),  the  previous  integral  vanishes  when 
taken  round  an  infinite  circular  contour  to  the  left  of  the  axis  /  if  this 
contour  pass  between  the  poles  of  Til—pr+tp). 

Hence  tt"^  sin^rSpiSpCs)  ii  equal  to  minus  the  sum  of  the  residues  of 

^^"T^'^f^  n  i^i?"^'t?!  a*  its  poles  which  lie  to  the  left  of  the  axis  I. 

1  (1  —  0)      r=l   i  (1— arH-0) 

We  thus  have,  if  B{s)  >  B(2a— 2p), 

TT-^simrSpSpis)  =   2   TAs) 

r=l 


n 


-  fi  r(,,-«.-«)    r(2-,.+«)    r(«+i)' 

the  accent  denoting  that  the  term  corresponding  to  t  =  r  is  to  be  omitted 
in  the  product. 
Thus 

n  Td^pr+at+n) 

TAs)  =   2 '-^ 

""    lVT(l^pr+Pi+n)T(2-pr+n) 

t=i  p 

rn  _L^      a\      n  sin7r(at— pr) 

^  1  (l—pr+n—s)  _t=i 


T(n+1)  Vrr    .       .  / 

IT  U'  Qinir ipt—pr) 

Now  this  series  for  Tr(s)  is  convergent  if 

B(s+2p-2a)  >  0, 

that  is  to  say,  under  precisely  the  same  limitation  as  the  series  by  which 
pSpis)  was  defined. 

Therefore,  if  TAs)  denote  the  analytic  continuation  of  the  correspond- 
ing series,  we  have,  over  the  whole  of  the  &'-plane,  the  equality 

p 
TT'^  Bimrs pSp(s)  =   2  TAs). 

r=l 

We  have  therefore  reduced  the  consideration  of  the  function  pSp(s)  to  the 
consideration  of  functions  of  the  type  defined,  when  ii(sH-2p— 2  a)  >  0, 
by  the  series  .   rq^pr+n-s)  ^  FU+yQ 

Our  typical  series  we  shall  write 

»=o     T{n+1)     t^i  Tict+n) 
It  is  convergent  if  iJ(s— a+2c— 26)  >  0. 
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The  relation  of  the  present  paragraph  is  readily  verified  when  p  =  1. 
In  this  case  we  have,  if  R(8+b—a)  >  0, 

-  Tj-s+t)  Tja  +  t-s)  ^  siny(a-6)  -  r(g+^-g)r(a-6+l+g 

t-o  r(^+i)   Tib+t-s)        siuTTs    tio     r(^+i)r(a+i+o 

or  Yib^s)  ^^^^~^*  ^^  >  *■"*'   ^^ 

=       .  TV  j^t\    a^i(q— ^>  g—o+1;  g+1;  1). 

smTTX  1  (a+l) 

By  Gauss's  theorem  this  equality  may  be  written 

r{s)r{b-a+s)  _  8in7r(a-6)  Tia-b+DTib-a+s) 
r(6-a)r(6)  sin^rs  r(l+«)r(6) 

It  is  therefore  obviously  true. 

16.  Let  \  be  a  contour  parallel  to  tlie  inmginary  axis  passing  to  the 
W^  ^f  ^'*^  point  k  and  to  tlie  right  of  the  points  —bt  (^  =  1,2,  ...,j?), 
where  k  is  a  positive  integer  so  chosen  tliat  i+ii(6t)  >  0. 

Then,  if  uT(s)  denote  the  sum  of  all  terms  after  the  first  k  of  the  series 
by  which  T(s)  has  been  defined  when  ii(«— a+2c— 26)  >  0,  toe  will 
shew  that 

%mir(s^a)    rp^,.  _    1     f  r(-0)  ^  r(6,+0)  , 

TT    "  ^*^  ^'^  "  2^  Jx  r(i-a-0+8)  /J,  rto+0)  '^^' 

For,  as  before,  the  integral  is  equal  to  the  sum  of  the  residues  of  the 
subject  of  integration  to  the  right  of  the  axis  X.     It  is  therefore  equal  to 

«  (^r-^  ^  r(6,+n) 

.,tk  r(n+l)r(l-a~n+s)  ^Vi  Tfe+w) 

^sinTrCs-g)    |   VifiL+n-'S)  ^  r(6,+n) 

TT       nti.   r(M+i)   ,Jir(ci+w)- 

We  thus  have  the  given  theorem. 

17.  The  Afialytic  Continuation  of  kT(s). — We  proceed  now  to  shew 
thdty  if  kt  be  the  smallest  integer  such  that  B(kt-\-bt)  >  0, 


in 


V 

.        '■     ■  ,-  ^^„Ta-a+\+n-s)  fi  r(c.-6,_„)  r(n+l) 

Wl=l 

J,           ,,     II  8in^(cw— 6«) 
—  2   —   2   ^^^^^ 
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where 

7  =  -l.f     f  r(~0)  ^    T{l--Ct-<t>)         y       Ms)     i 

(T  =  « — a+2c — 26+1,  afid  where  X'  is  a  contour  parallel  to  tlie 
ifnagiiiary  axis  which  cuts  ths  real  axis  just  to  the  left  of  the  origin. 
The  equality  is  valid  for  all  values  of  s  such  that 

B(«-a+2c-26+B)  >  0; 

it  is  therefore  valid  for  any  finite  value  of  u  if  we  take  B  sufficiently 
large. 

By  the  asymptotic  expansion  of  the  gamma  function  we  know  that,  if 

|arg(-0)|  <  IT, 

r(-0)      .^  r(i-c,~0)  ^  «    fr(s)    ■  jfc(g,0) 
f  (i-a-0+5)7Ji  r(i-i,-0)     rto  {-<pr^'  "^  (="^ 

where  /o(«)  =  1,  fAs)  is  a  polynomial  in  s,  and  |e7;j(s,  0)|  tends  uniformly 
to  zero  as  1^1  tends  to  infinity. 

Hence  the  integral  7  is  convergent  provided  B(o-H-B— 1)  >  0.     Con- 
sider now  the  integral 

7  =  —  f  1       n  8inx(C(+0)  ^^ 

'       2x1  Jv(-0r^^=isinx(6,+0)    ^• 

That  value  of  (—0)''^''  is  to  be  taken  which  is  equal  to 

exp{((r+7-)log(— 0)[, 

where  log(— 0)  is  real  when  0  is  real  and  negative,  and  has  a  cross-cut 
along  the  positive  half  of  the  real  axis.  Hence  the  subject  of  integration 
is  one- valued  in  the  area  to  the  left  of  W  Also,  if  B{(r)+r'>  1,  the 
integral  vanishes  when  taken  round  an  infinite  contour  enclosing  this 
area.     Hence,  if  B(<r)H-r  >  1, 


I 


V 


n  sin  X  (c,H —bt— n) 


Ir  =     2    —      2 


ir  sinx(6«,  — 6f— w) 

in=l 

the  accent  denoting  that  the  term  corresponding  to  m  =  Hs  to  be  omitted. 

Thus  V 

p     .  n    sinx(cTO— W 

/r=--  2  —^(fr+r,bt+kt)  "=^ 


n'  sinx(6w— fcf) 

1N  =  I 
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where  f  («,  a)  denotes  the  Riemann  f  function  defined,  when  B(s)>  1,  by 
the  equality  »        -|^ 

^ '  '    '       n=o  (a+fiY 
Now,  by  the  result  of  §  16,  we  see  that 
sin  iris— a) 


TT 


T{s) 


=  J_  [       r(-0)      ^  (r(i-c,-0)  sin^te+^)i  , 

27ri  Jx  r(l-a-0+s)  f=i  ir(l-fc,-0)  Bin7r(6,+0)J     ^' 

Hence,  if  we  take  account  of  the  poles  of  the  subject  of  integration 
between  the  contours  X  and  X',  we  have  the  equality  given  in  the 
enunciation,  provided  ii(<r)  >  1.  But  all  the  quantities  on  the  right- 
hand  side  of  the  equality  are  continuous  functions  (except  for  isolated 
poles),  analytic  if  B(a'+B)>  1. 
We  thus  have  the  given  theorem. 


18.   We  niay  now  sJietc  thut,  if  s  =^  u+iVy  and  u  have  any  finite  value, 

|r(s)|exp  ;(j7r-6)|v|}, 

where  e>0,  can  be  niade  as  small  as  we  please  by  taking  \v\  greater 
than  an  assignable  large  positive  quantity  F. 

We  take  the  result  of  the  preceding  paragraph. 
Then,  in  the  first  place,  the  integral  /  is  such  that 

|/|expi(-j7r-6)|i;  i; 


tends  uniformly  to  zero  as  \v\  tends  to  infinity.  For  (—0)'"^''  is  such 
that  the  argument  of  —  ^  has  its  modulus  ^  ^tt  on  the  line  of  integmtion. 
Also  for  any  finite  value  of  |  0  |  the  expression 


r(l— a— 0+5)1  exp  KiTT— e)!?;]} 
tends  uniformly  to  zero  as  \v\  increases  ;  and  therefore 

r(-0) 


r(l-a-0+s) 


exp    !(  — ^TT  — €)|t?|} 


will  tend  uniformly  to  zero  for  all  values  of  0,  finite  or  infinite  (including 
even  values  for  which  0— s  is  finite  when  |  ?)  |  is  very  large)  on  the  line  of 
integration.  Hence,  since  the  integral  is  uniformly  convergent  with 
respect  to  s,  we  have  the  given  statement. 

In  the  second  place,  the  modulus  of  each  term  of  the  finite  double 
series  of  ganmia  functions  of  s  which  occurs  first  on  the  right-hand  side 
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of  the  equality  of  §  17  will  evidently  tend  uniformly  to  zero  when 
multiplied  by  {exp  (— Jtt— e)  1 1?  | ' . 

Finally,  so  far  as  the  expressions  Ir  depend  upon  .s,  they  depend  upon 
the  Riemann  f  functions  jf  (o-H-r,  kt-\-bt).  Now  the  integer  kt  was  so 
chosen  that  |  arg  (A-^+Wl  <  i^r.  Hence,  by  the  theory  of  the  Riemann 
^  function, +  |  f  (<r+r,  ht-^rhi)  \  exp  |(— Jtt— e)  \v\)  tends  uniformly  to  zero 
as  I  V  I  tends  to  infinity. 

Hence,  by  the  equality  of  §  17,  we  see  that,  for  all  finite  values  of  w, 
I  x"^  sin  Tr{S'-a)]cT{s)  \  exp  {  —  Jtt— e  \v\\  will  tend  uniformly  to  zero  as 
I  V I  tends  to  infinity.  Therefore  |  kF{s)  \  exp  [(Jx— t)  |?;  |  [  possesses  the 
same  property.  Now  kT{s)  only  differs  from  T{s)  by  the  sum  of  constant 
multiples  of  a  finite  number  of  terms  of  the  type  r(n+a— «) ;  therefore 
T(s)  I  exp  [  (Jx— e)  \v\]  will  tend  uniformly  to  zero  as  |  v  |  tends  to  infinity. 

We  thus  have  the  given  theorem. 


19. t    We  viay  fiow  shew  that,  if  u  is  large  aiid  positive,  and  \v\  be 

large  or  finitey 

|r(5)|<A'exp{(-ix+e)|r|-it^[, 

wliere  k  is  any  finite  imsitive  quantity,  e  >  0,  and  K  is  a  finite  quantity 
indepefident  of  u  and  \v\.     We  assume  that  s  is  fiot  in  thr  immediate 
vicinity  of  tlie  large  poles  a+n,  n  a  positive  integer,  of  T{s). 
We  have  seen  in  §  16  that,  when  u  is  sufficiently  large, 


sinx(s— a) 


2x/  jATd— a— 0+s)  ,=1  T(Cf+<p)    ^ 


where  X  passes  to  the  left  of  the  point  w,  and  to  the  right  of  the  points 
— 6f  (f  =  1,  2,  ...,  jp),  and  w  is  the  smallest  positive  integer  w^hich  makes 

,     m+R  (bt)  >  0. 

Now,  if         B  {u—ffi  —  a)  >  0     and     R  (vi  —  fp)  >  —  1, 

I  r(/^-m-a)|  I  Va  +  tv  +  m-il>)  \ 

=  \Y(u-a  +  l  +  iv-(f>\     [  x''-'-'^-'(l-Ty'^'"*dx 

Jo 


+  See,  for  instance,  a  piipor  by  the  author,  **The  Maclaurin  Suni  Fonnula,"  /';«?.  London 
Math.  Sor.,  Ser.  2,  Vol.  2,  p.  266. 

X  The  author  expresses  his  thanks  to  the  referees  for  pointing  out  an  arithmetical  error  in 
the  orig'inal  statement  of  this  theorem. 
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Also,  if  u  is  sufficiently  large,  and  B{m—^)'>0, 

I  ['«"-'-—'  (1 -«)*+"-♦  rfa;    <  j  X— *<«>-*-»  (1— «)—*<♦><&  <  1. 

Hence  |l/r(l-a— ^+s)|<  l/{|r(tt— w— o)|  |r(l+OT+*o— ^)| }. 
Therefore 

Bin7r(^-a)  ^ y  ^^j 

TT 

^  1  f  I      r(-0)       A  r(6i+»)  , ,  , 

^  2x I  r(u-m-a)  I  A  I  r(l+m+£t?-«^)  "i  r(ci+^)     '^' 
</ifexp  ;iir(l+€)|t?|-Aw}, 

as  is  §  18,  where  e >  0,  K  is  finite  and  independent  of  u  and  \v\,  and 
i  is  any  finite  positive  quantity,  however  large. 

Hence,  if  s  be  not  in  the  immediate  vicinity  of  one  of  the  poles  a+n 

of  T(s),  i^y^^j  I  <  jj.^^p  K-J^+e)  I  V  I  ^ku\. 

The  same  inequality  is  evidently  true,  under  the  same  limitation,  of  the 
finite  number  of  terms  by  which  T(s)  differs  from  mT(s). 
We  therefore  have  the  given  theorem. 

20.  We  can  now  shew  tJiat  the  function  pSpis)  is  such  that^  if 
-s  =  u-^-iVy  and  u  be  finite, 

where  e  >  0,  tejids  uniformly  to  zero  as\v\  tends  to  infinity. 

For  we  have  seen  in  §  15  that 

p 
ir~^  sin  ITS  pSp(s)  =  2  Tris). 

Therefore     Itt"'  sinw  |e<i'->i'"  |pSp(s)|  <  2  |rr(«)|^->''", 

that  is  to  say,  is  less  than  a  quantity  which  tends  uniformly  to  zero. 
We  therefore  have  the  given  theorem. 

Again,  we  can  show  that  pSpis)  admits  of  analytic  continuation  over 
the  whole  of  the  finite  portion  of  the  s-plane. 

For  we  have  seen  in  §  17  that  this  is  true  of  the  functions  Tris)  ;  it  is 
therefore  true  of  the  function  pSp(s). 

It  is  similarly  evident  that,  if  u  be  large  and  positive  and  \v\  be  very 
h>,rge  or  finite,       |^g^(,)  |  <  jsTe^p  H_t.+.)  |t,| -ifc«} 


1906.]  Thb  asymptotic  bxpanbion  of  integral  functions.  79 

where  K  is  finite  and  independent  of  u  and  \v\,  and  k  is  any  finite  posi- 
tive quantity  f  however -large,  provided  s  be  not  in  the  immediate  vicinity 
of  one  of  the  poles  s  =^  n  or  l-^pr+n  (r  =  1,  2,  ...,  p)  of  pSp{s). 

21.  We  proceed  now  to  shew  that  pSp(s)  has,  except  far  those  poles 
which  are  poles  of  r(— s)  or  T{l-~pr+s)  {r  =  1,  2,  ...,i>)»  «s  its  sols 
finite  singularities  poles  at  the  points 

s  =  ai+«--+ap— pi— ...— pp— r     (r  =  0,  1,  2,  ...,  oo), 

and  that  the  residues  at  tliese  poles  niay  be  obtained  with  sufficient 
labour. 

By  the  definition  of  §  18,  pSp(«)  is  represented,  when  ii(s)>ii(Sa— 2p), 
by  the  convergent  series  of  gamma  functions 

I  V(-s+t)  ^    fr(l-p,+  ^-^)) 
tto    T(t+\)    ^:^\T(l^ar+t^s))' 

By  the  asymptotic  expansion  of  the  gamma  function  we  know  that,  when 
t  is  large, 

T{-s+t)  ^    iT(l--pr+t^s)\  1        ,^^  I   |.  tlTlv  4-^^ 

r(i+«  i\  lr(i-a.+<-s)/  -^^A^^-^^^'P  u^i  mr    ^"^^^i 

where,  for  any  finite  value  of  m»  I  <^^  I  can  be  made  as  small  as  we  please  by 
taking  t  sufficiently  large,  and  where 

Sni{x)  denotes  the  m-th  simple  Bemonllian  function  of  x,  and  is  a 
polynomial  of  degree  (m-\-\)  in  x. 

When  t  is  large  we  see,  then,  that  the  above  term  may  be  asymptotically 
written  ,  /   »    r  /  x       t  /  \ » 

1  (    y    fr(s)    ,Jr{s)\ 

^+l  +  2^-Xa   •(  ^fo       f      '^      t^      \ 

where  /0(s)=  1,  and  fr{s)  is  a  polynomial  in   s  whose  value   for  any 
assigned  value  of  r  can  be  determined  with  sufficient  labour. 
Consider  now  the  function 

pSp(s)-J,/rWf(5+r+l+2p-2a). 

When  i2(s+2/>— 2a)>0  this  function  may  be  expressed  by  the  series 
g,,  {T{^s+t)  ^  r(l-p,-5+^)_  4>        Ms)       ] 

tto  \  r(i+«  /ix  ra-or-s+t)    .to  r^'^^^^-^i 
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(the  double  accent  denoting  that  the  summation    S   does  not. exist  when 
t  =  0),  and  this  series  is  equal  to 

^         Jr  (s) 

<  =  ()    t 

But  this  series  is  convergent,  pro\ided 
Hence  the  function 

has  no  singularities  when 

B{s)  >2a— 2p— B. 

Now  the  sole  finite  singularity  of  ^(s)  is  a  pole  at  the  point  s  =^  1  at 
which  the  residue  is  unity. 

Hence  the  sole  finite  singularities  of  pSpis)  apart  from  those  poles 
which  are  poles  of  r(— s)  or  Til—pr+s)  (r  =  1,  2,  ...,  p)  are  poles  at  the 

*^  ,9  =  Za—Xp—r     (r  =  0,  1,  2,  ...,  go), 

At  the  point  s  =  2a— 2/a— r  the  residue  is  /r(Sa— S/>— r),  and    this 
quantity  can  be  calculated  with  sufficient  labour,  should  necessity  arise. 

22.   We  viay  iww  prove  that,  if  |arg  (— j?)  |  <  ^-tt, 
I  r  (1 a  ))  P^''  <    1'  •••'?' '  ^^l»  •••>  fp  >  '*^) 

r(p,-i)  li  i>.-pj 

II    r  (/9r  — aj 
Xj,F;,  \l-\'<li^pr,    ...,   l+Op  —  pr  ; 

where  \  Jr  \  tends  uniformly  to  zero  as\x\  tends  to  infinity.     The  quantity 
("Y Pr  is  the  residue  of  pSp{s)  at  its  pole  ,9  =  2a — 2/a  — r. 

We  consider  the  integral 


—  2~    pSj,(s)x'ds, 
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taken  round  a  contour  which  encloses  all  the  poles  of  pSp{s)   except  the 

poles  _-       _, 

s  =  Za—Zp—r     (r  =  0,  1,  2,  ...,  oo), 

and  embraces  the  positive  half  of  the  real  axis.  The  integral  is  con- 
vergent by  §  20  for  all  finite  values  of  \x\  ,  and  by  Cauchy's  theory  of 
residues  is  equal  to 

if..  J-V'_  A   <  r(l-/>r-n)  I    ,^„ 
,to    =0  n!  r«+l)  r=i  I  T{l-ar-n)  )  ^ 


rrn._i_«\ 

II  00         oo 


T(pr-l-n)  W  Tipr-pn^-n) 
^,r,        „to  i%  n\  r«+i)  »; 


w»=i  a*'"*"** 


n  r(/3^— a,n— n) 
111=1 


rV,    (r(l-ar)t 


2 


r(p,-i)  n'  r(p,-pj 


+6'  2  x^-'^^       -p  -"^ 


n  r(pr--aj 

«!  =  ! 

XpF,,  jl+tti  — pr,   ...,   1+a,,  — pr; 

2  — pr,   1+Pi  — pr,   ...,   *,   ...,   1+Pp  — pr;     — icf. 

Again,  by  the  results  of  §  20,  if  |  arg  x  \  <  |7r,  the  contour  of  integration 
may  be  swung  back  as  in  §  8,  and  we  get  for  the  value  of  the  integral 
the  asymptotic  series 

where  |  Jr  \  tends  uniformly  to  zero  as  |  -c  |  tends  to  infinity.  Changing  x 
into  (— x),  we  have  the  given  result. 

The  result  of  this  paragraph  is  a  generalisation  of  that  previously 
obtained!  for  the  case  ^  =  1.  In  that  case  the  coefficients  Pr  admit  of  a 
simple  expression,  and  we  have  the  theorem  that,  if  |  arg  (— a:)  |  <  f  tt, 

fli^giiJ-Ju;  p;  a;}  +  ^^E^(-x)'-'ai'\{«-p+l;  2-/,;  x\ 

admits  the  asymptotic  expansiou 

eK-xf-''Jf\\9-a;  1-a  ;  \\x\. 


t  Lqi\  eit.f  J  I,  Paper  iy,  §  15. 
.  2.     YOL.  5.     NO.  948.  O 
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28.  We  now  see  that  the  (p+l)  asymptotic  solutions  of  the  diiSierential 
equation  of  §  18, 


[(9+a,) ...  (S+op)-  £  (S+Pi-1) ...  (5+f>p-l)]  y  =  0, 


(1) 


are  the  series  which  have  been  obtained  in  §  7, 

l+Qr— «i,    ...,   *,    ...,    l+Or  — Op-,     — l/OT;        (A) 

when  r  =  1,  2,  ...,  j?,  and  the  series 

e«(-^)2.-2p    I    il^  (B) 

which  is  obtained  in  §  22. 

In  §  7  we  have  connected  each  of  the  tirst  series  with  the  hyper- 
geometric  integral  functions  which  exist  as  principal  solutions  of  the 
differential  equation  in  the  finite  part  of  the  plane,  and  in  §  22  we  have 
connected  the  last  series  with  the  same  solutions. 

If  B  (x)  >  0,  the  result  of  §  22,  which  is  valid  if  |  arg  (— j)  |  <  fir,  is 
therefore  equivalent  to  two  relations.  But  in  this  case  the  series  (B)  out- 
weighs all  the  series  (A),  and  therefore  each  hypergeometric  integral 
function  which  is  a.  principal  solution  of  the  differential  equation  (1)  can 
be  expressed,  when  B  (x)  >  0,  as  a  multiple  of  the  series  (B).  The 
different  principal  solutions  are  therefore  expressible  as  multiples  of  the 
same  asymptotic  series,  though,  of  course,  they  are  not  corresponding 
multiples  of  one  another.  We  have  an  illustration  of  Poincar^'s  axiom 
that  different  functions  may  admit  the  same  asymptotic  expansion. 

24.  When  B(x)>  0  the  actual  expression  of,  let  us  say,  pF,,{x\  as 
such  an  asymptotic  expansion  is  not  best  obtained  by  elimination  between 
the  results  of  §§  7  and  22.     It  may  be  obtained  directly  by  considering 

the  contour  integral  ^     . 

-J-\T{s)x'ds, 
27ri  J 

where   r(s)  denotes  the  series  defined  when  B(s)  >  B(La  —  ^p)  by  the 
convergent  series  of  gamma  functions 


,ror(H+l)  rii  \r{pr+n)}  ' 

It  is  evident  that  this  function  is  a  particular  case  of   the  function  T{s) 
considered  in  §§  16-19  for  which  a  =  0. 
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Hence  T(«)  has  poles  when  «  =  ;i  (u  =  0, 1,  ...,  oo),  and  when 

If  the  integral  be  taken  round  a  contour  C  which  embraces  the  positive 
half  of  the  real  axis  and  encloses  all  the  poles  s  =  ti,  but  none  of  the  poles 
s  =  2a— 2p— 71,  it  is  evidently  convergent  for  all  finite  values  of  |  «  | , 
and  equal,  by  Cauchy's  theory  of  residues,  to 

n=0  «=0    r=l     (T(pr+n)}     t\  TiU+l)  r=l    1  I  (pr)  )  ^^^ 

Now  the  residue  at  .<?  =  2  a— 2p  is  unity ;  and  the  residue  at 

s  =  2a — 2p — r 

can  be  calculated  with  sufficient  labour  from  the  asymptotic  expansion  of 

the  gamma  function  :  let  it  be  Mr. 

If  largo; I  <  ^ir,  we  see  by  §  18  that  the  contour  of  the  integral  can 

be  swung  back  as  in  §  8,  and  we  get  for  the  value  of  the  integral  the 

asymptotic  series  ,  zj    ,1^        t  \ 

x^-^    1+  2  ^  +  ^ 

(  1  =  1    x"^        x" ) 

where,  for  all  finite  values  of  R,  \  Ju  \  tends  uniformly  to  zero  as  1 0;  |  tends 
to  infinity. 

Therefore,  if  |  arg  x  \  <  Jtt,  we  have  the  asymptotifc  equality 

rtl    I  T(pr)  )    '      ''  *      '    ""  1   ^  ,1     X'  X"" 

This  result  evidently  includes  that  obtained  by  Stokes  for  real  positive 
values  of  the  variable  {vide  §  3) . 

Evidently  we  can  obtain  similar  exponentially  infinite  asymptotic 
expansions,  when  R  (x)  >  0,  for  the  other  principal  solutions 

of  the  differential  equation  (1)  of  §  23. 

25.  When  R(x)  <0  the  result  of  §  22  is  equivalent  to  but  one  identity. 

We  thus  see  that,  when  R  {x)  <  0,  although,  as  in  §§  9  and  10,  each 
hypergeometric  integral  function  which  is  a  principal  solution  in  the  finite 
part  of  the  plane  of  the  differential  equation  (1)  of  §  28  is  represented 
near  |  x  j  =  00  by  linear  combinations  of  the  p  asymptotic  series  whose 
dominant  terms  are  of  the  type  ic~*'^(r  =  1,  2,  ...,^),  yet  one,  and  only 
one,  particular  linear  combination  of  the  principal  solutions  exists  which  is 

G  2 
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exi>onentially  zero  when  !  ^  |  is  very  lar^e.     This  combination  is  given 
in  §  *22. 

The  complete  asymptotic  theory  of  the  solutions  of  the  differential 
equation  (1)  of  §  28  is  now  concluded.  We  next  proceed  to  discuss  the 
more  difficult  case  when  p=^  q. 


Part  III. 

The  Exponentially  Infinite  Asymptotic  Expansions  of  Linear  Conibinatiofis 
of  Generalised  Hypergeometric  Integral  Functions  for  which  p^  q> 

26.  We  proceed  now  to  consider  the  further  theory  of  those  hyper- 
geometric integral  functions  for  which  p  <.q,  and  consequently  m  >  1- 
We  shall  in  the  first  place  investigate  the  function 

or,  as  we  shall  briefly  write  it,  pS.,  (s),  which,  when 

R(s)>  B  ;ai+...+cip—pi— ...—/),+ J  Oli  — l);//i,  (1) 

is  represented  by  the  convergent  series  of  gamma  functions 

,,   r(-.s+//M)  II  ra-pr+tifi-s) 

V     Z^ ^ 

'-••  H  r(^±i')  li  r(i-a.+//M-.s) 

,.--1  \     M      /    r=l 

The  number  /x  =  q  +  l—j)  is  an  integer. 

I^y    the    multiplication    formula   for  the  gamma   function,  we  have 
equally  under  the  fundamental  restriction  (1) 

.,  r(-.,+ti^)  II  r(i-p.+^/M~s) 
V(t+i)  II  ra-ar+ti,x-s) 


We  shall  shew  that  ,,S,f(s)  possesses  properties  which  are  analogous  to 
those  of  pSp(s)  obtained  in  Part  II.,  and  which  have  already  been  stated 
in  §  6. 

These  properties  are  direct  generalisations  of  the  properties  of  the 
function  qSi(x)  defined  when  /?(2.s-f/>— ^)  >  0  by  the  series 

^  r(-'S+it)Ya-p'-s+^t) 
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It  is  easy  to  see  that,  by  an  application  of  Gauss's  theorem,  qSi{s)  could  be 
written  in  the  form 

7r-^sinT0:)-J)2^'»+^'r(-2s)r(2-2p-.25)r(2s+/3-J). 

27.  We  note  in  the  first  place  that  pS,f(s)  can  be  written  as  the  sum 
of  jtA,  series  in  the  forvi 

^-1   CO  T(^s+t+nlfA)  Ilja^pr+t+nlfA-s) 

fli=l  \  M       /    r=l 

the  double  accent  denoting  that  tlie  term  corresponding  to  m  =^  /jl^u 
is  to  be  omitted. 

Each  of  these  series  is  of  the  same  type  as  the  series  pSp{s)  previously 
considered  in  Part  II.,  with  the  exception  that  s  does  not  occur  in  /a 
gamma  functions  in  the  denominator  of  the  typical  term  of  the  series. 

Let,  now,  pS,^{s)  denote  the  sum  of  all  terms  of  the  series  by  which 
pS^is)  has  been  defined  under  the  condition  (1)  except  the  first  k  terms. 
Choose  the  positive  integer  k  so  that 

Ri^s+klfA+l-pr)  >  0     (r  =  1,  2,  ..„  q). 

Let  Z  be  a  straight  contour  parallel  to  the  imaginary  axis  passing 
to  the  left  of  the  point  kjiJL—s  and  to  the  right  of  the  points  pr— 1 
(r  =  1, 2, ..., g),  and  also  of  the  point  (k—\)lij.^s. 

Then,  exactly  as  in  §  14,  we  see  that 


n=o  sm7r(.-WM)  2^.  J,  j,^^^^^  jj,  r(;^/^+^+,)  fi  r(l-a.+0) 

m=l  r=l 

(A) 

for  the  terms  of  the  series  f,S^(.s)  which  arise  from  poles  of  r(— 0— 5+n//A) 
occur  when  0+s— n/^t  =  ^  or  0+s  =  t+n/fi,  when  these  points  belong 
to  the  series  k/jj,,  (A:+l)//x,  ... ;  that  is  to  say,  when 

28.  We  may  now  shew  tlmt,  under  tlie  condition  (1)  o/  §  26, 
J;S,(s)  1 

2x.  J,  Bin  TTMS  8in  nr^(s+i>)  f^  p(^/^+^^.,)  (i  r(i_„,+^) 


•1=1  r=l 
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For  the  previous  integral  (A)  is  equal  to 

9^     -^ ~ -a ^^i" 

2^'  J'  n  r(i-a,+0)  II  r(m/M+0+s) 

where     0  =  ''s'^  ^  T{l-nl,jL+^+s)T(--4>-s+nl^) 

»-o  sin  iris—uliuL)  r(l  — 0) 

_  _        1        '^^^  ^ 


r(l— 0)  n-o  sin  Tris  —  nlfi)  sin('7r0+«— Wm) 

2    icot  7r(.s— «//*)— cot  TrC^+s—nZ/x)} 


T{l  —  <f)  sin  7r0  n-o 

cot  jULSTT  —  cot  M'T  C^  +  i>)  \ 


r(l  — 0)sin7r0  ^ 


_^     /ATT  sin  TT/A^  r(0) 

sin  TT/AS  sin  tt/jl  {s+fp)' 

The  integral  is  evidently  convergent  if 

B  (m5+  ^  +2pr-2a,+;)-g)  >  1, 

i.e.,  if  JB(s)  >  ii  !i(Ax-l)+2:ar~2pr!7M, 

which  is  the  condition  (1)  of  Si  26. 

We  note  that  the  integral  just  obtained  may  equally  be  written 

for  by  the  multiplication  formula  for  the  gamma  function 

m=l  A* 

The  equality  (1)  is,  of  course,  obvious  when  the  integral  is  once 
written  down  :  the  process  adopted  has  been  employed  to  shew  how 
such  an  integral  may  be  built  up  from  others  of  a  more  elementary 
character. 

29.   We  now  proceed  to  shew  that 

V 
,       n    Sin7r(/>r-tt,)       •.       ^    /^   _ix    ,^M*+f*  +  l 

^^^li'sin.Cp.-^,)   ^^^-^r'-l)      2^*^ 


N 
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where  Ur(s)  is  thefunctiofi  defined  when 

B  JMS+Sp-Sa-JOx-D!  >0 
by  the  series 

y.   1  {pin— lApr-T f^—- f^s)  t^ [ t=\ 

Since  m  =  g+l— ^?,  we  may  put 

rat  =  2+tlfi-pr     (t  =  1,  2,  ...,  M-1) 

=  l  +  at—pr        {t  =  M»  M  +  1,  ...»  q)f 
rbt  =  1+p/— /Or       (t  =  1,  2,  ...,  q) ; 
and  now  we  may  say  that  Ur{s)  is  the  function  defined  when 

BijuLS+fjL+lb-'I.a)  >  1 

by  the  series  2  l^^L-MP^^-Mi)  fi  nat±n) 

where  one  of  the  quantities  rbt  is  unity. 

The  theorem  therefore  enables  us  to  reduce  tlie  cwmderaiion  of  the 
function  pSq(s)  to  that  of  the  more  simple  functiofi  U{s). 

Under  the  condition 

Bis)  >  iiii(M-l)+2a-2/>}/M, 

the  integral  of  the  previous  paragraph  will  vanish  when  taken  round 
that  part  of  an  infinite  circular  contour  which  lies  to  the  left  of  the 
axis  L     If,  then,  we  apply  Cauchy's  theory  of  residues,  we  have 


1 

q         oo 


ir    Yipr  —  pt  —  n)  .„_!      •  /  1  X 

sm  -^^s^qis)  -  2^  J^  -jr— _j,-^_^^___ 

11  1  (pr— Of— n) 

X  r(pr-l-n)  r(-M.S-MPr+M+M»)M'*''''"''"*'"*', 

the  accent  denoting  that  the  term  corresponding  to  f  =  r  is  to  be  omitted. 

Thus  p 

ll8inx(p.-«>)  si„^^(^^_i)  ^.... 
sm  ^M»  pS,(s)  =  -  _2   -^p— 3i„^(;^_i)    ^jrrr-  a,(s) 

irsin7r(/>r— /t>«) 
1=1 

where 

^'^'^  00    n  r(l+a,-/>.+n)  ^,  ,     . 

—    r^Tr^*^"^^^'*^'^"^'^^     y     i^ I*-'*"    1   (jIAn—IJLpr  —  fJLS+fJL) 

""  ft  ra+„-^+n) '        '•'''-'■'+"> 
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Now  by  the  multiplication  formula  for  the  gamma  function 
Hence 


r(Mn-M/>r+2M)  =  ^,o^^io.-l)     n  T{n-pr+2+tln). 


c-i 


U  (s)  =   2  i  JMn—fipr+fi—f^)  £=1 «^i 

.=0      r(M«-M/),+  2M)  fir{l+p,-pr+n) 

Evidently  the  series  Ur(s)  converges  if  ii  {m«+2/>— 2  a— JOu— 1)}  >  0, 
which  is  the  limitation  under  which  the  series  pSq(s)  was  defined.     There- 
fore the  sum  of  the  continuations  of  the  specified  multiples  of  the  series 
Ur(s)  will  give  the  function  &imrfjL8  pSq(s). 
We  thus  have  the  given  theorem. 

80.   We  can  readily  verify  the  preceding  transformation  when  ^  =  0, 
q  =^  Ij  and  therefore  /x  =  2. 
We  have 

and  the  transformation  shews  that 

sm  27rSoS,(s)  = r^-p-rj -. "^       '  U{.s)  (1) 

(2/ir)*     8mir(p— 1) 

u  r^/^         V    2-*"r(2n— 2/()-2«+2) 

where  C^(s)  =  J^     ra+nmi-p+n)    ' 

the  series  being  convergent  if  R(28+p)  >  J. 

Now    ms)  =  ^:^  i  ^?;=^l^i=^ , 

(2t)'      «-o  1  (l+n)l  (2— /o+«) 

and  therefore,  by  Gauss's  theorem,  is  equal  to 
2-'»-*;^«  T{l-s-p)  T{^-s-p)  r(-^+p+2s) 

(2x)»  r(n-s)r(j+s) 

_  2;;;  r(2-2p-2s)r(p-^+2a) 
■r»  r(l  +  2«) 

Now,  by  definition, 

and  therefore  by  a  previous  investigation  (§  26) 

oS,(s)  =  ■>r-^8inirO»-J)2«'+*T(-2s)r(2-2/9-2»)r(2«+p-J). 
Thus  the  identity  (1)  is  immediately  verified. 
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31.  We  have  now  to  consider  the  nature  of  factorial  series  of  the  type 
Ur{s),  and  especially  the  nature  of  their  behaviour  when  s  =  u+ii\  and 
u  and  \v\  either  or  both  tend  to  positive  infinity.  With  this  object 
we  shall  first  consider  more  elementary  series  from  whose  properties  we 
can  deduce  inequalities  and  relations  of  the  type  which  we  desire  to 
obtain. 

As  a  simple  example  of  tlie  factorial  series  which  we  proceed  to 
consider,  let  us  take  the  function  S(s),  defified  wlien  B(s)  >0  by  the 
series 

ulTorOun+l) 
where  fx  is  an  integer. 

By  the  investigation  of  the  binomial  theorem  due  to  Abel,  we  know 
that  for  all  values  of  x  and  s  for  which  the  series  is  convergent  * 

n-O  1  (n+1) 

where   (1— «)'  =  exp{slog(l— a:)}   and   |arg(l— a:)|  <  tt.      When  a:  =  1 
the  value  of  the  series  is  zero. 

Let,  now,  w  be  a  special  root  of  the  equation  ^'^  =  1,  so  that 
1,  U7,  !£?*,  ...,  w^~^  are  all  the  roots  of  the  equation.     Then  we  have 

2  (vfY  =  0,     unless  n  =  M{n) 

r=0 

=  /x,     if  n  =  M(jjl). 

Hence  m   2  ,.,      ,  ,.  =   1    1  j^.    ,'  {wY, 

n=0  1  (jULn+1)  r=0   n=0  r(«.+  l) 

Therefore  S{s)  =  /x-'rc-s)  '*2  (l-t^O*. 

r— 0 

This  equality  represents  the  function  S(s)  over  the  whole  of  the  5-plane. 
The  term  corresponding  to  r  =  0  is  zero ;   therefore 

Sis)  =  M"'r(-5)  '*2  a-wy. 

r=l 

In  this  expression  we  have  to  take  such  a  value  of  (I--10'')  that   the 
modulus  of  its  argument  is  <  ^tt. 

Now,  if  «?  =  c^"^**,  this  being  the  simplest  special  root  of  y**  =-  1, 
we  have,  as  is  readily  seen  from  a  figure, 

arg  (1— 1/?0  =  7rr//x— Jtt  ,    if    2r  <  ^t. 


*  A  foil  diaouflsion  of  tlie  theorem  appears  in  a  paper  by  the  author,  Quarterhj  Jounwi  of 
Maihitnaiict,  Vol.  zzzvm.,  pp.  108-116. 
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And  the  maximum  value  of  |  arg  (1  —  m?0  | 

=  Jtt— 7r//i 

it    JUL    >   1, 

Hence,  if  5  =  w+«v  c^^wZ  v  tends  to  infinity ^  the  expression 

|S(s)|expUWM-€)|r 
where  e  >  0  behaves  like 


)=i 


and  therefore  tend^s  expo^ientially  to  zero  as  \v\  tends  to  infinity  for  all 
finite  values  of  u. 

A  fortiori  it  is  evident  that,  except  at  the  poles  of  r(— s),  \S(s)\  will 
tend  exponentially  to  zero  for  all  values  of  1 1;  |  if  t^  tend  to  positive  infinity. 

32.  It  is  evident  that  the  previous  discussion  is  only  suggestive  of 
similar  results  for  more  complex  series,  and  that  for  such  series  other 
methods  of  proof  must  be  discovered. 

We  proceed  to  consider  tlie  behaviour y  as  \v\  tends  to  infinity,  of  the 
more  ge^ieral  f miction  defined  when  Jf2(s+c)  >  1  by  the  series 


M 

being 

a7i  integer 

>  1. 

v. 

2; 

n=0 

1    (jULU—S) 

T(pi)i+cy 

As  before,  this 

series 

may  be 

written 

1 

**-l 

y 

^   r{n-s) 

i 


Suppose  now  that  the  coefficients  Ci,  ...,  e^  are  so  chosen  that 

(1  — u'x)-^  — 1  — ?ra  — ...— 76^"dj'*-6ia;«+*  — ...— e«a:~+'*  =  (1— «)*©(«) 

where  Q(x)  is  finite  near  j*  =  1.     Evidently  this  is  always  possible. 
Consider  now  the  integral 

1'  d-xY^'-'x-'-'  [^E^^  -.^  x"^^-...-6„»a:*^+'*!-  dx. 
lo  [l—ivx  ) 

It  is  convergent  at  x  =  0  itR(n—s)>  —1  and  at  a;  =  1  if  B{s+c+m)>0, 
provided  20  ^1, 

Thus  it  is  convergent  at  both  limits  if  n  >  R{s)  >  — m— JB(c). 

If  n  >  R{s)  >  —  i?(c),  the  integral  is  equal  to 

«      ,r(t-s)r(s+c)     -     r{n+t-s)r(s+c) 

«=7+i  T(t+c)  t=i    '        r(n+t+c) 

[s-tc)  ^Z  j.^^_^^j  w       z^  ^^^^^^  w       Z^  et  r(n+^+c)r 
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Evidently,  if  w^l,  when    2  p^    .      w*    is    replaced    by  the   function 

which  it  defines  when  B{8+c)  >  0,  the  equality  holds  for  all  values  of 
s  such  that  ,^  >  B(«)  >  -w-B(c). 

Thus,  if  n  and  7n  be  sufficiently  large,  it  holds  for  all  values  of  B(8) 
which  are  finite. 

The  integral  may  be  written 

( )  X  ^{l—xY      1^ — 2   eix*^\dx. 

Jo  \    a:    /  I  l—wx      f=i  I 

Instead  of  taking  the  integral  along  the  real  axis  from  0  to  1,  we  may, 
since  the  subject  of  integration  is  one-valued,  take  it  along  any  circular 
arc  from  0  to  1  which  does  not  enclose  singularities  of  the  subject  of 

integration.*     On  such  arcs  has  a  constant  argument. 

If  w  =  6^^*^**,  it  is  evident  that  on  the  arc  which  passes  through  llw, 
which  is  the  sole  singularity  of  the  subject  of  integration  other  than  the 
terminal  points  0  and  1, 

—  =  arg    ^-2nr./^     =  arg  |2  sm  —  e<*'+"^''*>* .  =  ^ir+  — 
if  2r  <  M. 


arg 


If   2r  =  fi,  arg  ( 1  =  i-Tr. 


When  2^t>2r>^t,     arg  ( -]  =  —  iir—Tr . 

\      X      /  fJL 

We  see  then  that,  if    w  =^  1    and  therefore   r  =^  0,  the  modulus  of 
the  integral 

TpT-r-;      I )   X  ^{l—xY     ]\—^ 1  etx"''\dx, 

r(5+c)Jo\    X    I  W^wx      <-i  ) 

for  all  finite  values  of  i^  as  1 1;  |  tends  to  infinity,  behaves  like 

g-(nr/^.0lr!2^(j^)^     if      2r  <  M, 

or  like  g-[(M-r)w^-.]|.!2,-(i,)^   if    2M>2r>M, 

where  F(i7)  tends  exponentially  to  zero  as  |  v  |  tends  to  infinity  if  e  >  0. 
If  tr  =  1,  we  have   the  function  defined   when  It(^S'\'6)  >  0  by  the 

«    Yin «) 

series    S  t^t — r— t,  which,  for  all  finite  values  of  m  as  Ivl  tends  to  infinity, 

behaves  like  e-^^'-'^'^'FCw). 


*  A  figure  oorrespondmg  to  this  transformation  and  farther  detaihi  wiU  be  foond  in  {  24  of 
the  paper  by  the  author  quoted  in  {  1  (Paper  c). 


92  Dr.  E.  W.  Barxe8  [Dec  18, 

Finally^     therefore^    the    modulus    of    the   function    defined     irhen 
B(8)  >'-R(c)  by  the  series    2^  p7~T~"'  ^  ^^  integer  >  1,  behaves  for 

all  finite  values  of  u  as\c\  tends  to  infinity  like  f"^'"-'*  '  F{r)  where  Fir) 
tends  exponentially  to  zero  as\r\  tends  to  infinity  i/  c  >  0. 


33.   We  icill  further  show  that,  if  *  =  i?+ir  where  B  is  large  and 


positive, 


ronw— «) 


i»/fexp  (  — x>+€)|r|; 


where  c  >  0,  a«rf  jyize*^.  A-  >  0  but  finite^  is  independent  of  c  and  can 
be  made  as  small  as  we  please  by  taking  S  sufficiently  large^  if  s  is 
not  in  the  immediate  vicinity  of  one  of  the  points  n. 

We  have,  if  i2  be  large  and  positive,  u  be  finite,  and  n  be  just  so  large 
that  n— B  >  B{s), 

r{R+s+c)]o\    X    )   ^  1-wx 

_   -   ruS-s)     ,_   -    Yjt^B-'s)     , 

"  t^o   nt+c)        1=0   nt+c) 

The  integral  can  be  taken  along  a  circular  arc  as  before,  and  its  modulus  is 

where  /a  is  the  maximum  value  of  1 1— x|  on  the  arc  and  K  is  independent 
of  V  and  B. 

Also,  if  B  and  Bis-^-c)  he  positive  and  greater  than  unity, 

|r(iz)||r(s+c)|<|r(B+s+c)|. 

Hence  |/|  <  e^-"-^')"-  ^^  K. 


Again, 


t=o      r(t+c) 


OB  times  the  modulus  of  the  largest 


term  in  the  series,  where  0  tends  to  a  finite  limit  as  B  t^nds  to  infinity. 
It  is  therefore  less  than  c/je"^**"*^  '"  where  cr^^  tends  to  zero  with  l/B 
and  is  independent  of  r,  provided  12+^  is  not  in  the  vicinity  of  one  of  the 
zeros  of  r(— JB— s).     Thus  when  B  is  large 


'   V(t-Ii-s)     , 


'    g(-WM  +  «)> 


'Ik 


where  i/j^  is  independent  of  jvl  and  t{j^e^^^  can  be  made  as  small  as  we 
please  by  taking  B  sufficiently  large. 
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Hence 


n=0         r(/x7?+c) 


„^-Wm +  «)!»•  I 


where  fiR  is  independent  of  v  and  e*"j;ij  can  be  made  as  small  as  we  please 
by  taking  B  sufficiently  large,  provided  i2-|-5  is  not  in  the  vicinity  of  one 
of  the  points  n. 

34.  Theorem. — Let  g^ix,  1)  be  the  function  defined  wh^n  \  x  \  <,1  bi/ 
the   series     2         i  iv^>    ^'^^  ^m(x)    tht  function  similarly    defined   by 

2  Yn — \oi — X~^^*'  ^^'^  functions  being  made  one-iHilued  by  cross- 
cuts along  tlie  positive  half  of  the  real  axis  from  1  to  -{-co .  Further, 
let  the  coefficients  Cm  be  defined  by  tlie  expansion 

which  is  valid  tolien  y  is  sufficiently  s)nalL  Then  th^  coefficients  a  can  be 
so  clwsen  tlmt  tlie  function 

behaves  at  x  =:0  like  x^P(x)  where  P(x)  is  finite  when  x  =  0,  and  at 
ar  =  1  like  (1— J!r)^(?(l— x)  u^here  Q{\—x)  is  finite  wh^n  ar  =  1,  L,  M,  and 
N  being  finite  positive  integers,  Jwicever  large,  such  that  B(fi)  +  M  >  L. 

I  have  previously  shewn  that*  gp(x,  1)  admits,  near  x  =  1,  the  con- 
vergent expansion 

the  latter  series  being  convergent  near  a?  =  1,  and  (— logx)^"^  being  made 
one-valued  by  a  cross-cut  from  1  to  +  oo  . 

Also  it  can  be  shown  that  the  function  defined  when   |  x  |  <  1  by  the 

series   2   y      .       x"  admits,  near  x  =  1,  the  convergent  expansion 
wherein  there  is  a  similar  cross-cut,  so  that  |  arg  (1—x)  \  <  tt. 


*  Proe.  London  Math.  Sor',  Ser.  2,  Vol.  4,  p.  291. 
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Now 

(where  w  is  a  special  root  of  y*—  1  =  0) 


each  expansion  being  valid  near  the  corresponding  singularity.     Therefore, 
since    near  x  ^=  1  all  the  functions    in    the    summation  Z  except  that 

corresponding  to  r  =  0  are  analytic,  we  have,  near  a;  =  1, 

the  latter  series  being  convergent  near  j;  =  1. 

Hence  the  function  F(x)  behaves  in  the  vicinity  of  its  singularity 
jc  "^  1   like 

= ^^i^"  (^)'""  [(-1^)'"'— i  -  (^T] 

CO  L  +  iV— I 

+  2  e»(l-a;)"-     2     a„a5\ 

Now   near    x  =  1    we  may  put  x  =  1/(1— -y),   so    that  (l—x)lx  =  —y\ 
then  the  expression  inside  the  square  brackets  becomes 

(-log(l-y)l/-'  ;^ 

if  I  y  I  be  small.     Thus  F{x)  near  the  singularity  x  =  1  behaves  like 

where  Q'(:x)  is  finite  near  jc  =  1. 

Suppose  now,  as  is  evidently  possible,  that  we  choose  the  first  N  co- 
efficients a  so  that  ^.  .         n  t^/  \ 

F(x)  =  x^^  P(x), 
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where  P  (x)  is  finite  at  a;  =  0.     Then  we  may  further  choose  the  remaining 
L' coefficients  a  so  that 

i   Cnd-x)^-    %'anx^  =  (l-x)^Q(l-a;) 

vhere  Q{l—x)  is  finite  near  a;  =  1. 

If,  then,  ii(/8)+Jlf  >  L,  we  have  the  proposition  stated. 

36.   We  will  next  shew  that,  if  N  be  a  multiple  of  n  and  if  <t  be  sucli 
'*"'  N>Bi(T)>-L-B(c)  +  l, 


oo 


,      y_    T(fir-(r)  I        1        _   I    (-rc„r{fi+m)T(Mr+c)  ) 
"^  r=wM  rCur+c)  i  Our+M)^       »=o  rOur+iS+m+c)  >' 

We  assume  that  all  the  numbers  involved  are  defined  as  in  the  previous 
paragraph. 

If  ^  be  a  multiple  of  n,  and  B  be  an  integer  >  Njn,  we  have 
J  (1— xr'-'  x-'-^  F{x)dx 

=      r     (l~xY*'-^x-'-^F{x)djr-'''^I.' [  'a^x^a—xY^'-'x-'-' 
Ji—  »=-^'    Jo 

R-l     (•!-« 
r=JV/n  Jo 

y  (     1     _  ^  (-rc,.r(/8+»orour+c) )  , 


dx 


+£"'(i-xr-'x— >  J^  ^^^^dx, 

where  Ju^d  is  defined  by  the  equality 

1      ^  ^  h:)"  c«.  ro8+w)roxr+c)  .  Ji^ 

Now  I  have  shown*  that,  if  |  arg  ^  |  <  x, 

Tifi)  _  »  (-rc;r(;8+»t)r(i+0)     Jm 
(e+^)'»~«=o       r(i8+'«+^+i)      "^0*^^ 
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where  |  Ju  I  tends  to  zero  as  |  0  |  tends  to  infinity,  and  the  coefficients 
cii  are  given  by  the  expansion 

Putting  <f>  =  /ir+c— 1,         Q  =  /i—c+l, 

we  see  that  in  the  formula  (2)  Ju  {r)  \  <  an  arbitrarily  assigned  small 
quantity  >;,  if  i^  be  a  sufficiently  large  positive  quantity  and  r^  R^  the 
quantities  Cm  being  defined  as  in  the  previous  paragraph. 

Now,  in  the  formula  (1)  the  modulus  of  the  first  integral  tends  to  zero 
as  €  tends  to  zero  if  12  (c+tr+L)  >  0. 

The  modulus  of  any  one  of  the  second  system  of  integrals  tends  to  a 
finite  limit  as  e  tends  to  zero  if  N>  R((r)  >  —  Ii(c).  Each  of  the  third 
set  of  integrals  has  a  modulus  which  tends  to  a  finite  limit  if  the  same 
conditions  hold. 

The  modulus  of  the  final  integral  is 


Hence,  if  N>B{<r)>-R (c)    and    B  (fi+M)  >  1, 

\  a-J-Y*'-'  x-'-^ F(x)  dx 
Jo 

_       ^+«;-'      r{c+<r)T(n-a-)   .    *^'      r(c+<r)  p.  , 

V  '     1         I  (r)!:c™r(;8+w)r(Mr+c)i  ,j 

((ywr+M)^      <»=«     r08)  rOur+^+w+c)     \^ 

where  |  //,- 1  tends  to  zero  as  B  tends  to  infinity. 
Thus  under  the  same  conditions 


r,\    .  ('  (l-xr+'-'  x-'-^F(x)dx 

ru'+fx)  Jo 


"=w   "  r  (?j+c)  "^r=i  ^  r  (m/-+c; 

I(ai>-  +  m)^      »"to     f  (j8)r(Air4-/3+w+c)     )■ 

But,  if  B{fi)+M>  L,  the  integral  on  the  left-hand  side  of  this  equality 
is  an  analytic  function  with  no  poles  if 

N>B(<t)>—L—B(c). 
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Also  the  series  on  the  right-hand  side  is  absolutely  convergent  it 

and,  a  fortiori,  if  B  ((t+L+c)  >  1. 

The    equality  is   therefore  true  under  the    wider    conditions    of  the 
enunciation. 


36.  Let  8  (a)  be  thefunctio7i  defined  by  the  series    2    ^t/ — zru~Xi^/» 

when  B  (c+(r+j8)  >  1.  Then,  if  a-  =^  U'\'tVy  and  u  be  any  real  quantity 
of  finite  moduluSj  \  S{s)  \  exp  {(Tr/fi—e)  \v\  \  tends  to  zero  as  \v\  tends  to 
infinity  if  €>.  0  and  jm  is  an  integer  >  1. 


Let  2|„((r)  be  the  function  defined  by  the  series    2    ^^tt — v^n r^  » 

if  B{fi+7n+c+(r)>l. 

Then,  by  the  result  of  the  previous  paragraph,  we  have,  if 

N>u>-L'-B{c)  +  h 

^/^-^  rOur-er)  (         1  I    {-rc^TiS+m)T(^jLr+c)\ 

r=o   rOur+c)   iOur+M)^      «^o     T(p)T (fir+^+m+c)     )* 

Now  the  modulus  of  the  first  integral  tends  uniformly  to  zero,  as  |  v  |  tends 
to  infinity,  when  multiplied  by  exp  { (7r//i— e)|t?  |[,  as  we  see  by  the 
method  of  the  theorem  of  §  82.  By  the  properties  of  the  gamma  function 
the  same  is  also  true  of  every  term  in  the  two  final  summations  of  the 
previous  equality. 

Also,  if  /i  be  an  integer  >  1,  |  Zm((r)|  tends  to  zero  as  |t?  |  tends  to 
infinity  when  multiplied  by  exp  {(tt/^i— c)  1 1;| },  as  has  been  proved 
previously  (§  32). 

Hence  we  have  the  given  theorem. 

37.  If  S{(t)  be  tlie  ftmction  defined  when  ii(c+(r+)8)  >  1  by  the 
series    2    jt: — ,    ,,  ^i  >ixfl>  ^^'^  ftmction  y^, r  has  for  its  sole   finite 

«=o  r{jjL7i+c)(7i+ir  r(— <r)       -^  -^ 
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singularities  poles  at  the  points 

a-  =  1— /8— c— w     (n  =  0,  1,  2,  ...,  oo). 

When    n    is    large    we    know  that+   -^r: .  ?^    . — ta    admits    the 

asymptotic  expansion  r«    ,     v-    ■  r-. 


K 


Cr((r)         I        JrOi) 


where  the  coefficients  Cr((r)  are  polynomials  in  a-  and  |  Jnin)  \  can  for  any 
finite  value  of  B  be  made  as  small  as  we  please  by  taking  n  sufficiently 
large. 

Hence  the  function 
admits,  when  B  (c+(t+^  >  1,  the  expansion 


the  double  accent  denoting  that,  when  n  =  0,  the  term  is  pj-5 — j|.     The 

series   is  convergent  when    B  ((t+^+c)  >  1— ii.      And  hence  for  this 
wider  range  the  function 

has  no  singularities  except  poles  at  the  points 

a-  =  n     (n  =  0,  1,  2,  ...,  00). 

Now  ^(s)  has  for  its  sole  finite  singularity  a  pole  at  the  point  .s  =  1, 
at  which  the  residue  is  unity. 

Hence  the  sole  finite  singularities  of  S((r)IT(—(r)  are  poles  at  the  points 

a-  =  1— )8— c— ;t     (n  =  0,  1,  2,  ...,  oo) ; 

and  at  <r  =  1— /8— c— n 

the  residue  is  /i"^c«(l— /8— c — n). 


t  With  this  theorem  the  reader  may  compare  the  similar  proposition  established  in  f  5  of 
the  author's  paper  ^*The  Use  of  Factorial  Series  in  an  Asymptotic  Expansion/'  Quarterly 
Journal  of  Mathematics,  Vol.  zzxvm.,  pp.  1 16-140. 
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88.  We  proceed  now  to  consider  the  behaviour  of  the  function  8  {a), 
defined  when  B  (c+(r+)8)  >  I  6y  the  series 


«=o  Tifin+cHn+l)^' 


for  values  of  a-  =^  u+iv  for  which  u  is  large,  real,  and  positive  when  \  v  \ 
does  or  does  not  tend  to  infinity. 
We  will  shew  that 

S(cr)<  fiuex^  {(^Tr/juL+e)  \  V  \\, 

where  *iu  is  independent  of  v,  and  c^"~j;«,  A;  >  0  and  finite,  can  be  made  as 
smali  as  we  please  by  taking  u  sufficiently  large  and  positive,  unless  <r  be 
in  the  immediate  vicinity  of  one  of  tlie  points  n. 

Suppose  that    o-  =  U'\'iv,   where  u  is  finite.       Choose  M  such  that 
Bifi-^rM)  >  0.     Let  B  be  very  large,  real,  and  positive,  so  that 

B  (c-\-(T'\'B)  >  0,         B  (c+(r+B+i8)  >  1, 

and  B{B-\-m+c+(r+B)>l     (0<m<M). 

Choose  N  a  multiple  of  jm  so  large  that  N  >  u+B—1.  Then,  with  the 
previous  notation, 

S(<T+B)=    i      ri^n-cr--B) 


n=0   r(^n  +  c)(7l+l)^ 

and  2.^{a"jrJi)  =   Z    jt? i~o~i i — T- 

Let  the  a's  be  so  chosen  that,  near  x  =  0, 

Fix)  =  ^-"g.ijf,  D-  J^(-r c,  -f^  *-(^)-  2^  a,. 


x» 


is  of  the  form  x"  P  (x)  where  P{x)  is  finite  when  a;  =  0.     Then,  by  the 
result  of  §  85, 


r(c+ 


h+wlihrY''-^^'''-'^-"-'^^^''- 


_  \^  rOur-g— -B)  (        1        _   I   (-rc^rpQ+wOrOur+c)  I 

(1) 
H  2 
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Now  we  have  seen  in  §  88  that,  when  |  v  |  is  large, 

2,«((r  +  iJ)  <  rnlR  exp  {{  — Tt/m  +  c)  \v\], 

where  m^n  is  independent  of  t\  and  e^'^  wnu  can  be  made  as  small  as  we 
please  by  taking  R  sufficiently  large. 

Also,  if  we  employ  the  transformation  of  §  82,  and  take  the  integral 
along  a  suitable  circular  arc,  its  modulus  is  less  than 

\Y(c+(r+B)    ®^P  ^'  —  (iTT+Tr/M— e)  |  v  \  \  fi^Ky 

where  mi  is  the  maximum  value  of  |(1— a;)  |  on  the  arc,  and  K  is  finite  and 
independent  of  v  and  R.     The  modulus  of  the  integral  is  thus  less  than 

A* 

j^  K  exp  I  (— 7r//i+€)  \v\\  <fi'R  exp  {  —jr/fi+e)  \v\\y 

where  riu  is  independent  of  v,  and  e^^rjR  can  be  made  as  small  as  we  please 
by  taking  R  sufficiently  large. 

The  final  N/jm  terms  in  the  expression  (1)  have  a  sum  whose  moduluf 
is  less  than  N/jm  times  the  modulus  of  the  largest  term,  i.e., 

<  V/e' exp  i(  — ^TT+c)  |tJ  I  [ 

where  ti'ii  is  independent  of  v,  and  e''^^  fju  can  be  made  as  small  as  we  please 
by  taking  R  sufficiently  large. 

Hence,  finally,  when  \  v\  is  large, 

I  S(<T+R)\  <  i;«exp  |(-7r/M+e)  \v\\ 

» 

where  fjn  is  independent  of  v,  and  e^^'rj^^  can  be  made  as  small  as  we  please 
by  taking  R  sufficiently  large. 

This  is  equivalent  to  the  given  theorem. 

89.  Let 

TT      '  •  ;  ;   .     I  —  y    TT   r(af+;0   ^ 

71=0  t=i    ^  yyt'T^n 

when  I  j;  |<  1,  where  one  of  Vie  quantities  b^,  ...,  6,  is  unity.     Further^ 
let  the  coefficients  fr  (by  a)  be  defined  by  the  asymptotic  expansion 

^   Y(at+n)  _   4    frib.a)    ,  JHJn.b.a) 

where,  for  all  finite  values  of  R,  \  JR{n,  b,  a)  \  can  be  made  as  synall  as  we 
please  by  taking  n    sufficiently  large.      Then,  however  large  the  finite 
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qitantity  M  viay  be,  if  we  take  ii  (26— 2a+ii— 1)  >  3/,  it  is  always 
possible  to  find  coefficients  d  such^hat,  "near  x  =  1, 

R  M 

^,_,(x)-  2  /,(6.  a)r(l-0-r)(-logJ!)*+'-»-   2   J^d-^)" 

=  (l-j:)^g(2:), 
where  Qipc)  vanishes  a^  x  =  1,  and  0  =  26— 2  a. 


If  the  double  accent  denote   that  the  terms    2     do  not  exist  when 
n  =  0,  we  have 


R 

2 

r=0 


•      (    ''    r{at+n)_  ^    f(b,a)  i        _  «    J/^(n,  6,  a)    . 
rt=o    *  f-1  J-  \Ot^n)       r=o  n  )  a=0    f^ 

By  the  properties  of  Jnin,  6,  a)  this  series  and  its  A-th  derivate  with 
regard  to  x,  where  iJ(26— 2a)+fl— 4  >  1,  is  convergent  when  a;  =  1. 
But,  when  |  x  |  <  1,  the  series  is  equal  to 

R 
,fi\^l(x)—    2     Xfr(by  a)(7x6_2a+r(j^,   1), 

wh.r.,whe„|.|<l.      ,.,.,« =,|^. 

But  the  author  has  shown  that,  near  x  =  1, 

g^(x,  ff)-Va-^){-\ogx)^-'x-* 
is  one-valued  and  equal  to 

*^        (X—  1)"    T- 

Therefore,  near  x  =  1,  the  series  is  equal  to 

This  expression  and  all  derivates  up  to  the  Jc-th  converge  to  a  definite 
value  as  x  tends  to  unity,  the  various  terms  being  made  one-valued  by  a 
cross-cut  from  1  to  oo  along  the  positive  half  of  the  real  axis. 

Hence  we  can  always  find  coefficients  d  so  as  to  satisfy  the  proposition. 

40.  A    suggestive    deduction    from    the    previous    theorem   may   be 
noticed. 
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Since  one  of  the  constants  b  is  unity,  the  function  qF^-i  (x)  is  a  hyper- 
geometric  series  in  x  of  order  q,  and  therefore  by  the  researches  of  Thomae 
and  Pochhammer*  we  know  that,  near  x  =  1, 

,^,^i(x)  =  %A,J'^(l-x)+A,(l-x)'''P,a^x) 

where  the  coefficients  of  the  constants  A  are  solutions  of  the  differential 
equation  for  ^^Ki^iix)  near  x  =  1.  Moreover  the  functions  P^{l—x) 
(w  =  1,  2,  ...,  g)  are  one- valued  power  series  of  (1— x)  convergent  near 
a;  =  1. 

We  must  therefore  have,  near  x  =  1,  it  B{0+B—1)  >  M, 

i  /r(b,a)r(l-d-r){-\ogx)'^'''-A,{l-x)'-'  P.il^x)  =  {l--x)''Q(x), 

^here  Q{x)  vanishes  at  a;  =  1. 

We  may  therefore  anticipate  that 

J/,(6,a)r(l-0-r)(-loga;)^^'-^ 

is  either  an  asymptotic  or  a  convergent  expansion  near  a;  =  1  of  that 
solution  of  the  differential  equation  for  qF^^^  (x)  which  is  multiform  near 
X  =  1. 


41.  Let  qFq^i\x\  dowte  the  fuiiction  represented  by  the  series 


tlo  1=1  r{bi+n) 


when  \x\<.  1,  with  a  cross-cut  from  1  to  oo  aUnig  tJie positive  half  of  the 
real  axis.     As  in  §29,  let  UAs)  be  the  function  defitted  when 

bu  the  series  l   r(M«-MPr+M-M«)  fj  r(««+«) 

by  the  Heroes  i^     Yi^n-„pr+2^)     ,i,  r(6.+n)- 

Let  B,  M,  and  N  be  integers  such  that,  if  6  =  26 — 2a, 

E(e)+li-l>  M,         li{M-^pr+fjiN)>  lHfi.s)>-M-iuL.         (1) 


*  Thomae,  Matlicmatitehe  Atmaltti,  Bd.  u.,  p.  433;  Pochhammer,  Crelle,  T.  en.,  pp.  97,  Ac. 
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Then^  if  the  c's  be  suitably  chosen,  we  shall  Imve 

rO*a+M)Jo\   X   / 

.  u  M+N  \ 

=  UAs)-  \Mb,a)   i    r(Mn-M^,+M--g«) 


^'^^  T(jJLm  +  /JL—IULS  —  JULpr) 


By  §  39,  if  the  quantities  (Iq,  di,  ...,  cIm  be  suitably  chosen, 

,F,_iiaf  [  -  J^  x^Mb,a)ge^r(x^,  1)-  J^  d«,(l-a:'*r  =  (l-x'*)^g(a^) 

where  QCa:^)  vanishes  where  x  =  1,  if  ii(0)+B— 1  >  -M^- 

We   may   now   choose    dji+u  rfAf+2,  •••,  ^jt+n    so   that   the   previous 

M+N 

expression  minus     2     d«(l— ic^)**  is  near  x  =  0  equal  to  x^^P{x^)  where 

P(a:^)  is  finite  at  x  =  0. 

If,  now,  the  coefficients  c  are  given  in  terms  of  the  quantities  d  thus 
chosen  by  the  relation 

M+N  M+N 

2^  dmil-xr  =     2^  C,,X^, 

m=0  m=0 

we  see  that  the  integral  in  the  equality  (2)  is  convergent  at  u;  =  1  if 

EifAS+fi+M)  >  0, 
and  is  convergent  at  a:  =  0  if 

RipL—jULpr+jUiN—fXS)  >   0. 

It  is  therefore  convergent  at  both  limits,  provided  the  conditions  (1)  hold 
good. 

Let  I  denote  the  integral  in  the  equality  (2)  and  suppose  that  L  is 
a  large  positive  integer  >M'{-N,  and  let  c«  =  0  when  n>M+N,    Then 

^^  .tohi\T(b,+7i)       Xo    n'^^        S     rOun+2M-M/>r)     "^"^ 
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R 

and  the  double  accent  denotes  that  the  summation    Z    does  not  'dxist 
when  X  =  0. 

Now  we  may  take  L  so  large  that   | /^(ft,  a,  w)  |  <  c  when    7i^  L. 
The  final  integral  Jl  is  then  such  that 

I<//J<rp7 — T~M       U— ^)  ^  2.   77—5 — TTrri"^' 

1 1  (ms+m)  I  Jo  n=o  (L+n)^^^ 

Thus  |(7l|  can  be  made  as  small  as  we  please  by  taking  L  sufficiently 
large,  provided  ,e(M-MP,+ML)  >  Bi^s)  >  -m- 

If,  then,  R{jjL—fjLpr+juLN)  >  R(juls)  >— m>  we  have  the  equality 

T   ^     yf,  j  n    rto  +  ^0  _     y    /t(6,  g)  _^    I    TifAn  +  fUL—fipr—IULS) 

But  under  the  wider  conditions  (1)  of  the  enunciation  I  is  an  analytic 
function,  and  so  also  is  the  series  just  written. 

If,  then,    i    IVn-Mpr+M-M^)    denotes  the  function  T,  Ox«),  which 

is  expressible  in  the  form  of  the  series  when  B(6+t+/jls+iul)  >  0,  the 
equality  (2)  will  hold  within  the  assigned  range  (1). 
We  thus  have  the  theorem. 


42.   We  can  now  sfiew  tJiat,  if  B(s)  be  finite  and  if  s  ^  u-\-iVj 

\Ur{s)\exp{{ir-€)\v 
tends  to  zero  as  \  v  \  tends  to  infinity  if  €>  0  and  jul  is  an  integer  >  1. 

Take  the  equality  (2)  established  in  the  previous  paragraph.  If  we 
employ  the  transformation  of  §  82  and  take  the  integral  along  a  suitable 
circular  arc,  we  can  shew  that  its  modulus  is  less  than 

l__l_  exp  1  -(i^+W^-e)  \^v\\K 
when  \v\i&  large,  where  K  is  finite  and  independent  of  Vy  and 

The  modulus  of  the  integral  is  therefore  less  than 

exp  |(— TT+e)  \v\\ 
if  e  >  0  and  |  v  |  is  sufficiently  large. 
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Again,  by  the  theorem  already  proved  in  §  36,  when  u  is  finite 

,,  lr,Mlexp{(7r-6)li;|[, 

where  e  >  0,  can  be  made  as  small  as  we  please  by  taking  |  v  I  sufficiently 
large. 

Again,  each  term  of  the  final  series  in  the  equality  (2)  of  the  previous 
paragraph  has  a  modulus  less  than 

exp{(—iuL7r+€)\v\\ 

where  \v\is  sufficiently  large. 

Hence,  since  /i  is  an  integer  >  1,  |  (7r(s)  I  exp  {(tt— e)  |  r|[  can  be 
made  as  small  as  we  please  by  taking  |  v  |  sufficiently  large,  if  e  >  0. 

We  thus  have  the  given  theorem,  since  M  and  N  may  have  any 
finite  integral  values  as  large  as  we  please. 


48.   We  can  iiow  sliew  that,  if  pSq(s)  be  the  function  defined  when 

R(s)  >  ie{J0x-l)+2a-2/>[/Ai 

,  r(-5+^/M)  ij  ra^pr+ti^-s) 

by  the  series  2  —^ ""y/ , 

'='  II  r(^-±^)  II  ra-or+ti^-s) 

r=l         \     JUL     /    r=l 

then,  for  all  finite  values  of  u,  |pS,/(s)|  exp  [■  (m+Dtt— e[  |  v|]  ca7i  be 
made  as  small  as  toe  please  by  taking  \  v  \  sufficiently  large. 

For  we  have  seen  in  §  29  that  sin  irfjLSpS.jis)  may  be  written 

i  Ar^'^UAs) 

r=l 

where  ^r  is.a  numerical  coefficient  independent  of  s.  Also,  by  the  previous 
paragraph,  |  Ur(s)  \  exp  {(w—e)  \v\\  can  be  made  as  small  as  we  please,  if 
u  be  finite,  by  taking  |  v  \  sufficiently  large.     The  same  is  therefore  true  of 

1  sin  7rjuLSpSq(s)  \  exp  •  (tt— e)  1 1;  |  i . 
We  thus  have  the  given  theorem. 


44.  It  is  now  evident  from  the  previous  investigations  that  pSq  (s)  is  a 
one-valued  function  which  can  be  continued  over  the  whole  of  the  finite 
portion  of  the  s-plafie. 
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We  will  1VOW  prove  that  it  has  simple  poles  at  the  points 

s  =  [2a-2/D+iOx-l)]/M-WM     {n  =  0,  1,  2,  ...,  oo) 
and  no  other  finite  singularities  except  those  of  r(— /as)  and 

rOx— At/>r— Ms)     {r  =  1,  2,  ...,  q). 

We  have  seen  that,  if  iJ(/xs+/x+26— 2a)  >  1, 


cc 


=  2   rVn{s)     (say). 

11=0 

Also  (§  29)  the  constants  rat  and  rht  ai*e  such  that 

rat  =  2+tllUL-pr       (t  =  1,   2,  M-1), 

=  l  +  at-'pr        {t  =  /x,  M  +  l,  ...,  q)j 
rht  =  l+/><— />r       (t  =  1,  2,  ...,  q). 

And  therefore  the  condition  under  which  Uris)  can  be  represented  by  the 
series  is  equivalent  to 

ii[)u5+2/>-2a-i(M-3)]  >  1. 

Now,  when  n  is  large,  we  know  that  we  have  an  asymptotic  expansion 
of  the  type 

where,  for  all  finite  values  of  T,  |  Jjin) \  can  be  made  as  small  as  we  please, 
provided  n  is  greater  than  an  assignable  number  N.  The  coefficients  Ct(s) 
are  polynomials  in  .9,  and  can  be  calculated  from  the  known  asymptotic 

expansion  for  j^.iT      by  sufficient  labour. 

We  see  therefore,  as  in  §  87,  that  the  function 

Ur(s)-  2  ct(s)  ^{fjiS+fjL+:Eb-I.a  +  t) 

has  no  finite  singularities  except  those  of  r(/in+/<— /A/>r— m^)  when 

B(AiS+Ai+26-2a)  >  l-T. 


;1906«]  The  asymptotic  expansion  of  integral  functions.  107 

Hence    the    sole  finite  singularities  of    I7r(s)/r(^t— /xpr— ms)  are  simple 
poles  at  the  points 

s  =  (1— ^t  +  2a— Sfc)//x  — ?//^t     (;/  =  0,  1,  2,  ...,  oo), 

i.e.y  s  =  [2a— 2/>+i  {juL^l)~\lfi'—7iliuL. 

Now  we  have  seen  that 

7 
j,Sn(s)  Bin  TT/JLS  =    2    ArfJi'^Uris), 

where  the  quantities  A  are  independent  of  s. 

Hence  all  possible  finite  singularities  of  pS,,(6)  are  included  in 

(1)  simple  poles  at  s  =  nl/m  {n  =  0,  1,  2,  ...,  oo), 

(2)  „  s  =  nliJL—pr+l    (w=  0,  1,  2,  ...,  go;  r=l,2,  ...,g), 

(3)  „  s  =  -  n/M+[2a-2/>+ J  (m-1)]  In 

{n  =  0,  1,  2 00), 

We  thus  have  the  given  theorem,  and  we  see  that  the  residues  at  the  last 

system  of  poles  can  be  calculated  with  sufficient  labour  by  use  of  the 

■pi  /    I    \ 

asymptotic  expansion  which  gives  r^fj-^! »  when  n  is  large. 


45.   We  proceed  iww  to  shmc  that,  if  s  =  u-\-iVy  and  \  v  \  be  finite  or 

infinite, 

I  Ai(s)  I  <  ^«exp  i  [-Ou  +  l)7r+e]  1 1;  I ; , 

if  €>  0,  where  j/m^*™  (i  >  0  but  finite),  can  be  made  as  small  as  we  please 
by  takifuf  u  sufficiently  large  and  positive  if  s  be  not  in  the  immediate 
vicinity  of  one  of  the  poles  of  pSqis). 

We  can  always  choose  the  coefficients  c  so  that  the  function 

^(x)  =  ,F,_i  {jf]  -  J^  Jffr(b,  a)^a+rU^  1)  -  J^  c^x'^"  =  x''''P(x''), 

where  P(x^)  is  finite  at  u:  =  0.     Choose  N  so  large  that 

E{juL-npr—ns—nB+iJLN)  >  0 
and  let  Trijis)  be  the  function  defined  when 

R(d  +  T  +  IULS  +  n)>0, 
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by  the  series  2     r(Mn-Mp,+;.-M.) 

Then,  as  in  §  41,  we  have,  if  R  be  very  large  and  positive, 

T{fJLS+/JLR  +  /JL)  jf^\      X      / 

When  R  is  very  large,  and  whether  |  u  |  be  large  or  not,  the  modulus  of  the 
integral  is  less  than 

where  K'  is  finite  and  independent  of  R  and  \v\,  and  mi  is  the  maximum 
v^lue  of  I  1— X  I  on  the  circular  arc  which,  as  in  §  32,  we  take  to  be  the 
modified  form  of  the  contour  of  integration. 

Thus,  if  s+ii  be  not  in  the  immediate  vicinity  of  one  of  the  poles 
of  Vr{s),  we  have 

I  UAs+R)  I  <  ^fiR  exp  K-TT+e)  \v\\, 

where  i^Rf^^  can  be  made  as  small  as  we  please  by  taking  the  positive 
quantity  R  sufiiciently  large. 

Now  we  have  seen  that 

&in  TTfJLS  pS^i  (s)  =  2  AriJi^^Uris), 

where  the  quantities  A  are  independent  of  s. 

Hence  a  similar  inequality  is  true  of   ipSq(s+JB)|,  and  we  have  the 
given  theorem. 

46.  Let  ^  denote  tJie  linear  combination  of  hypergeometric  integral 
functions 

n  ra-Qr) 

,  li'  T(pr-Pt) 

+  2    x'-"^  r(p-l)  ^f— ^F,{l  +  a,-p l+a^-pr; 

ir  T(pr-a,)  ^_^^    ^  p,-Pr+i,  (-rz\ 

wherein  fi  ^  q-\-l—p  and  q>p. 
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We  proceed  to  shew  that 

*  =  exp  I  -nx^^\  (2x)*^-^>M"*/ 

wh^re  J  =  — --—  I    „Snis)x*ds, 

tJie  integral  being  taken  round  a  contour  Q  which  embraces  the  positive 
half  of  the  real  axis  and  encloses  th£  poles 

nIfjL,     w/m— /Or+1     (w  =  0, 1,2,  ...,Q0;    r=  1,2,  ...,gf)v 

but  not  the  poles  — 7«//it+[2a— 2/3+JOu  — 1)]/)li 

of  the  subject  of  intergratimi. 

The  integral  is  convergent  by  the  result  of  §  45  for  all  values  of  |  x 
Let  T  be  the  greatest  integer  such  that 

TI/uL+n^N 

and  let  Tr  be  the  greatest  integer  such  that 

TrlfJL+l-pr+n  <  N. 

Then,  by  Cauchy's  theory  of  residues. 


n=0 


«!  -fir(i-a.-,oiir(^0 


1         "     f  —  ^"     ^'       r(/>r— 1— «)    n'   Vipr  —  pm—ll) 


n) 


/if  denotes   the  integral    —  ^ —  1  pSq(s)x'ds   taken   round  a  contour   on 

which  i2(5)  >  ^  and  which  embraces  the  real  axis  and  encloses  poles 
of  pSq{s)  whose  residues  have  not  been  included  in  the  previous 
summations. 

By  the  theorem  of  the  previous  paragraph  it  is  evident  that  Iif  can 
be  made  as  small  as  we  please  by  taking  N  sufficiently  large. 

Now,  by  the  multiplication  formula  for  the  gamma  function, 

n  raiiuL+qifjL)  =  (27r)*^-i>M"*-*r(^+i). 
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Hence,  on  making  N  infinite,  we  have 

r=l 

II  T{p,-—a,a  —  n)  ^ 

Thus 

/  exp  I  —lULX^f''  \  M"*  (27r)i<^-^> 


„  n  r(i-p,-n) 


X'* 


II    i  (1— fir  — W) 

r=l 

+  2  jt^-'».  2  5—! — v^ x^  =  *. 

r=l  n=0      /<!  /' 

II  I  (pr— a«— n) 

m  =  l 

We  thus  have  the  given  theorem. 

47.   We  can  now  sliew  that,  if  fx  be  an  integer  >  1  and  if 

|arga;|  <  (m+Dtt, 

the  linear  combination  of  hyper  geometric  integral  functions  which  hus 
been  denoted  by  *  admits  the  asymptotic  expansion 

where  the  quayitities  \  are  defifiite  functions  of  the  parayneters  a  and  p 
and  \Jn\  can  be  made  as  small  as  we  please  by  taking  \x\  sufficiently  large. 

We  have  seen  that,  for  all  finite  values  of  |  m  L  ^  is  equal  to 

exp  ]  -^x^f''\  (27r)*^-^>M"*/ 

where  /  is  the  integral  —  - —  I  pSq(s)xfds  considered  in  the  previous 
paragraph.  ^ 

Also,  it  has  been  established  in  §§  43  and  45  that,  if  |argx|  <  (juL-\-l)ir, 
I  pSq(s)x'  I  will  tend  exponentially  to  zero  as  jsj  tends  to  infinity  if  R{s)  is 
greater  than  a  finite  negative  quantity. 

Let  L  be  a  contour  parallel  to  the  real  axis  which  passes  between  the 
points 

[2a-2p+J(At-l)]/M-J^//tx     and     [2a-2p+i(M-I)]//x-(iV+l)/M. 
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Then  /  is  equal  to    —  ^r —  I   pSqis)x'ds    together  with  the  sum  of  the 

27r£  JL 

residues  of  pSq{8)xf  at  the  points 

[2a-2/>+i(M-l)]/M-w/M     (n  =  0, 1,  2, ...,  N). 

Let  An  be  the  typical  residue  of  pSq{s)  at  such  a  pole:  we  have  seen 
that  \ft  is  a  function  of  the  parameters  a  and  p  which  can  be  determined 
with  sufficient  labour. 

Further,  ^     r 

_  J_         ^SMx'ds   =   a;C2«-2p+J0.-l)J/^-N/^  j^^ 

27r«  Jl 

and  it  is  evident  that  |  Jn  |  can  be  made  as  small  as  we  please  by  taking 
I X I  sufficiently  large. 

We  thus  have  the  given  theorem. 

48.  We  can  now  shew  that  the  previous  theorem  is  equivalent  to  (jx+l) 
different  results. 

For  the  asymptotic  equality  is  valid  if  |arga:  |<  (/u+l)7r.  Thus  it 
is  valid  for  the  (m+I)  ranges 

(m— 1)  TT  <  arg  a;  <  Oi+1)  tt, 

Ox— l--2)7r  <  argx  <  (/i+l— 2)^, 

•••       •••       •••       •••       ••• 

Oi— 1  — 2M)'?r  <argj;  <  (/x+1  — 2M)7r. 

We  therefore  have,  if  w  =  0,  1,  2,  ...,  /x,  and  |  arg  j;|  <  tt,  the  asymptotic 
equalities 

n  ra-Pr) 
n  ra-ar) 

li  Tipr-ad 

1=1 

XpFqll+a  —  prl    2  —  pr,    ...,  /E>q  — /E>r+1  ;    (  —  Vx] 

where  6  =  2a— 2/3+4(^-1). 
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Only  fjL  of  the  Oi+1)  results  here  given  are  independent:  those 
corresponding  to  7w  =  0  and  vi  =  /x  can  be  deduced  from  one  anotlur 
by  means  of  otlier  asymptotic  expansions  of  the  hypergeometric 
functions. 

For  brevity  write,  as  in  §  1, 
II  TiX-pr) 

nra-a.) 

1=1 

I 
T(pr-l)\i'Y(pr-p,) 

QAx)  =  x'-" ^^-^ 

II  r(pr-a,) 

1=1 

X;»Fq  Jl+ai— /3r,    ...,   l  +  Op  — /Or;    2  — /Or.    .-.;    pq—pr+l;    (—^  x\  . 

V 

Then  we  have,  if  |  arg  x\<.ir, 
<?o(x)+  i  fO.-'-oo-p,)'.  QAx) 

r^l 

=  exp  :-M«<^-*"'>"'''x"'}^^^!n; — ^.m^«-s«).-.-.  v  ^"^       ,  (A) 

when  m  =  0,  1,  ...,  At- 

Also,  by  the  result  of  §  7,  if  |  arg  (—x)  \  <  ijULir+Tr, 

^      Qo(x)+  i  -. — r 7  ^"^'"'^  Qr(x) 


sin  7ra„4  r=i  sm  "t  (/Or— «»*) 

r(aj  ii  r(a.-/)r+i) 
xirr(i+«„,-ar) 

r=l 

Xq+iFp_i-. a,H, wm+i— /E>i, ...,««i+i— />q;  ««— «i+i» ....  «•!— «p+i ;  — ,» 

(B) 
when  m=  1,  2,  ...,/^- 


1906.]         Thb  asymptotic  expansion  of  integral  functions.  118 

Now,  in  the  relations  (A)  take  w  =  0  and  m  =  /n.     We  have 
Qo{x)+  i  e-'^^r-i)-^  Qr(x)  =  exp  Oa:^''']  x^/'*  f^'' e, 

r=l 

Qo(x)+  2  (^^r-^^'''Qr(x)    =  exp  [mo-^/'*]  ar*^**  e-*''*  e, 
where  B  denotes  the  asymptotic  series 

(2^)4(1^-1)  «  x.(-r 

From  these  we  deduce 

Qo(«)  sin  Tr6+  2  Qr(a:)  sin  tt  (0H-MPr— m)  =  0. 

This  equality  means  that  when  |  arg  x  |  <  ^r  the  particular  combination  of 
functions  Q  just  written  down  admits  an  asymptotic  expansion  whose 
dominant  term  is  of  order  less  than  that  of  exp  \  /jlx^'^  \  when  divided  by 
any  algebraic  power  of  x.  Thus  it  must  be  possible  to  form  the  particular 
combination  from  the  q  other  relations  contained  in  (A)  and  (B).* 

Hence  in  (A)  and  (B)  there  are  (g+l)  relations  which  are  independent. 

There  are  (q  +  l)  functions  Q  which,  when  x  is  replaced  by  (— )'*x,  are 
independent  solutions  of  the  equation 


[(9  +  ai)  ...  0+a,,)-  ^O+/0i-l)  ...  0+/a,~l)]//  =  0 


(1) 


valid  over  the  whole  of  the  finite  part  of  the  plane. 

There  are  similarly  (q+l)  asymptotic  solutions  valid  near  infinity. 
These  are,  with  the  same  transformation,  given  by  the  expressions  on  the 
right-hand  sides  of  equations  (A)  (m  =  1,  2,  ...,  m)  ai^d  (B).  The  relations 
between  these  solutions  are  given  by  the  equations  (A)  and  (B) . 

49.  But  the  equations  (A)  and  (B)  of  the  previous  paragraph  only 
express  the  iq  +  l)  principal  asymptotic  solutions  near  |a-|=  oo  of  the 
differential  equation  (1),  transformed  by  writing  (— )**  x  for  «,  in  terras 
of  linear  combinations  of  the  (9+I)  hypergeometric  integral  functions 
Qr(x)  (r  =  0,  1,  2,  ...,  q),  which  are  principal  solutions  in  the  finite  part 
of  the  plane. 

We  have  conversely  to  express  each  of  the  functions  Qr(x)  in  terms  of 


*  The  same  phenomenon  occurs  in  the  simple  case  p  =  0,  q  =  ly  fi  =  2^  and  w:i8  <li»cm»sed 
IB  detail  in  the  author's  earlier  paper.     Loc.  cit.,  H*  Paper  (i^),  Part  xi. 

IK.  2.    VOL.  5.    NO.  951.  I 
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linear  combinations  of  the  asymptotic  expansions.  In  §  11  it  has  been 
shewn  that  it  is  possible  to  express  a  suitable  linear  combination  of  m>  £^d 
not  less  than  /x,  functions  Qr(x)  in  terms  of  the  p  asymptotic  solutions 
whose  dominant  terms  are  algebraic.  The  expression  of  a  linear  com- 
bination of  any  number  less  than  /x  of  the  functions  Qr(x)  will  involve 
asymptotic  expansions  whose  dominant  term  is  exponentially  infinite,  and 
such  series  will  entirely  overshadow  the  other  series  which  were  obtained 
in  Part  I. 

Evidently  as  typical  of  the  general  converse  problem  we  may  find  the 
asymptotic  expansion  of  j^q  { a  ;  /o  ;  x}  when  \  arg x  |  <  tt. 

For  this  purpose  we  consider  the  integral 

^J^{u(s)x*ds,  (1) 

ifiTTI   J 

where  U(s)  is  the  function  of  s  defined,  when 

B(s)>B  {2a-2/)+i  (m-1)  !  /m, 
by  the  convergent  series  of  gamma  functions 

.  n  ;r(ar+n)[rcu«-/u«) 

'*^°     11  {T{pr+n)}  r(«+l) 

r=l 

By  the  multiplication  formula  for  the  gamma  function 
Hence  the  above  series  for  U{s)  may  be  written 


r(Acn-Ms)=jf-^jj(jrT)  n  r(n-s+r/M). 


1  „     iliT{ar+n)]  n^r {n-s+rl^) 

r=l 

Evidently  U(s)  is  a  function  of  the  same  type  as  the  function  UAs) 
introduced  in  §  29 :  it  possesses  the  same  properties. 

It  has,  besides  the  poles  of  the  functions  FOin— ^ts),  as  its  only 
singularities  poles  at  the  points 

s  =  [2a-2p+i  (M-l)]/M-r/M,  (2) 
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and  the  residue  at  the  general  pole  we  may  take  to  be  M~*(2'7r)*^^"'*^ir. 
The  quantity  Ir  can  be  calculated  with  sufficient  labour  from  the 
asymptotic  expansion  of  the  general  term  of  the  series  for  U{s)  when 

B(s)>iJ  ;2a-2^+i(M-l);/M. 

In  particular  we  readily  see  that  Io=  1. 

Let  now  the  contour  C  of  the  integral  —  - —  I    U{s)x'ds  embrace  the 
real  axis,  enclose  all  the  poles 

s  =  n+t/jUL     (m  =  0,  1,  2,  ...,  00 ;  ^  =  0,  1,  2,  ...,  oo), 

and  enclose  none  of  the  poles  (2). 

Then  the  integi*al  is  convergent  for  all  finite  values  of  |  x  I .     Also 

Hence  the  integral  is  equal  to 


V 


II  r(«,) 

II  T(pr) 


r^\ 


Again,  by  the  results  of  §M2  and  45  the  integral  may  be  swung  back 
as  in  §  8,  provided  |  arg  j;  |  <  tt. 

We  thus  get  for  its  asymptotic  value 


j.[x..2p+4(M-i)]M^-i(27r)*<^-'*>  I  1+   I  -^  + 

\  T —  I    jO 


where,  for  any  finite  value  of  lt,\JH\  tends  uniformly  to  zero  as  |x  |  tends 
to  infinity,  and  the  quantities  I,  can  he  determined  with  sufiicient  labour. 
We  thus  obtain  the  asymptotic  equality 

II  T{ar) 
q  i>^h\^V  •••»  '';> »    Plf  "*y  P'l^    '*' » 

II  I>.) 

r=l 

=  exp  {mx"";  x[=^-^''**<^-'>-"'/u-*(*2^)*"-'"  '1+   2  -^  +  h.\, 

valid  provided  |  arg  x\<ir. 

Evidently  this  includes  the  result  of  Stokes  stated  in  §  3. 
When  2)  =  0,  g=l,/x  =  2   we  have  the  particular  case  previously 

I  2 
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discussed  by  the  author.     Id  this  case  the  coefficients  Ir  take  a  simple 
form,  and  we  have*  the  asymptotic  equality 


50.  In  a  similar  manner  we  can  obtain  the  asymptotic  expansions  of 
any  of  the  hypergeometnc  integral  functions  which  are  the  principal 
solutions  of  the  differential  equation  (1)  of  §  48. 

The  theory  is  evidently  complete. 


CoBBXOENDA  in  above  paper. — 

On  p.  62,  line  l8,/or  *Vr-r'  read'*  I-pr." 

„         line  19,/or  "«(*•■-»»»)•«*"  read  "  ^#-««)*»»>." 
„        line  20,  read  **  9  '^  [3o-3p  +  4(m-1)].'* 


On  p.  80,  lino  8  from  foot /or  *»    n   T  {pr^pm)''  read ''   If   r(f>r-p-.)." 

m  -  I  IN  ■  I 


♦   J'ide  {  23  of  the  memoir  previously  oitod. 
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PARTIAL  DIFFERENTIAL  EQUATIONS  OF  THE  SECOND  ORDER 
HAVING  INTEGRAL  SYSTEMS  FREE  FROM  PARTIAL 
QUADRATURES 

By  A.  R.  Forsyth. 

[Received  January  Ut,  1907.— Read  January  10th,  1907.] 

1.  In  his  memoir"^  on  partial  differential  equations  and  their  integrals, 
Ampere  made  a  selection  of  one  aggregate  of  equations  of  the  second 
order.  The  characteristic  property,  defining  equations  which  are  in- 
cluded in  this  aggregate,  belongs  to  their  general  integrals.  These 
integrals  are  to  be  explicitly  free  (or  must  be  capable  of  expression  in 
a  form  that  is  explicitly  free)  from  partial  quadratures ;  and  they  must 
be  expressible  by  an  equation,  or  by  a  set  of  equations,  which  occur  in 
finite  form.  In  the  simplest  cases,  the  integral  is  given  by  means  of 
a  single  equation :  more  often,  and  in  the  less  simple  cases,  the  integral 
is  given  by  means  of  three  independent  equations,  each  of  which  has 
the  specified  form  and  which,  when  taken  together,  usually  may  be 
regarded  as  determining  the  dependent  variable  Zy  and  the  two  independent 
variables  x  and  y^  in  terms  of  two  parameters  and  two  arbitrary  functions 
of  those  parameters.     Thus  a  primitive  of  the  equation 

X 

can  be  exhibited  in  the  form  of  the  single  equation 

2  =  0(tf+^)  +  ^(tf-x)-x;0'(//+j;)-;-^'(/y-x)}, 

where  <p  and  yfr  denote  arbitrary  functions  ;    it  can  also  be  exhibited  in 
the  form  of  the  three  equations 

jr  =  J(w— r)  \ 

y  =  i('^+«^) 

z  =  U-\-V-}Aii-v)(V'-'V')\ 

where  U  and  V  denote  arbitrary  functions  of  u  and  of  v  respectively. 


*  Journal  de  VEcole  PohjtechniqM^  cab.  xvii.  (1815),  pp.  549-611  ;  Mh  definition  of  the  "  first 
cImm  "  of  eqvationii  of  the  Recond  onler  ia  driven  on  p.  558  of  the  memoir. 
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A  more  general  form  of  integral,  implying  a  more  extensive  aggregate 
of  equations,  is  suggested  by  Goursat^ ;  as  defined,  it  is  given  by  means 
of  three  equations  expressing  x,  y,  z  in  teims  of  two  parametric  variables 
u  and  V,  of  m  arbitrary  functions  of  w  connected  by  m— 1  differential 
equations,  and  of  n  arbitrary  functions  of  v  connected  by  n—\  differential 
equations. 

For  the  purposes  of  the  present  discussion,  however,  it  will  be  sufficient 
to  take  the  simpler  form  when  there  is  only  a  single  arbitrary  function 
of  u  and  when  there  is  only  a  single  arbitrary  function  of  v.  The  object 
of  the  discussion  is  to  obtain  some  of  the  relations  between  the  integral 
and  the  equivalent  partial  equation  of  the  second  order. 

Statement  of  tJie  Problem,  with  the  various  Cases  that  can  occur. 

2.  Accordingly,  it  is  assumed  that  the  equations  of  the  second  order 
to  be  considered  are  those  characterised  by  the  possession  of  a  general 
integral  given  by  means  of  three  equations 

y  =  gr(w,  U,  Vi,  ...,  v,  V,  V\,  ...)    . 

z  =  h{u,  U,  lj\y  ...,  r,  F,  Vi,  ...) 

In  these  equations,  /,  g,  h  denote  specific  functions  of  their  arguments ; 
U  denotes  an  arbitrary  function  of  w,  and  Ui,  ...  are  its  successive 
derivatives;  V  similarly  denotes  an  arbitrary  function  of  v,  and  Fj,  ... 
are  its  successive  derivatives.  The  integral  equations  are  to  be  finite 
in  form ;  so  that  only  a  finite  number  of  derivatives  of  U  and  a  finite 
number  of  derivatives  of  V  occur.  It  will  be  assumed  that  Um  is  the 
derivative  of  U  of  highest  order  which  occurs  in  the  three  equations,  and 
that  Vn  is  the  derivative  of  V  of  highest  order  which  occurs;  but  it  is 
not  assumed  (and  it  is  not,  in  fact,  always  the  case)  that  Um  must  occur 
in  each  of  the  equations  or  that  Vn  must  occur  in  each  of  them.+ 

♦  LecofiH  siir  P integration  den  equations  atuc  dcrirers  partieUes  du  neeond  ordre,  t.  n.  (1898), 
p.  217. 

t  [In  the  moMt  familiar  examples  of  equations  which  have  integrals  of  this  type,  Huch  as  the 
eqiiHtion  of  minimal  Hurfaces,  the  highest  derivatives  of  U  and  of  V  that  occur  are  of  the  second 
order.  Transformations  can  bo  effected  which  make  the  highest  derivatives  appear  to  be  of  higher 
order ;  in  such  cases  the  inference  in  that,  in  an  extended  sense  of  the  word,  the  transformed 
expressions  are  reducible.  Instances  of  equations  having  integral  equivalents,  which  are  not 
reducible,  are  provided  by  Laplace's  linear  equations 

» •¥  ap  +  bq  ■¥  eg  =  0 

when  these  are  of  finite  rank  in  either  variable  or  in  both  variables.    An  instance  of  an  eqaation. 
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Specialised  forms  of  integrals  may  arise.  Thus  we  may  have  a 
primitive  of  an  equation  given  by  * 

a-  =/(w,  U,  U,.  ...)+F{v,  F,  Fi,  ..,)  I 

y  =  g(u,U.U,,  ...)+GO^F,  F,,  ...) 

z  =  //(w,  U,  U,,  ..,)+H(v,  F,  Fi,  ...)) 

where  /,  F;  g,  G;  h,  H  are  specific  functions  of   their  arguments ;   and 
a  primitive  of  another  equation  might  be  given  by 

II  =  givy  F,  Fi,  ...) 

z  =  h(u,  U,  Ui,  ...,  V,  F,  Fi,  ..  ) 

Some  illustrations  of  these  two  particular  forms  will  be  discussed. 

But  there  are  limitations  upon  the  degeneration  of  the  forms  of  the 
functions  /,  g,  h  as  they  occur  initially  in  the  general  case.  Thus  the 
combinations 


X  =  f(u,  U,  L\,  ...) 
y  =  g(u,  U,  C/p  ...) 
z  =  A(t?,  F,  Fj,  ,,,)) 


y  =  g(v,  F,  Fi,  ...) 

z  =  h(Uy  U,  Uiy  ...)  J 

are  not  permissible ;  at  least  one  of  the  three  functions  /,  g,  hy  which 
represent  the  values  x,  y,  z,  must  involve  both  the  parametric  variables 
u  and  V.  We  shall  therefore  assume  that  h  involves  u  and  v  ;  if,  in  any 
set  of  equations,  /  or  g  (but  not  h)  should  involve  u  and  v,  a  change  of 
dependent  variable  can  be  effected  whereby  the  expression  for  the  new 
dependent  variable  does  involve  u  and  v. 

Having  made  this  explanation  and  this  assumption  as  regards  the 
expression  for  z,  which  is 

z  =  h\u,  U,  Ui,  ...,  r,  F,  Fi,  ...), 

we  see  that  there  are  three  groups  of  cases,  discriminated  by  the  forms 
of  /  and  ot  g  in  the  equations 

•'•=/,        y  =  g- 

which  is  not  linear  and  the  integ^ral  equivalent  of  which  involves  uun- reducible  expretutiomi 
containing  derivatives  of  order  higher  than  the  tiecond,  is  Amp^re'H  equatiou 

a  primitive  is  g^ven  by 

u 

z  =  |(2r-tr»)J"_|T>f/4Cr""_.4ir»r'"-el2w«P"-24wr'  +  24r. 

Other  instances  can  be  obtained  by  taking  /(A)  and  ffin),  in  the  equations  at  the  end  of  {  26.  to 
be  pol3momials  not  consisting  of  a  single  term  alone. — Added  February  8M,  1907.] 
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(I.)  Each  of  the  functions  /  and  g  involves  both  the  quantities  u  and 
I?,  either  with  or  without  the  arbitrary  functions  U  and  F. 

Next,  one  of  the  two  functions  involves  both  the  quantities  u  and  v, 
either  with  or  without  the  arbitrary  functions  U  and  F,  while  the  other 
function  involves  only  one  of  these  quantities,  again  either  with  or 
without  the  associated  arbitrary  function.  There  really  are  four  cases ; 
but,  by  interchange  of  the  variables  x  and  y  and  by  interchange  of  the 
parameters  u  and  ti,  they  can  be  assigned  to  the  single  case  : — 

(II.)  The  function  /  involves  both  u  and  v,  and  the  function  g  involves 
V  only :  it  being  understood  that  the  associated  arbitrary  functions  can 
occur. 

Lastly,  one  of  the  functions  may  involve  only  one  of  the  parameters 
XL  and  v^  and  the  other  may  involve  only  the  other  of  those  parameters : 
the  two  possible  cases  can  be  merged  into  one  by  interchange  of  x  and  ij. 
So  we  have  : — 

(III.)  The  function  /  involves  u  only,  and  the  function  g  involves  o 
only  :  with  an  understanding  as  to  the  possible  occurrence  of  U  and 
of  V  respectively. 

Of  these  three  cases  to  be  discussed  in  succession,  it  is  manifest  that 
(I.)  is  the  most  general  in  form.  Relative  formal  simplifications  will 
occur  initially  in  the  remaining  cases,  though  (as  will  appear)  this  simpli- 
fication will  not  persist  throughout  the  analysis :  but  the  initial  simpli- 
fications enable  us  to  use  the  results  of  Case  (I.)  for  the  other  two  cases, 
and  therefore  to  discuss  the  latter  more  briefly. 

Also,  it  will  be  found  that  relative  complications  are  caused  in  different 
sub-cases  by  conditions  which,  at  first  sight,  might  be  deemed  likely  to 
simplify  the  analytical  results. 

A  Lemvia, 

3.  A  preliminary  lemma  is  required.  Several  of  the  results  are  made 
to  depend  upon  the  elimination  of  two  variables  i  and  tj  between  three 
equations  of  the  form 

ai^+2bi+c  =  0,         aV+26'i;+c'  =  0, 

fciri  +  li+mri+ 71  =  0  ; 

and  therefore  an  expression  for  the  eliminant  is  needed.     We  have 

a^+b   =   (b^—ac)^    =  d,  say, 

a'n+b'  =  (b'^-a'b')^  =  d\  say; 
thus  k{d-b)(d'-b')+la'  (d-'b)+mMd'-b')+7iaa'  =  0, 

that  is,  kdd'+Ld+Md'+N  =  0, 
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where  L  =  la'—kb'j        M=  ma—kb, 

N  =  naa'  "vmV  -—Iha*  -{-khV. 

The  rationalised  form  of  the  last  equation  is 

(JV*-L^(?-M^d'^+*^(?dT-4  {kN-LMf  d^d'^  =  0. 

When  the  values  of  d^  and  d*^  are  substituted,  and  some  slight  reduction 
is  effected,  the  eliminant  becomes 

e^  =  4  (kn-lmf  (^-acW-a'c'), 

where  0  =  i2cc'-2A:fc6'~2A;;/i6c'+2A:n66'+?ca'+2/wi66'-2foi6a' 

+ vj?ac' — 2mnab* + rT?aa* . 

The  umbral  expression  of  the  eliminant  is  simpler :  but  it  appears  to  be 
less  useful. 

A  General  Property^  stated  by  Darboux. 

4.  As  already  stated,  the  main  purpose  of  the  investigation  is  the 
determination  of  differential  equations,  which  possess  integrals  of  the 
assigned  type,  as  well  as  the  construction  of  primitives  of  these  equations. 
But  when  the  equations,  thus  characterised  by  the  kind  of  primitive 
possessed,  have  been  determined,  the  construction  of  their  primitive  can 
sometimes  be  effected  more  directly  by  utilising  a  definite  property :  every 
such  equation  is  integrable  by  Darboux' s  method.*  The  property  can  be 
formally  established  as  follows. 

The  equations  ^  =  /,       y  =  i/»       z  =  h 

involve  the  variables  u  and  o,  the  arbitrary  function  U  and  its  derivatives 

up  to   U,at  and  the  arbitrary  function  V  and  its  derivatives  up  to   F^. 

Hence,  as  jt  j  i 

dh  _^     dx   ,      dy 

du         du         du ' 

dh  __     dx.      dy 
dv^^  dv^'^Tv' 

where  complete  derivatives  with  regard  to  u  and  to  v  are  taken,  the 
quantities  p  and  q  will  generally  involve  derivatives  of  U  up  to  order  w+ 1 
and  derivatives  of  V  up  to  order  ?t+l.     Similarly,  r,  s,  t  will  generally 


*  This  result  is  proved  in  another  (but  equivalent)  form  by  Goursat,  Lc,  p.  227,  being 
derived  from  the  oonsideration  of  the  characteristics ;  it  was  first  stated  by  Darboux  himself, 
Compte9  Rendus,  t.  lxx.  (1870),  p.  748.  For  references  to  Darboux*8  method,  and  for  a  general 
diflciipaoD  of  the  prooem,  see  chapter  xviii.  of  Part  iv.  of  my  Thmny  of  Differential  Equati^m, 
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involve  derivatives  of  U  up  to  order  w+2  and  derivatives  of  F  up  to 
order  nH-2 ;  and  derivatives  of  z  of  order  fx  will  generally  involve  derivatives 
of  U  up  to  order  m+M  and  derivatives  of  V  up  to  order  w+m- 

Accordingly,  construct  all  the  derivatives  of  z  up  to  order  fx  inclusive ; 
when  these  are  explicitly  obtained,  the  total  number  of  equations,  express- 
ing X,  tj,  z  and  the  derivatives  of  z,  is 

3  +  2+8+. ..  +  (At  +  l)  =*m(m+8)+8. 

These  equations  involve  u,  U,  f/i,  ...,  i7,„+^,  that  is,  m+/x-\-2  quantities 
dependent  upon  u;  and  they  also  involve  v,  F,  F^,  ...,  Vn+,ti,  that  is, 
^'+M+2  quantities  dependent  upon  i\ 

If,  then,  fjL  denotes  the  smallest  value  of  ^  for  which 

J/x(M+8)+8>7?+M+2, 

that  is,  for  which  ^/x  (m  +  1)  >  «  — 1, 

then  generally  the  /i+m+2  quantities  v,  V,  F^,  ...,  F„+^  can  be 
eliminated  :  and  we  should  have 

i,x{jui+l)-7i  +  l 

equations,  involving  derivatives  of  z  up  to  order  /x,  and  involving  also  u 
and  an  arbitrary  function  of  ic  with  its  derivatives.  These  equations 
manifestly  are  not  derivatives  of  the  supposed  equation  of  the  second 
order,  because  of  the  presence  of  the  arbitrary  function  U ;  hence  they 
are  equations  of  order  jul,  compatible  with  the  equation  of  the  second  order, 
iuvolving  one  arbitrary  function,  and  therefore  derivable  by  Darboux's 
method. 

Similarly,  if  \  denote  the  smallest  value  of  X  for  which 

P(X  +  8)  +  8>m+\+2, 

that  is,  for  which  JX(\  +  1)  >  w^— -1, 

then  generally  the  //i+X+2  quantities  ?/,  U,  ?7i,  ...,  U„i+\  can  be 
eliminated :  and  we  should  have 

iX(X+l)-m+l 

equations,  involving  derivatives  of  z  up  to  order  X,  and  invohdng  also  v 
and  an  arbitrary  function  of  v  with  its  derivatives.  As  before,  these  are 
equations  of  order  X,  compatible  with  the  equation  of  the  second  order, 
involving  one  arbitrary  function,  and  therefore  derivable  by  Darboux's 
method. 

But  it  is  to  be  remembered  that  this  generality  is  only  formal.  For 
particular  equations,  the  result  of  eliminating  w,  U,  ...,  C/«+^  may  lead  to 
an  equation  that  does  not  involve  v,  F,  ...,  F«+^  :  or  some  of  the  equations 
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may  be  evanescent :  and,  in  such  instances,  it  may  be  necessary  to  proceed 
to  the  construction  of  derivatives  of  order  higher  than  the  minimum  which 
has  been  indicated.  On  the  other  hand,  combinations  of  the  derivatives 
of  XJ  and  of  V  may  disappear :  then  it  may  be  unnecessary  to  proceed  to 
equations  of  the  orders  indicated. 


Preliminary  Formulee, 

5.  We  proceed  now  to  the  formation  of  the  values  of  the  first  and  the 
second  derivatives  of  z,  denoted  by  p,  g,  r,  s,  t  as  usual :  they  will  be  con- 
structed initially  for  the  most  general  case,  when 

X  =f{u,    XJ,    Ui,   ...,    Um,    l\    F,    Vi,   ...,    Vn)\ 

y  =  g(Uy  U,  Ui,  ...,  Umy  v,  V,  Fi,  ...,  W)  ^  , 
z  =  h{u,  Uy  C7i,  ...,  f7«,  V,  F,  Fi,  ...,  V\)J 

and  the  values  for  the  restricted  cases  are  then  derivable  by  imposing  the 
respective  restrictions  upon  the  forms  of  /,  g,  h.  Complete  derivatives 
with  regard  to  u  are  indicated  by  means  of  a  suffix  1  and  with  regard  to  v 
by  means  of  a  suffix  2 ;  thus 

du      ^^'      M      ^'^'       dv      -^^^      dv"     ^^'       dudv      -^"^ 

and  so  for  other  functions.     With  this  notation,  we  have 
hidu+h2dv  =  dz 

=  pdx+qdy 

=  p{/idu+f2dv)+q(g^du+g2dv)  ; 

and  therefore  Aj  =p/i+qgv         h  =2>f2+q92^ 

80  that  p  =  !M2i:h3i^  -VA+Vi^ 

fi92—Affi  A  92-/29 1 

Now  the  quantity /ifl^Q— /a <7i  cannot  vanish:  it  does  not  vanish  in  virtue 

of  the  equations  x  ^/,  y  =  g,  z  =  h]  and,  if  it  vanished  identically,  we 

should  have  j     j        j     i 

ax  ay      ax  ay  _  ^ 

du  dv      dt'>  du 

also  identically — a  relation  which  would  mean  that  x  and  y  are  expressible 
in  terms  of  one  another  by  an  equation  otherwise  involving  constants 
alone.  Similarly,  the  quantities  h^g2—h^9i  and  —  ^i/a+A^/i  do  not  vanish. 
Thus  the  values  of  p  and  g,  as  obtained,  are  neither  zero,  infinite,  nor 
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indeterminate,  though    (in    restricted    cases)    it    may  happen   that    the 
expressions  for  their  values  acquire  simplified  forms. 
Again,  from  Aj  =  pfi-^rqgn  we  have 

and  so  for  the  other  derivatives  of  the  second  order.     Hence 

hi— Pf  11— qgii  =  rff  +^sfigi+tgl 

K-pfn—qgn  =  rj\f2+s(fig.2+f2gi)+tgig^ 

K—pU—qg^^rfl   '{'^sf^g^+tgl 

the  individual  values  of  r,  s,  f,  if  required,  can  be  obtained  simply  by  the 
resolution  of  these  equations,  or  from  the  relations 

^=      Pig2-P2(h 

fig2-f2gi ' 

/i ?2  —/a  <7i  /i ?2  — /a<7i ' 

^=  -QiA+qJi^ 

The  three  equations  involving  r,  s,  t,  either  in  the  form  given  or  in 
equivalent  forms,  together  with  the  two  equations  expressing  p  and  q, 
and  the  three  original  equations  expressing  x,  y,  and  z,  are  the  fundamental 
relations  for  the  determination  of  the  problem.  It  is  from  among  these 
eight  relations  that  the  quantities  Uj  o,  U  and  its  derivatives,  V  and  its 
derivatives,  have  to  be  eliminated. 


6.  Again,  we  have 


say  ;  and,  similarly,  g^  =  p^Ji  P.i^i  +  Gi, 

where  F^,  G^  Hi  involve  only  derivatives  of  U  and  V  which  occur  in  x,  y,  z. 
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Also 


3F,. 


^0  ;5f 


5i; 


say ;  and,  similarly, 


where  also  Fq,  G2,  H^  involve  only  derivatives  of  U  and  V  which  occur  in 


Xf  ijy  z.     Let 


az 


a/^ 


9.^  1 


T,       3//  3/"  Sa 


then 


BFn.i+H2-i>J?'2-(?G2  =  or 

If  .4  is  different  from  zero,  the  first  equation  expresses  I/m+i  in  terms  of 
j;,  q,  and  of  quantities  that  occur  in  x,  y,  z;  while,  if  A  is  zero,  no  such 
expression  for  (7m+i  is  derivable.  Similarly,  when  B  is  different  from 
zero,  the  second  equation  expresses  Vn+i  in  terms  of  j>,  9,  and  of  quantities 
that  occur  in  x,  y,  z ;  but,  when  B  is  zero,  no  such  expression  for  Fn+i  is 
derivable. 

Again,  we  have 

where  Fj,  involves  only  quantities  that  occur  in  x,  y,  z.  There  are 
similar  expressions  for  g^^  hn ;  hence,  writing 


^  ^^ 


r-^/i 


av/ 


Co  =  i?u— PJ!''!!— jG'u. 
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we  have  an  expreesion  for  K-pfn-qQiv     Similarly,  writing 

,  _  a»A      ay      a'g 


26i  = 


"  -  5Tc;  """^.^o  T''*' ^rdF:) +^s;^, 


-JJi 


^\^+'%{^'Sv)^'^}r 


Co  —  -ffaa — 1^-^92'"  ?^aa» 
we  have  an  expression  for  h^-^pf^—qgn*     Again,  we  have 

where  F^^  involves  only  quantities  that  occur  in  x,  y,  z.     There  are  similar 
expressions  for  ^jg  and  h^ ;  hence,  writing 

_  affj     dFi      ac, 

no  =  fl^ia— i>-Fi2~?Gi2, 

we  have  an  expression  for  hi2^pfi2~99i2'     The  three  expressions  thus 
obtained  are 

fhi-pfu—qgn  =  AU^+2+aQUl,^^+2bQUm+i+Co        ' 

Thus    the    quantity   U^^.^  occurs  only  (if   at   all)    in    the    combination 
Ki'^Pfu^iffn'^  ^^^    Vn+2  occurs  only    (if  at  all)    in    the    combination 

The  final  differential  equation,  in  some  form 

Pi^f  //i  ^,i>,  ?i  r,  s,  t)  =0, 
is  to  be  the  result  of  eliminating  Uy  v,  U,  and  V  and  their  derivatives 


>> 


»> 
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among  (i.)  these  three  equations  when  the  values  of  the  left-hand  sides  in 
terms  of  r,  s,  t  in  §  5  are  substituted,  (ii.)  the  two  equations  giving  p 
and  q,  and  (ii.)  the  three  original  equations  expressing  x,  y,  z. 

The  various  cases,  depending  (as  in  §  2)  upon  the  forms  of  /,  g,  h,  will 
be  considered  in  turn. 

Case  I. 

7.  In   this   case,   all   the  three  functions  /,  g,  h  involve   u  and   v. 
Arbitrary  functions  U  and  F,  as  well  as  their  derivatives,  can  occur  in 

/,  Of  A- 

There    are    four    sub-cases,    according    to    the    non-evanescence   or 

the  evanescence  of  A  and  of  B  separately  :    wo  shall  take 

sub-case  (1),  when  A  ^0,  B  ^0; 

(2),      „      A^O,  B  =  0; 

(3),      „      A  =  0,B^O; 

„        (4),      „      A  =  0,  B  =  0. 

These  will  be  discussed  in  succession. 

First  Sub-case, 

8.  I.,  (1). — The  equations  from  which  the  parametric  quantities  and 
the  arbitrary  functions  are  to  be  eliminated  are 

•«^=/»         U  —  9^         z  =  h; 
AU^^i+H.-pF.-qG,  =  0  I 
BV^^i+H^-pF^-qGa  =  0  ) ' 
AU^^2+aoU^,^,+2boUm^i+Co  =  rf;+2sf,g,+tgl, 

BV.^,+a;oVU,  +  2b'oVn^,+c'o  =  rf^+W^y^t+tgl 

The  last  equation  but  two  is  the  only  equation  which  involves  Um+2; 
it  can  be  ignored  simultaneously  with  C/«+2.  Similarly,  the  last  equation 
but  one  can  be  ignored  simultaneously  with  F»+ii.  To  eliminate  U,a^i 
and  Fn+i,  which  occur  explicitly  on  the  left-hand  side  and  implicitly  on 
the  right-hand  side,  we  use  the  values  of  C7«+i  and  Vn+i  in  the  forms 

C/1.+1  =  -  -|-  {H.-'pF^-qG,), 
Fn+i  =  -  -|-  (H^-pF^-qG^) ; 
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and  the  values  of  /j,  /,  Qi,  g^  are  then 

A  =  Vn.i  5^  +F,  =  -|  -F,  ^-ff,gl. +g(G,^-F,j^j|. 

When  all  these  values  are  substituted  in  the  equation 

and,  when  terms  are  collected,  the  new  equation  can  (after  some  simple 
reductions)  be  expressed  in  the  form 

where,  if 


y=G,^-F,M- 


)8 


w„ 


^Vn 


,'  =  nM--F..h 


y-^^w„   "» 


dv. 


the  values  of  the  coefficients  in  the  equation  are 

Ds  =  an',  2M  =  yfi'+^y', 

A  =  /3/8'.  2L  =  ay'+ya', 

N  =  yy',  2i)a  =  fia'+a^', 

and 

J7  =  koiH,-pF,-qGi)  {H^-pF^-qG^ 

-loB{Hi-pFi-qG{)-mQA(H^-pF^-qG^+nnAB. 

Now  ^(M^-ND^)  =  {yfi'-fiy'f  =  4P»,     say, 

4{L^-ND^  =  (ay'-yaT  =  4QS     say : 
then  MND^-LM)  =  {yfi'—fiy'){ay'-ya')  =  4PQ. 

With  these  values,  the  equation  has  the  form 

\{Nq+Mf-P'\r-2{(Np+L){Nq+M)+PQ\s+\(Np+Lf-Q'\t 

=  NW. 
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Note  1. — It  is  an  immediate  corollary  that,  if  the  equation 

(Nq^+2Mq+Di)r-2{Npq+Mp+Lq+D^)s+(Np^+2Lp+D^t  =  W 

is  to  belong  to  Ampere's  first  class  and  has  an  integral  possessing  the 
preceding  character  with  the  latent  limitations,  a  necessary  condition  is 

N,     M,     L     =  0, 

i,     Da,     Ds 

M,     D„     A 

provided  N  is  not  zero  :  while»  when  N  is  zero,  a  necessary  condition  is 

L^A-2LAfDa+M«D8  =  0. 

But  the  equation         {l+q^r—2pqs+(l+p^t  =  0 

does  not  obey  the  test :  the  latent  limitations  are  not  satisfied. 

Note  2. — The  preceding  result  implicitly  assumes  that  F^,  Gi,  Hi  do 
not  vanish  simultaneously :  likewise  as  to  F^,  G^,  H^.     But,  if 

Fi  =  0,         Gi  =  0,         Hi  =  0 ; 

F^  =  0,         G^  =  0,         Hj  =  0, 

then  A  =  ^-p^-g^  =  0 


D  3^*  3/  ^Q  n 

and  the  assumption  as  to  elimination  is  not  justified. 

Note  8. — The  quantities  a,  ^8,  y ;  a',  ^8',  y' ;  i^,  /©,  m^,  7io  (except  in  so 
far  as  the  last  four  involve  p  and  q)  contain  only  quantities  which  occur 
in  the  values  of  x,  y,  z:  hence,  if  a  differential  equation  is  to  emerge  as 
the  result  of  the  elimination,  the  ratios  of  the  quantities  L,  Jf,  ^,  P,  Q, 
and  the  coefficients  of  combinations  of  p  and  q  in  W,  are  functions  of 
Xy  y,  z  alone. 

9.  Comparing  the  coefficients  in  the  differential  equation  with  their 
values  in  terms  of  a,  /8,  y ;  a',  /8',  y',  we  have 

=  i,  {LP+MQf, 
BO  that  a/8'-a')8  =  Jr  (LP+MQ). 

8XB.    2.     TOL.    9.      NO.   952.  K 
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Hence  afi'  =  A+  ^^^  =  <^+^j^^+^> . 

y/8'  =  M+P,         fiy'  =  M-P,         ay'  =  L-\-Q,         a'y  =  L-Q, 

yy'  =  N,         |8/8'  =  A.         <»»' =  D^; 

so  that  a  :  /3  :  y  =  L+g  :  i»/-P :  iV 

a':  /3':  y  =  L-g  :  M+P :  N 

Also  aU„^i  =  if,(yi-Gi)-G,(7ti-Hi) 

^Uw+i  =  Fihi—fiHi, 
yU^+i  =  Gifi-QiF,; 

so  that  a/i+)8g'i+yAi  =  0, 

that  is,  (L +0)  ^  +(M-P)  ^  +iV  ^  =  0. 

at*  du         du 

Similarly,  (L  _  (j)  |5  +  (M+ P)  ^  +  ZST  £'  =  0. 

Again,  having  regard  to  the  initial  and  the  final  form  of  the  differ- 
ential equation,  we  have 

QfxA  =  (Nq+Mf-P", 

difi92+A9i)  =  -2\Np+L){Nq+M)+PQ\, 

^9x9%  =  {Np+Lf-Q\ 

60ha—pfia—99ia>  =  NW. 

From  the  first  three,  we  have 

^(/i92-A9i)^  =  i{P{Np+L)+Q(Nq+m\\ 
that  is,  e{f,g^-/,g,)  =  +2{LP+MQ+N(Pp+Qq)}. 

Hence 

(^/i92  =  -  HNp+L)(Nq+M)+PQ]  +  \(Np+L)P+{Nq+M)Q\ 
=  -(Np+L-Q){Nq+M-P). 
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Consequently, 


and  therefore 


J/a        ^/li/s  Np-\-L-Q  ' 

A-eAg,_      Ng+M-P_ 
9i       Og^g^  Np+L  +  Q' 


A 


9\ 


=       h(=Pfi+<f9^) 


Nq+M-P       -(Np+L+Q)       {M-P)p-(L+Q)q' 


A 


£2. 


_      K{=pA+qg^ 


Nq+M+P       -(Np+L-Q)       (M+P)p-{L-Q)q- 

Again,  we  have 

Ki—pfii—qgvi hi^W 

fi92-A9i  (Np+L)  P+(Nq+M)  Q ' 

which,  on  writing  W  =  [1,  p,  q^, 

because  W'ib  Sk  non-homogeneous  cubic  in  p  and  q,  gives 


'ha»    fu>     9i2' 
K     /i.      9\' 
'ht     /s>      9i> 


=  JiST 


Ifl92''f29v 


i 


LP+MQ,     NP,     MQ 

K  fv         9i 

^2'  /a»  92 


We  thus  have  equations  *  for  the  determination  of  /,  g,  h :  but  their 
integration,  even  if  possible,  is  complicated. 

But  we  know  that  the  equation,  if  it  has  an  integral  of  the  required 
form,  is  integrable  by  Darboux's  method.  For  a  compatible  equation  of 
any  order  {e.g.,  if  there  is  an  intermediate  integral),  there  are  two  systems 
of  equations.     If  there  are  two  integrals  of  each  system,  then 

Oix,  y,  z,  p,  q)  =  u\  ip(x,  y,  z,p,q)  =  v\ 

e'(x,  y,  z,  p,  q)  =  U)  0'(x,  y,  z,  p,  q)  =  V) 

Expressing  x,  y,  p,  q  in  terms  of  z,  u,  v,  substituting  in 

dz  =  {pfi+qgi)du+{pf2+qg^dv, 

and  integrating,  we  find  z  =  h. 

And  this  consideration,  as  regards  the  practicability  of  the  integration, 
is  enough  to  justify  the  ignoration  of  the  source  of  the  differential  equation 
after  it  has  been  constructed. 

*  Seyeral  of  these  equatioiifl  can  be  deduced  from  those  of  the  characteristics  of  the  differ- 
ential equation.     It  may  be  added  that 


{L±Q)dx+{MTF)dy  +  Ndz,         {yq  + M±F)dp-'(Np  + LTQ)dq  + 


NWdy 


Iip+L±Q 

are  multiples  of  the  exact  differentiahi  that  occur  in  Mongfc*B  method  of  integration  of  the 
equation. 

K    2 
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Second  Sub-case. 

10.  I.,  (2). — In  this  case,  each  of  the  three  functions  /,  g,  h  involves 
tt  and  V :  but  the  coefficient  of  Vn+>  in  4>  vanishes  ;  that  is, 


B  = 


J2f 


eg  (Yli^ 


9v 

92^ 


K 


=  0, 


Taking  account  of  the  values  of  fi  and  /g  in  the  form 


3F 


with  similar  expressions  for  G^,  Ga*  Hi,  H^,  the  relation  is  equivalent  to 
the  relation 


-^-^   Unn-i  +  Fi, 


r)U,n 


dh 


C^«+i  +  Gi,      577"  Um  +  i-^Hi 


SUn. 


R 


•2> 


G 


2» 


H. 


=  0. 


This  relation  is  not  satisfied  in  virtue  of  relations  x  =  f,  y  =  g*  2f  =  A; 
it  must  therefore  be  satisfied  identically ;  hence,  noting  that  Um+i  occurs 
only  through  terms  in  the  second  row  and  even  then  only  as  a  linear 
factor,  we  have 


af         ()g         ()h 
3/        r|2^     _3^ 


=  0, 


dUr,r    dUj    oU.,. 


R 


a> 


Go, 


H, 


2 


of         dg         dh 
t\y         Gi,        LT, 


R 


2' 


G 


2> 


H. 


=  0. 


Further,  remembering  that  the  quantities 

do  not  vanish  and  that  they  are  proportional  to  1,  — j:?,  —  g,  the  condition 
i^  =  0  can  be  written 


vf  (.q 


=  0. 
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Agftin,  when  we  take  the  second  expression  for  B  =  0  in  the  form 


^ 

^ 


S/L      |2_     1^    =0 


fv        9v         K 
Fa,       G2,       H^ 

and  when  we  use  the  relation 

which  is  general,  and  the  particular  relation 

eh  vf  dg        ^ 

we  have  H^—pF^—qG^  =  0. 

Consequently,  the  equation 

BV.^i  +  H^-pF^'-qG^  =  0 
becomes  evanescent. 

It  appears  that  there  are  two  relations 

dh  vf  eg    _  ^ 

eVn        iVn        eVn 

The  first  of  these  is  not  evanescent :  the  quantity  V,,  occurs  certainly  m 
one  of  the  three  equations  x  =  /,  y  =  g^  z  =^  h;  and  the  relation  shews 
that,  save  for  trivial  and  negligible  cases,  it  must  occur  in  two  of  the  three 
equations.  The  second  of  the  relations  might  be  evanescent,  through  the 
identical  vanishing  of  F2,  Gg,  i/j '  reserving  this  result  for  consideration, 
and  now  assuming  that  it  is  not  the  fact,  we  have  another  non-evanescent 
relation.  In  the  latter  event,  two  alternatives  may  occur :  the  two  equa- 
tions may  be  one  and  the  same  equation,  not  determining  p  and  q ;  or 
they  may  be  distinct  equations,  so  that  they  do  determine  p  and  q. 
With  the  former  alternative,  we  have 

and  the  reserved  case,  when  the  second  equation  is  evanescent,  is  included 
in  this  alternative  by  taking  0  =  0. 
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With  the  latter  alternative,  the  values  of  p  and  q  are  given  by  the 
two  independent  equations 

obviously  the  values  of  p  and  q  involve  only  those  quantities  which  occur 
in  /,  gr,  h.     But  these  values  also  must  satisfy 

AUm^i+H.-pF.-qG,  =  0 ; 

and  then  neither  A  nor  Hi^pFi—qGi,  after  substitution  takes  place  for 
p  and  q,  can  involve  quantities  which  do  not  occur  in  /,  g,  h.  The 
derivative  {7„.+i  of  the  arbitrary  function  U  cannot  be  expressible  in  terms 
of  these  magnitudes  ;  we  therefore  must  have 

J,         ah  r)/  ()g         ^ 


Hi-pF^-qG^  =  0. 
in  this  case. 

The  alternatives  must  be  considered  in  succession. 


11.  I.,  (2),  (i.)     We  are  to  have 

^  oVn  (^Vn  (Wn 

and  the  special  case,  in  which  the  relation  H^—pF^—qGi^  =  0  becomes 
evanescent,  is  covered  by  the  value  0  =  0. 

Now  /a=  Fn^i  X+^7=  Kn+i^  +2^2, 

Where  ^y  =  f^,J/L  +  f„_i -^ +...+ ^. 

Hence,  in  the  present  case, 

and  therefore    U  =  (^'«..+  f)  ^^  +^^''^^^+f^i{S-)- 
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There  are  corresponding  expressions  for  g^  and  Agg ;  consequently 

It  follows  that  ai0^— 26i0H-ci  =  0  ; 

and  therefore  also 


1  ^ 

say ;  and  the  quantity  A^  is  easily  seen  not  to  vanish. 
For,  by  §  6,  we  have 

«  =  5^  -"sfc  -'  sfc  +M  ^  (^)  -^''  (^j  -"■  (^) 


Also, 


^'^=^^/ 


that  is.  jI^  +^'  (^)  =  ^  ^  +^^^^ . 

with  oorresponding  relations  in  g  and  h ;  hence 

,  /  ,  ,  (     dh  df  dg     ) 

Also,  from  the  relation  S'f  =  ^  ^r^ , 


we  have 


<J'(^'/)  =  .5>j|-+^'(^j. 
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with  similar  relations  for  g  and  h ;  so  that 

Co  =  S'  iS'h)  -pS'  (S'f)  -qS'  {S'g) 

hence  we  have     -^^ — ^  =  -^ — — 

1  <t> 

m 

Consequently  the  value  of  Ai  is  given  by 


and  there  is  no  general  reason  in  the  form  of  the  equations  why  Ao  should 
vanish. 

Again,  if  we  write  /  =  ^M-  U,n+i+Sf, 

f^^  in 
?/"  (f         (f 

where  Sf  =  U^n-^ h...  +  t/i  •^  + '^-, 

the  operators  S  and  S'  are  permutable ;  that  is, 

Now,  in  the  present  case,  S'f  =  0  ^r^ , 

SO  that  -^^T-  (<S'/)  =  0  ^rr   "^77    +  '^     "1^  ' 

with  similar  equations  for  gr  and  h  ;  hence 
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with  corresponding  equations  for  g  and  h ;  thus 

n„  =  SS'h-pSS'f-qSS'g 

Proceeding  now   to   construct  the  differential  equation,  we  have  to 
perform  some  eliminations.     As  A  is  not  zero,  we  have 

C^«+i  =  -^{H^-pFy-qGy), 

I 

with  the  notation  of  §  8.  Also,  as  A  does  not  vanish,  the  quantity  27^+2 
occurs  only  in  the  expression  for  Jhi^ Pf ii^QOiiy  consequently,  the  com- 
bination rf^+'^sfigi+tg^  does  not  intervene  in  the  elimination.  Next,  we 
have 

Further,  rf  1/2+ s(f ig^+f affi) + tf/iga  =  {V„+i+<p)  p, 

where  p  =  rf,^^+s,[A^^^+g,^)+tg,^j 

and  therefore  one  of  the  equations  to  be  used  iu  the  elimination  becomes 

{ «o-  -^  (Hi-pF,-qG,)-p  [  (F«+i+^)  =  0. 
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Again,  with  the  notation  of  §  6,  and  now  using  the  condition  £  =  0, 

and  rf^'+28f^g^+tgl  =  (Fn+i+^)V, 

Hence  the  equation  becomes 

The  part  V,^+i+<l>  =  0  ot  the  former  equation  reduces  this  equation  to 
an  identity,  because 

oi^*— 26o^+Co  =  0. 

Moreover,  as  ^  does  not  involve  r,  s,  t,  or  F»+i,  the  relation  Vn+i+<f>  =  0 
cannot  hold.  Hence  the  eliminant  is  merely  the  other  part  of  the  former 
equation  :  it  is  , 


P  =  '^o-^(Hi-pF,^qG,h 


which  has  the  form 


where  the  ratios  of  the  coefficients  of  the  various  combinations  of  p,  g,  r, 
Sy  t  are  functions  of  x,  y,  and  z  only. 


12.  I.,  (2),  (ii.).     With  the  second  alternative  of  §  10,  we  have* 

^  =  0,         £  =  0  ; 
the  values  of  p  and  q  satisfy  (and  are  determined  by)  the  four  equations 

* 

dh  df  dq        „ 


n 


and  Hi-pFy-qGi  =  0\ 

dh  a/  da        A- 

The  first  two  of  these  equations  are  independent  of  one  another.     In  the 


*  This  is,  in  effect,  part  of  the  fourth  sab-case  of  (I.),  to  be  dealt  with  in  {  15  :  as  it  arises 
now,  the  necessary  analysis  wiU  be  developed  here. 
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second  pair,  the  second  equation  is  not  evanescent;  the  first  can  be 
evanescent  (in  which  case  Fi,  6x,  Hi  vanish) ;  or,  it  can  be  effectively  the 
same  as  the  second  (in  which  case 


where  6  involves  only  the  quantities  occurring  in  x,  y,  z) ;  or  it  can  be  an 
independent  equation.  The  last  is  the  most  comprehensive  possibility 
among  the  three ;  it  will  be  seen  to  include  the  other  two. 

To  obtain  the  partial  differential  equation,  we  have  first  to  eliminate 
C/«+i  and  Vn+\  between  the  three  equations 

kUm+i  Vn^i+lUM+i+mVn+i+n  =  0, 

which  (by  §  3)  can  be  expressed  in  a  form 

e«  =  4  (ft?i-/m)^6*-ac)(6'*-aV) ; 

and  then  the  coefficients  of  the  various  combinations  of  r,  «,  t  in  that 
eliminant  are  functions  of  w,  C7,  C/j,  ...,  [/,»,  v,  V,  Fj,  ...,  F„:  in  the  present 
case  all  these  coefficients  must  be  expressible  in  terms  of  x,  y,  z^p,  q. 

The  expression  for  B  in  terms  of  r,  s,  t  can  be  obtained  by  direct 
substitution  ;  but  the  calculations  are  very  long.  They  can  be  considerably 
abbreviated  by  the  use  of  variables  with  umbral  coefficients.  For  this 
purpose,  we  write 


3  2  2'' 

and  r  ^   Ui    =  6i    =    Ci   =    dl   =  . . . , 

5  =  a^  Oj  =  ij  6a  ^  c^  Cj  =  c2i  (^2  =  . . . , 
t  ^    (1%    ^62     ^     Cj    ^    (5    —■  •••> 
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the  last  being  the  umbral  coefficients.  Then 

t 

a  =  — ao+^x      ]  a'  =  — oo+ay 

b  =  —  bQ+a^a^  [ ,  6'  =  —bo+ayttr, 


c  =  —CQ+ai 


) 


c'  =  —co+al 


i 


k  = 

I  = 

m  = 

w  = 


—  kQ  +ajcay 

—  //io  H"  tty  a^ 

—  ^0  +^((h 


As  regards  the  expression  for  B,  we  note  that  the  interchanges 


A, 


m 


I 


can  be  made  sitnultaneously  without  affecting  its  value.     Similarly,  the 
interchanges  -. 


I 


ni 


a'i' 


can  be  made  simultaneously  without  affecting  the  value  of  O.     Similarly, 
the  interchanges 


a 
a' 


b 
V 


I 


0i)  V^i)         ^i[         Gi) 


<ian  also  be  made  without  affecting  its  value.  When  these  properties  are 
noted,  it  is  possible  to  dispense  with  many  of  the  calculations  ;  for  then 
many  of  the  aggregates  of  terms  of  a  particular  type  can  be  set  down, 
when  a  single  aggregate  of  that  type  has  been  actually  calculated.  The 
possibility  will  be  utilised. 


13.  Then,  when  we  adopt  the  customary  process  in  the  umbral  calcula- 
tions connected  with  binary  forms,  the  terms  in  0,  which  are  independent 
of  Oq*  ^o>  ^0*  ^>  ^»»  ^*o,  are 


=  k\\  dr^ — "Iklc^  dyd^— 'IkiiiCx  c^  d^ + 'Ikncx  C(dydr,+ 2lniCjc  c^  dy  d, 

+  Pel  4 — 2lncjc  Cf  dl + ni^cl  d;  --  '2^mncl  dy  d, + n^cl  d\ 
=  (kc^dn—lc^dy-^tuCxdyi+nCxdyY^ 
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say.     The  part  of  d  which  is  independent  of  /tq,  Iq^  mo,  n^  is 

=  axayC^drf—aj-a^c^dy — dyd^Cxd^-^-a^ayiCxdy 

=  ixi)(y9i)(ac)(ad); 
and  therefore 

The  coefficient  of  {x^f  {yn)^  in  the  part  of  9^,  which  does  not  involve 
K  k^  ^^h^  n,,  is  ^  (ax:)(ad){bc)ibd) ; 

or,  as  {ac){ad)  =  (aiC2— aaCi)(aid.2— a2C?i) 

=  rc2d2—s(c.2di+Cid2)+tc^di, 

the  said  coefficient  is 

=  {rc2d^'-s{c2di+Cid2)  +  tCidi\^ 

=  2(r^-.sV, 
on  reduction :  consequently,  this  part  of  3^  in  6  is 

2(rt-8y(xif(yfi)\ 
Again,  the  coefficient  of  —  2^*o  i^  3^  is 

=  {xi)(yti){(ic){ad)  C(d^; 
or,  since  {ac)C(  =  (ajCa— aaCi)(Ci^i+Ca^a)  =  ^1(5^1+^^2)— aa(^fi+sfi), 
this  coefficient  is 

{ac)c((ad)dy,=  {aiisii+tQ—aiirii+sQ}  {aiism+tri^—a^irfii+sn^} 
=      ^  («f  1 + ^^2)  (•^'/i +tn^+t  {rii + 8^2)  {rni + s^/a) 
— s  \  (sii  +  tQ  (rm + s^a)  +  (^f  1 + sig)  (sm + tfi^  \ 

hence,  taking  account  of  the  interchanges  which  leave  9  unaltered,  we 
have  the  aggregate  of  terms,  which  are  linear  in  A:^,  Iq,  m^,  n^  and  do  not 
involve  a^,  h^,  Cq,  oi,  6i,  ci,  in  the  form 

-2(r^-.s-^)(x^)(y,;)[     k^{rF^F2+s{F^  G2+i^aGi)+^GiG2} 

-Zo   {rFi02+5(i^iV^a+Gi^+^tfiV^a} 
-Woir0iF2+5(0iG2+V^ii^2)+^V^iGa} 

+  «0  {'•0102  +  5  (01  V^2  +  V^i0a)  +  ^0i^[] 

=  —  2(r^— 5*)(^iGi— \^ijPi)(0aGa--V^2^a){*o«f«»»  — ^o«^^'y'--'Wo«x«ii 

+Woa,ay[. 


142  Prof.  A.  R.  Forsyth  [Jan.  10, 

And  the  part  of  3^,  which  is  of  the  second  degree  in  k^y  l^,  m^,  riQ,  while 
independent  of  ag,  b^,  Cq,  Oq^  bo,  co,  is 

{kQC^dyf'-lQC^dif'-viQCjcd^+nQCxdyf, 

which  can  be  expressed  immediately  in  non-umbral  forms.     Hence 

—  2(r^— s^(0iGi— i^iFi)(02G2— V^2^a)(*^o«^S--^«^«» 

+  {kQC(dy,'-lQC(dy—7?iQCj:dr,+noCxdy)^. 

We  proceed  similarly  with  the  other  terms  in  0  ;  denoting  their  aggregate 
by  tsr,  we  find 

+  {xif  \a;,d^^-2bodyd^+c;,dl}] 

—  jaoKay— ^'^a,)^— 2(noay— ;/to«>|)(^«y  — *o«i»)  6o+(^«y--*o^)'<5o} 

—  2  [A-Q  (Co  ttr  —  6o  «^)  (Co  « .V  —  6o  GS,)  —  Zq  (Cq  ^r  —  ^0  «f )  (*0  ^y  —  «0  «,) 

+60. 
where 
/  =     Oo  iwo(02Gi-V^2i^i)+Wo(G2Fi-F2Gi)[ 

*/=     aiiwo(0iG2-V^iFa)+/o(Gii^a-G2Fi)[ 

-6i]Ao(GiJ^2-i^iG2)+Wo(0iG2-V^iFa)+^(Gi02-i^iV^2) 

+ci  i  //lo  (01  V^2— 02  V^i)  +  A:o(Gi  02— -^^^2)  [ » 
^0=  *o^oCo—2A:oZoCo*o— 2*0^0  *o^+2A^o''o^o%+2/o'%*o*o+^Coao 

—  2Zo/^o6o«o+w^5«oci— 2woWoao*o+»o^o«o- 
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Thus 
Also 


e  =  y+m. 


Finally,  the  eliminant  is 

When  expansion  takes  place,  various  sets  of  terms  cancel :  and  the  terms 
of  highest  and  of  lowest  degrees  in  r,  s,  t  are  indicated  in  the  equation 

8 (rt-^^ (^1  G^-ylr,F,f  (^^ G^-y}r^F^^  { (^ G^-y}r^F^  1+  ii>,  G,-yf^,F,)  J\ 

which  accordingly  is  the  form  of  the  partial  differential  equation. 

The  temporarily  omitted    alternatives    are  the  special  cases  of  the 
preceding  equation, 

(a)  when  Fi=  Gi  =  Hi  =  0; 


(^when    t\  =  e^^,     «^  =  «^' 


H,  =  e 


as 


Some  of  the  special  cases,  when  the  integral  system  is  of  the  form 

x,  y,  z  =  function  of  u  +  function  of  Vy 

so  that  /tia  =  0,  /j^  =0,  g^u  =  0,  and  therefore  kQ  =  Iq=  mQ  =  n©  =  0, 
will  be  considered  later  (§  19). 

Note. — An  example  of  the  general  case  just  considered  is  provided  by 
the  integral  system 

V 

y  =  9  =  ve-^\ 

z  =  h  =  u+U-uU'+V-vV. 


The  quantities  A  and  B  are  given  by 


A  = 


0, 


^ve 


-v 


— ,         -ve-^U",     1- 


uU" 


V 


,-V' 


-vV" 


=  0. 
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B  = 


-1,  0,  -V   . 


V 


u 


— 11  —.y 


,-U' 


V 


-vV 


=  0; 


the  values  of  p  and  q  are 


p  =  i\ 


—  ^    > 

r 


and  the  partial  differential  equation  of  the  second  order,  which  is  satisfied 
by  the  integral  system,  is 

y(rt—s^)-\'qr'-ps  =  0. 

Third  Sub-case. 

14.  I.,  (3). — In  this  case,  we  have  ^  =  0  while  B  is  not  initially  given 
as  a  vanishing  quantity  :    thus 

dh  df  dg 

The  analysis  follows  a  line  of  development  exactly  the  same  as  in  the 
last  case ;  as  the  detailed  results  can  be  obtained  by  interchanging  the 
variables  ^i  and  v,  they  will  be  stated  without  proof. 

There  are  three  alternatives.  In  the  first,  quantities  Fi,  Gi,  Hi  vanish. 
In  the  second,  the  equations 


A  = 


=  0. 


dh 


dF 


SG 


Hi—pFi^-qGi  =  0 
are  effectively  one  and  the  same  equation  :  then 

^'-^w:.:  ^'-^w„,'  ^'-^w:' 

and  the  first  of  the  alternatives  is  derived  from  the  second  by  making 
0  vanish.  Clearly  a  non-vanishing  6  involves  only  the  same  quantities 
as  occur  in  x,  //,  z.     Also 


so  that 


a^Q^b 


a^0^-2b^e+c^  =  0, 

0  __   bnO^Ct 
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Further,  m^  =  6k^        jiq  =01^; 

and  F,_,  =  -^  {H^-pF^-qG^, 

^j  =  --;g(«'+y'p). 

with   the  notation  of  §  8.      And  the   final  differential  equation,  which 
results  from  the  elimination,  is 

where  the  ratios  of  the  coefficieDts  of  the  various  combinations  of  j),  9, 
r,  89  t  are  functions  of  x,  y,  and  z  only. 

In  the  third  alternative,  the  two  equations 

3^  ^P  9G  ^  tr  c       ^n    _  A 


are  independent  of  one  another :  by  an  argument  similar  to  the  earlier 
argument,  we  have 

W-PWr^W.=  ^'         H,-pF,-qG,  =  0. 

The  circumstances  now  are  precisely  the  same  as  in  the  third  alternative 
of  the  second  case  :  the  results  are  the  same  as  before,  in  §  18,  and  need 
not  be  restated,  either  in  general,  or  for  the  special  cases,  when  the  two 
new  equations  are  one  and  the  same,  and  when  the  second  of  the  new 
equations  is  evanescent. 

Fourth  Sublease. 
15.  I.,  (4). — In  this  case,  we  have 

^  =  0,         B  =  0, 
that  is, 

dh  df  dg         ^\  dh  3/  dg        ^ 

With  each  pair  of  equations,  we  have  the  three  same  alternatives  as  before. 

The  two  first   alternatives  are  that  the  respective  second  equations 
I)ecome  evanescent. 

The  two   second   alternatives  are  that  the  second  equation  in  each 

BIB.  2.     TOL.  6.     NO.  963.  L 
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pair  is  effectively  the  same  as  the  first  equation  in  its  own  pair.  In  the 
respective  cases,  we  have 

The  vanishing  of  F^,  Gi,  Hi  is  given  by  a  vanishing  6 ;  and  the  vanishing 
of  jP],  6^,  Hi  by  a  vanishing  </>.  When  the  two  second  alternatives 
coexist,  while  6  and  ^  do  not  vanish,  we  have 

ao9*-2io0+co  =  0,         a;,0«-2Z>'o^+c;  =  0; 

also  ng  =  ^mg  =  d/g  =  6(/>kf,. 

Again,  writing 


"  = '  Gf-)'+2*  tk  /& +'  {^S' 


and  a  =  —  ^o+P*  6  =  —  6o+p^»  c  =  —  Co+/»0^ ; 

a'  =  —  rto+T,         6'  =  —  6'o+T0         c'  =  —  Co+T0-  ; 
A:  =  —  A?o+o-,        Z  =  —  Zo+0<'">        w  =  —  m^j+^o-,        n  =  —  ti^^+d^, 
the  three  equations,  which  lead  to  the  partial  differential  equation,  are 

When  the  values  of  a,  b,  c;  a\  h\  d ;  i,  /,  w,  n  are  substituted,  and 
when  the  equations  are  re-arranged,  they  take  the  form 

•       (Fn+i+0)'(T-ao)+2A'o(F,.^i  +  0)  =  0, 
where  Aq  and  A^  denote  the  respective  quantities 

Now,  as  Q  contains  only  the  quantities  which  occur  in  x,  y,  z^  the  relation 
f^«+i+^  =  0    cannot   be  satisfied  ;    similarly,   FnH.i+0   cannot  vanish. 
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Henee  the  first  two  equations  express  {/m+i  and  Fn+i  respectively  in 
terms  of  x^  y,  z^  p,  q,  r,  s,  t ;  and  the  partial  differential  equation,  which 
survives  from  the  third  equation,  is 

o— fto  =  0, 
'  Ihat  is, 

The  two  third  alternatives  are  that  the  two  equations,  in  each  pair 
of  relations  arising  from  ^  =  0  and  B  =  0,  are  independent  of  one 
another.  When  these  two  third  alternatives  co-exist,  we  once  again  have 
the  set  of  circumstances  considered  in  §§  12,  18;  the  results  need  not 
be  restated.  When  only  one  of  these  third  alternatives  is  valid,  together 
with  the  first  or  the  second  of  the  alternatives  for  the  other  pair  of 
equations,  once  again  we  have  particular  cases  of  the  general  result 
just  indicated. 

16.  In  the  preceding  four  cases  which  have  just  been  considered, 
the  discrimination  has  been  effected  by  the  vanishing  or  the  non-vanishing 
of  the  quantities  A  and  B,  which  are  the  coefficients  of  C/m+2  and  of 
F»+2  in  ^i""J!/ii— •?fl'ii  and  in  Ji^—pf^-^qg^  respectively.  It  might  seem 
as  if  a  new  set  of  cases  would  arise,  discriminated  by  the  vanishing  or 
the  non-vanishing  of  the  quantity 

d'h  ay  d'g 

dU.adV,/     duJdV/     aC/,.SK. 
fv  Qv  K 

which  effectively  is  the  coefficient  of  C/mn^n+i  in  fiifi^Pfw^QQiif  ^^nt 
this  possibility  is  not  actually  a  fact.  The  essential  difference  lies  in  the 
property  that,  whereas  C/,h+2  occurs  in  the  expression  for  hn—pfn—qgn 
only  (so  that,  if  ^  =  0,  the  form  of  the  expression  is  substantially 
changed),  and  similarly  for  Fn+2  and  Ji^—pf^—qg^,  the  quantities  [/,»+! 
and  Vn+\  do  occur  elsewhere  than  in  a  first  term  in  h^^'^Pfn^^gvi- 
The  sole  effect  of  the  non-occurrence  of  the  term  in  the  last  quantity, 
which  involves  C/,/i+iF„+i,  is  that  A'q  =  0 ;  some  simplification  thereby 
arises  in  the  preceding  formulse ;  but  simplification,  not  essential  change, 
is  the  sole  effect  of  the  condition. 
The  most  obvious  case  arises  when 

Xf  i/j  z  =  function  ot  u  +  function  of  v  ; 
to  its  fuller  consideration,  not  in  this  reference  alone,  we  shall  proceed 
{§  19>. 

L  2 


i 
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17.  In  several  of  the  preceding  discussions,  it  has  been  pointed  oat 
that  the  vanishing  of  F^,  Gi,  Hi  modifies  the  form  of  the  final  equation 
obtained,  and  that  this  final  form  can  be  obtained  as  a  limiting  case  of 
a  more  general  final  form  :  and  similarly  for  the  vanishing  of  Fj,  G9,  flj. 
Such  conditions,  however,  admit  of  a  simple  discussion  of  the  problem 
from  the  beginning. 

When  Fi  =  0,  Gj  =  0,  Hi  =  0,  then  the  equation 

fh  =  Pfi+qOi 
becomes,  on  the  removal  of  a  common  factor, 


In  this  case,  A  vanishes  because  its  value  is 

A  = 


vh  df  ()g   i 

^r  ^'  ^,'' 


K       U       ffi 

Thus  C/„i+ 1  is  not  expressible  in  terms  of  p  and  q  :  but  it  is  given  by 


'^-'{M-'^S:M:riM\  vu^+^^oU...+c,  =  0. 


On  the  supposition  that  B  does  not  vanish,  the  value  of  Vn+i  is  given 

by  the  equation  ^ 

Vn^i  =  - -^  {H,-pF,-qG^). 

Moreover,  as  F^,  Gi,  Hi  all  vanish,  we  have  viq  =  0,  /t^  =  0 ;  hence 

KQUm  +  1  ^n+ 1  "T  '0 ^"»  + 1 


+-l^(^.^--+«')+il:^<'"'+^'!} 


so  that 
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Substitution  of  the  preceding  value  of  Vn+i  leads  to  a  relation  of  the  form 

ar+l3s+yt  =  S, 

where  a,  jB,  y,  S  are  linear  functions  of  p  and  q,  having  functions  of 
X,  y,  z  for  their  coefficients. 

When  i^g  =  G2  =  if 2  =  0>  while  A  is  not  zero,  there  is  a  similar  form 
of  final  equation. 

When    Fj  =  0  =  Gi  =  ifi,  i^g  =  0  =  Ga  =  H^,  the  equation 

leads  to  the  equation 

r^A rV      __        Pg 

dUr^vVn     ^rU..dVn     ''cU^cV. 

=  rJLM 


which  is  the  final  form  of  the  equation  in  the  supposed  circumstances ; 
the  coefficients  of  r,  s,  t,  and  the  term  independent  of  r,  $,  t,  are  functions 
of  X,  y,  2,  p,  q. 

Note. — A  simple  and  well  known  example  of  this  last  case  is  provided 
by  the  equations 

y  =  i[^{i+2c^U"+2uU'-2U+(l+v^)V"-2vr+2Vl 
Here  we  have         p  =  - — • —  ,        (7  =  *  - — - — , 

1  — Wl?  ^  1  — WW 

on  reduction ;  also 

Ph      ^  ^  ^       Oy      _      c'g 

and  the  final  differential  equation  is 

(l-w^(l-i?^r-2i(M^--i;2)^_^(1^^^2)(i^^2)^  _  q^ 

that  is,  (l+g^/--2/?gs+(14-l?^<  =  0, 

the  equation  of  minimal  surfaces. 

It  will  be  noticed  that  the  integral  equations  are  of  the  special  form 

x,  y,  -8r  =  function  of  u  +  function  of  w, 

so  that  /«ia  =  0,    /12  =  0,     ^12  =  0. 
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18.  We  know  that,  by  means  of  Legendre's  transformation, 

X  =  2h       r=7,       P  =  ir,       Q  =  y, 
an  equation  f{x,  y,  z,  p,  q,  r,  s,  0  =  0 

is  transformed  into  the  equation 

/(p,  (?,  PX+QY-Z,  X,  y,  ^^yn^i,  BT^'  Bf^SV  ^  ^ ' 

hence,  when  the  integral  of  the  former  is  known,  the  integral  of  the  latter 
can  be  derived. 

Thus,  for  example,  the  primitive  of  the  equation 

{l+x^)r+2xi/s+{l+y^t  =  0 

can  be  derived  from  the  primitive  of  the  equation 

(!+?")  r-^pqs+a+p^  t  =  0; 

it  is  easily  found  to  be  expressible  by  the  three  equations 

u+v 
X  = 


1— ?a^* 


.  u—v 
l—uv 

z  =  --J—  ;(6jti;-2)(l7'+n-4v(7-4w7j . 
1— wr 

We  notice  that  the  form  of  the  integral  equations  in  the  primitive  of  the 
new  equation  is  no  longer 

X,  I/,  z  =  function  of  u  +  function  of  r, 

which  was  the  form  of  the  primitive  of  the  original  equations. 


Equations  under  Case  /.,  having  Integrals  of  Special  Forfn,,    "     •  ; 

19.  In  the  preceding  investigations,  the  principal  aim  has  been  the 
construction  of  the  form  of  partial  equations  of  the  second  order  as 
determined  by  an  assumed  set  of  three  equations  which  constitute  the 
primitive.  We  now  i)roceed  (as  promised  at  the  end  of  §  13  and  §  16)  to 
discuss^  in  greater  detail,  some  of  those  equations  of  the  second  order  the 
primitive  of  which  is  constituted  ])y  a  set  of  the  form 

^»  y»  -2:  =  function  of  u  +  function  of  y. 
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•  •  • 

The  question  will  be  considered  by  dealing  with  the  differential  equations, 
which  result  from  using  the  relation 

without  using  either  of  the  relations  which  respectively  give  the  values 
of  hw—pfw—qgxu  J^^—pf^^fK/a-     In  the  present  case, 

/i2  =  0,         gu  =  0,         hu  =  0  ; 
so  that  the  equation  becomes 

^/i/2+«  (/i9^2+/a{/i)  +  /i/i^9  =  0. 

As  A  is  not  zero,  and  also  B  is  not  zero,  the  ratios  of  the  coefficients  are 
functions  of  x,  y,  -ar,  j),  g  ;  hence  the  equation  may  be  written 

ar+2bs+ct  =  0,    . 

where  a,  6,  c  are  functions  of  x,  y,  z,p,  q. 

Comparing  the  two  forms  of  the  equation,  we  have  a  quantity  X,  such 

/1/2  =  ^«»         /ifl^a+Zaffi  =  2X6,         g^g^  =  Xc ; 
hence,  writing  S  =  (6^— ac)^ 

we  have  fig2  =  X(6+(S),        f^g^  =  X(6— <5). 

Consequently,  =  -y-  =  function  of  v  only, 

— jj—  =  y-=  „  u  only  ; 

and  therefore  /.  £  (*±-^  +<7x  |  (^)  =  0, 


,  d  (h-S\,^    d   /b~S\       - 

^'di[-ir)-^^^d;:\—)  =  ^' 


? 


(J 


where  T  =  ^r  +  ^'^+'*^T~  ^r-  =  ^+P^ 

ax       ox        op        oq  ox       ox     ^  oz 


a'      a  .    a  1 


dy       fFy     '  f)/>        vq]  S'y       dy     ^^ 

„|.{»=i)+,j+a|.(»=«)  =  o. 

ax  \   a    /  ay  \   a  J 


f        ». 
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Adding,  we  have 

dx\a)        dy\a)        dy\a)'~     * 
and,  subtracting,  we  have 

dx\a)        dy\a)        dy  \a)  "" 
The  former  gives 

i.  (^  A.L  A(k\  =1.  A  (A) 
dx\a)       a  dy\a)        a  dy\a) 

a   dy\a)     ^dy\a/* 
and  similarly,  after  slight  reduction,  the  second  gives 

#.(f)+*i(f)=<'- 

Having  regard  to  the  significance  of  the  operations  d/dx,  d/dy,  we  notice 
that  these  conditions  are  to  be  satisfied  concurrently  with  the  original 
differential  equation. 

20.  When  b  vanishes,  so  that  the  equation  is  ar+ct  =:  0,  the  two 
conditions  give 

—  =  constant ; 
a 

the  equation  is  at  once  transformable  into  the  form 

characteristic  of  two-dimensional  potential. 

When  b  does  not  vanish  (and  this  now  will  be  assumed),  we  can  divide 
the  partial  equation  throughout  by  26  (or,  what  is  the  same  thing,  we  can 
take  26  =  1) :  the  equation  then  is 

ar-^-s+ct  =  0, 

and  the  two  conditions  become 


dx\a)      dy\a) 
dy\c/      dx\  c  / 
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which  are  to  be  satisfied  concurrently  with  the  partial  dififerential  equation. 
The  former  of  these  conditions  is 


dc  ^1     ^ 

dy       dx        dy* 


that  is, 


IS^ 


c5p      Sgl 


concurrently  with  the  equation  ;  and  therefore  we  have 

3'c  _  3'a  ,    d'a 


y 


qdc       ,        -V  3a  ,     3a 

Qr^r-  =  (ac— l)^-+a35- 

op  op         oq 

o  3a  3c         3c 

c^-3r-=  ac^f a??-" 

€p  op         oq 


apparently  three  relations, 
three  relations 


Similarly,  the  other  condition  leads  to  the 


o  a 


3'c  ,     3'c 

o'v       ox 


^ 


o  OC 

a^ii^  = 
oq 


y 

(ac— l)r^+C7^— 
vq        rp 

3a        3a 
oq        vp 


> 


It  is  easy  to  verify  that  the  six  relations  thus  obtained  are  completely 
satisfied  in  virtue  of  the  four  relations 


d'y 


V  a 
ux 


V  a  ,     0  a 


o  c   ,      c/c 
&y 


&y 


^3a  _ 
op 

2  3c 
or  -^  = 


3c         3c 

ac-K a-fr- 

op         oq 

da        da 
a^  X c 


>  , 


c5g  5j         ^ 
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which  therefore  are  conditions  to  be  satisfied  by  a  and  c  in  order  that  the 
equation  may  have  a  primitive  of  the  specified  type. 


21.  Consider,  first,  the  case  (if  any)  in  which  a  and  c  are  functions  of 
X,  y,  and  z  only.  The  third  and  the  fourth  of  the  relations  are  then 
satisfied  identically  :  and  the  other  two,  which  are  the  effective  conditions, 
can  he  taken  ^,    ,  ^  .        -,   ,     . 

crx  \a  /       rij  \a  / 

ii(i.)+^(i)=„. 

V  y  \c  /      V  X  \  c  / 
Ah  a  and  c  do  not  involve  p  or  q,  these  equations  give 

Wz\a/         '       Siva/  '       7)z\c/         '       dz  \a/ 

hence  a  and  c  are  functions  of  x  and  y  only.     The  first  of  the  relations 
then  shews  that  some  function  0,  of  x  and  y,  exists  such  that 


c 


cO  1       de 


'\    » 


a        vx  a        oy 

when  these  values  of  a  and  c  are  substituted  in  the  seoond  relation,  it 
takes  the  form 

ch^      ?y  vxdy      ?>x  dy^ 

The  primitive  of  this  relation  can  be  expressed*  in  the  form 

e  =  XV-2X/)'  +  2/)+MV-2Mo-'  +  2(r, 

where  p  is  any  function  of  the  parameter  X,  and  a-  is  any  function  of  the 
parameter  jul.     We  easily  find 


de       .  (Id 


-^  =  X^t,  -^r-  =  —  (A+m)» 

CX 


c  1 

80  that  —  =  X^t,        —  =  X+M- 

a  a 


♦  See  my  Theory  of  Diffn-ential  EqmtioMy  Vol.  vi.,  p.  343. 
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Gonseqaently,  the  differential  equation  is 

where  (changing  the  signs  of  p  and  or)  \  and  m  ^^^  functions  of  x  and  y, 
given  by  the  equations 

X  =  />"  +  (/', 

and,  for  our  purposes,  p  and  a-  are  any  functions  of  \  and  m* 

This  equation  of  the  second  order  possesses  two  intermediate  integrals, 
in  the  fonns  ^^^^  ^  ^,  ^^^        ^_^^^  ^  ^,  ^^^ 

where  *  and  ^  are  arbitrary  functions  :  and  then 

dz  =  pdx+qdy 

=  (p+\q)p"'d\+{p+fiq)<r'''duL, 

so  that  ^A«  primitive  is  given  by 

X  =  />"+er" 

where  $  and  ^  are  arbitrary  functions  of  their  argument,  and  p  and  <r 
are  specific  functions  of  \  and  ^i. 

As  the  equation  possesses  two  intermediate  integrals,  it  is  known*  to 
be  transformable  to  s  =  0  by  contact-transformations. 


22.  Consider,  next,  the  case  in  which  a  and  c  do  not  explicitly  involve 

a:,  y,  or  z  :  we  have 

«  oa         ac 
— (T  »-  =  a-F^, 


aCf^ cr  3P— 

do 


cp  op  vq 

^vc   ,       3a         3a 
—a*  7.; — \-ac  ,^  =  c  X- , 
eg  eg  fjp 

when  a  and  c  are  functions  of  p  and  g  only,  as  the  full  equations  for  the 
deteimination  of  a  and  c. 

3 


The  first  gives  ^  (log  -L)  =  -  ^  (i.) , 


*  Theory  of  IHffermtial  Equation;  Vol.  ▼!.,  p.  295. 
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and  the  second  gives       tt-  (log — j  ~  ""  5"  ( — )• 

Take  a  quantity  d  such  that 

1   __<f'e 
c  vp* 

SO  that,  from  the  modified  first  relation, 

,      c        ^e 

log  —  =  '^— ^  • 
a        opvq 

and  therefore,  from  the  modified  second  relation, 

1      rpo 


a        (^q 


If  now  we  write  temporarily 

p,  (/,  0  =  X,  y,  Zy 

the  equation  for  d  (=  ^),  in  terms  of  p  and  q  as  the  new  independent 
variables,  is 


,  _  _£^ t_ 

a  r 


that  is,  r+^6"*  =  0. 


28.  This  equation  can  be  integrated  by  Darboux's  method.     Let  X  and 
M  be  the  roots  of  the  equation 

so  that  X+M  =  —  ^^""*>         ^M  =  ^~'- 

For  either  of  the  quantities  X  and  /x,  we  have 

(2p+<0  ^  -P  ie-*-cr'  =  0. 
as 

Hence  (2ax+ ^^'O  (a^  ^J "  ^)  =      '^^  te-'+fie-'+fxe" 

=  -m'(X+ax)+2mXax 
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that  is, 


dfjL 3^1  


^"^      ti  ^ 


And  {2uL+te^')(\  ^  -  ^^  =  \(tt^+l)  e^'+fie" 

=  0, 


BO  that 


Similarly,  x  '^  -  S  =  -  X«, 

{IS         rt 

ds        vt 

Let  w  (a:,  y,  ^',  /?,  g,  r,  «,  0  =  0 

be  an  equation  compatible  with 

r+te-*  =  0. 
The  equations  to  be  satisfied"^  by  the  form  of  u  are 


P  5r-p --  +  7)7  =  0. 


and  (as  the  original  equation  does  not  involve  x,  y,  ^»  p,  q) 

dii  I    ,  du       ^ 

where  p  and  p'  are  \  and  /x  in  either  of  the  two  arrangements. 

Now  r  can  be  removed  from  u  by  means  of  the  original  equation 
hence  we  can  take  the  equations  for  t^  in  a  form 


vs        rt 


The  latter  is 


du  ,     du      ^ 


d-u  ,     3u  ,      Bu   t     ()u   t      /(he   t     (Hl  ,     (he   I   .3u\       ^ 


*  Thiwy  0/  DifertHtial  Equationt,  Vol.  vi.,  f  261 ;  the  method  it  Darboux'M. 
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and  \  fjL  are  functions  of  r,  s,  t  only.     The  condition  that  the  two  should 

co-exist  is  ^        ^  ^  ^  ^ 

(\^llt.^  ^^  ^  -l-X  /^_  -J-    \^^  ^    ^  —  0 
.  \    3«.   .  vt )  dy         \Sq        .f)p/        3?  ~^    ' 

that  is,  (A— m)  t"  +^m  ^t-  =  0, 

or  (A— ^t)><-+e  *^-  =0. 

vq  (]) 

That  this  may  co-exist  with  the  first,  we  must  have 

(x^-^-X^  +  ^^-Xe-^  =  0, 
\    (s       vt         (s       ct/  vq  cp 

that  18,  — X% \e  '— -  =  0. 

Hence  -^—  =  0,         ^^  =  0. 

eg  cp 

That  these  may  co-exist  with  the  second,  we  must  have 

VZ 

Hence  the  equations  for  u  are 

(p  vq  vz  vr 


'S 


^  vu       du  __  ^ 

A  ^ A-      I), 

c;.5       ct 


cu  .      du  __  ^ 


Two  independent  integrals  are  ^t,  y—fJLX  :    hence  we  take 

y—juLX  =  function  of  m  =  iJL^F"(fx), 

as  an  equation  compatible  with  the  original  differential  equation. 
Similarly,  from  the  other  system,  we  have  a  compatible  equation 
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Here  F  and  G  are  arbitrary  functions  of  their  arguments :  and 

A  JUL 

Now   «  dO'JC+sy^p)  =  xdr+yds 

=  x(d\+d^)-y[f  +  ^) 

=  —  —  (y—xX) ^(y—xft) 

=  -  \G"d\-ftl<'"dix, 
80  that  rx+sy—p  =  —  \G'+G—^F'+F. 

Again,  d(sx+ty—q)  =  xdf+ydt 

/d\  ,  du\  ,      /d\  ,  d^i\ 

=  G"dX+F"d/u, 
80  that  sx+<j/— g  =  G'+^'. 

Further, 

dirje'+^sxy+ty^ 

=  a^dr+2xyds+y^dt+2  (rx+sy)  dx+2  {sx+ty)  dy, 
so  that 

d(ri^+2sxy+tf—2z) 

=  x:^dr+2xyds+y*dt+2(rx+sy—p)dx+Hsx+ty—q)  cly. 

But  x'dr+2xyds-{:yHt  =  xHd\+d^)-2xy  (^  +  ^)  +y«  (^  +  ^) 

=  iy-\xf^  +  {y-f^xf^ 
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And 

(rx+sy^p)dx+i8x+ty''q)d!/ 

=  (G+F)dx''{\G'+fAF)dx+{G'+F')dy 

=  {G+F)dx+G'{dy-'\dx)+F'(dy''fAdx) 

=  (G+F)dx+(G'd\+F'dfi)x 

+  G'{\''G'''+2\G")dX+F'{ij,^F''+2fAF^dfi 

=  d\{G+F)x}+G'{\'^G'''+2\G'^d\+F(M^r"+2^''F^d^. 
Consequently, 

dirx^+isxy+ty'-iz)  =  X^G"^rf\+M*i^'*rfM+2d  {{G+F)x\ 

+  2G'(X'G'"+2\6'0rfX+21?^Cu»2?^"+2AxJndM ; 
hence 

rx^+28xy+ty^—2z''2{G+F)x 

=  2\*G'G"+2Ax'l^F^-J\«G'^dX-jM'i^rfM. 
When  r,  s,  t  are  eliminated  from  this  equation  by  the  relations 

X+M  =  r,         X/x  =  tf"',         —  H =  —  ^, 

X        /x 

the  resulting  value  of  ^  is  d :  and  X,  fi  are  expressed  in  terms  of  x  and  y 
by  the  equations  .  ^o^,,  o,^ 

For  our  purpose,  we  want  ^  ,      ^r-j , 

in  this  notation :  where  x,  y  stand  for  original  p  and  9.     Thus 

1   -       ^z  ^       X 

a  Sy'  X/x 

where  5— Xj?  =  X^G",         q—imp  =  fx^F'. 

Thus  the  equation,  being       ar+s+ct  =  0, 
becomes  X^ir— (X+/x)s+^  =  0, 

where  X  and  m  are  expressible ''^  in  terms  of  p  and  9  by  relations 

q-Xp  =  X^G",         g-Ml?  =  fJL^F". 


*  The  equation  of  minimal  Burfaoeo  if*  given  by 

K^G'  -  •  ( 1  +  A«)*,         m'^"  =  1(1+  m')*  : 
other  equations  are  given  by  taking  other  specific  forms  for  F  and  G. 
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24.  The  primitive  of  this  eqaation  can  be  obtained  in  the  same  way, 
dae  to  Ampere,  as  the  primitive  of  the  eqaation  of  minimal  surfaces.* 
SubBtitnting  ,,  =  g,_ty>,        r^p'-g'y'+ty", 

in  the  eqaation,  and  making  it  evanescent  in  t,  we  have 

V(l>'-?y)-(X+M)?' =  0, 

From  the  second  equation,  we  have 

Xy'+1  =  0,        Axy'+1  =  0. 
Taking  \y'+l  =  0,  we  have  the  first  eqaation  in  the  form 

-?'+Ml>'  =  0. 

But  ?— AfP  =  M-^P^y 

SO  that  fi'  =  0; 

thus  M  is  constant  for  the  set  of  equations. 

Similarly,  the  other  system  possesses  \  =  constant  as  an  integral. 
We  therefore  take  fi  and  \  as  new  independent  variables. 


Now 
when  fi  is  constant :  that  is, 


»  --^ 


\  ' 


av  1    dx 


£2  —  — _i 


3\- 


Similarly, 

Consequently, 

that  is, 
hence 


say.     Then 


3^ 1_  dx 

OfJL  /UL     O/UL 

a  M  ax\     a  / j_  Bx\ 

^x     _  ^ 

X  =  function  of  \+function  of  m 
=  \V(X)+mV(m) 

J  1   8x  J,       1   3x  J 


*  See  m]r  Thtoty  of  JHffertnlM  BqtMttotu,  Vol.  ti.,  p.  277. 
SSB.  2.     TOL.  5.     MO.  964.  If 
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80  that  y  =  "-  X0'— 0— mV^'— l/r. 

Finally,  we  have 

dz  =  pdx-^qdy 

Modifying  the  specific  functions  F  and  G,  we  can  state  the  result  as 
follows : — 

The  primitive  of  the  differential  equation 

\iuLr-'(\+^)s+t  =  0, 

where  \  and  iul  are  functions  of  p  and  q  determined  by  the  equations 

f  and  g  denoting  specific  functions,  is  given  by  the  three  equations 

X  =  xV+mV. 
-y  =  X0'+0+mV^'+^, 

-z  =  J(X0"+20')/(X)dX+j(MV^"+2>/r')9(M)dM. 
in  which  </>  and  xfr  denote  arbitrary  functions  of  X  and  of  m  respectively. 

Note, — It  is  easy  to  verify  that  the  equation 

{(Nq+m^-P^}  r-2  {(Np+L)(Nq+M)+PQ\  s+  {Np+Lf-Q"}  t  =  0, 

where  L,  ilf,  N,  P,  Q  are  constants,  is  a  special  example  of  the  preceding 
equation  ;  the  functions  /(X)  and  g  ip)  are  linear  functions  of  X  and  of  m 
respectively. 

25.  Consider,  next,  the  case  (if  it  can  arise)  in  which  the  coefficients 
a  and  c  in  the  equation  l«i^/       a 

can  be  functions  of  x,  y,  p,  q,  subject  to  the  condition  that  the  integral 
equivalent  of  the  equation  is  of  the  specified  type. 
The  relations  to  be  satisfied  by  a  and  c  are 

l(i)+|(t)=«j     |(I)+|Kt)=»' 
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In  the  first  pair  of  equations,  the  quantities  p  and  q  are  parametric. 
We  know  that  the  equations  are  satisfied  by  taking 

1  ,  11.1 

a  CUV 

where         x  =  f{u)+g'(v),         y  =  uf{u)''f{u)+vg'{v)''g{vh 

the  functions  /  and  g  being  any  whatever :  hence,  taking  account  of  the 
possibility  that  a  and  c  (and  therefore  u  and  v)  can  involve  p  and  g,  as 
well  as  X  and  y,  and  writing 

/  =  /(w,  P,  q)f        9  =  9iv, p,  ?), 
then  the  first  pair  of  equations  are  satisfied  by 

=  1+1?'     ^  =  «|--^+"|-^' 


X 


1  ,  11,1  c 

a  c         u        V  a 

and,  so  far  as  the  first  pair  of  equations  are  concerned,  the  new  functions 
/  and  g  can  be  any  whatever. 

The  functions  /  and  g  are  to  be  determined  so  as  to  satisfy  the  second 
pair  of  equations.  When  the  values  of  1/a,  1/c,  o/a  are  substituted  in 
them,  we  have  '>        ^         ^    ^         ^    ^ 

dp      Sp       u    (Jq        V    dq 

_  j[_  8i^  __  1    c)i;   ■     1    9u   .     1    ^v  __  f^ , 

that  is,  the  relations  in  the  second  pair  are  satisfied,  if 

du du  ?v^  _  dv 

^       3g'  dp       5g' 

Now  u  and  v  are  given  as  functions  of  x,  y,  p^  q  by  the  preceding 
two  equations  which  express  x  and  y  in  terms  of  /  and  g ;  hence  /  and  gr, 
as  involving  p  and  9,  must  be  such  that  the  two  equations  in  u  and  v 
just  obtained  may  be  satisfied.     But 

dti^  dp       dv^  dp      dudp       docp' 

r,  d^f  du   .      cf^g  dv   ,        cV     ,       d^g        df       da 

otr  dp         ctr  op         imcp         Cvop      (3p      op 

du^  dq       di^^  dq       aiidq       dvdq* 

du^  dq         ^  5^         dudq         dvcq       dq      5g* 

M  2 
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Thaa  there  are  six  eqaations  in  which  the  four  first  derivatives  of  u  and  v 
occur  linearly ;  when  these  are  eliminated,  we  should  have  two  equations 
satisfied  by  /  and  g  as  functions  of  p,  q,  u,  v.    These  are  easily  found 

***  ^®  ^f       ^f       df,     ^g       ^g       dg      n 

\    ovop      ovoq/         op      oq         op      oq 

which  accordingly  are  two  eqaations  for  the  determination  of  /  and  g. 

Remembering  that  /  does  not  involve  v,  and  that  g  does  not  involve  Ur 
we  have,  from  the  first  of  these  two  equations, 


dudp      dudq      op         * 


d'a      a^. 


Svop      bvdq      op  ' 

where  d  is  a  function  of  p  and  q  alone ;  and  then  the  second  of  the  two 
equations  becomes 

op      oq         op      oq 
Differentiating  the  last  with  regard  to  u  and  to  v  separately,  we  have 

ou&p      ouoq      op 

ovop      ovoq      op 

and  then,   differentiating  the  former  of  these  with  respect  to  v  or  the 
latter  with  respect  to  u,  we  have 

//  I  g'y  -0 

dudp      dvop         ' 

that  is,  we  may  take  ^  s    =  0  =  —  ^   x    , 

oiiop       ^  ovop 

where  0  is  a  function  of  p  and  q  only,  so  that  the  latest  deduced  equations, 
are  ;n  ^r 


%.  +e_„*_  ^  =  0. 

ov  ov  oa 
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The  earlier  equations  giv^ 


|+^-«^+^,  =  «' 


=  0; 


hence 


'^ -"+"*+ ^ 


where  '^  is  a  function  of  p  and  q  only  ;  and  so  we  have 


from  the  preceding  relations.     These  satisfy 

dudp  dvop 

ay  ^^  =  _^ 


Proceeding  from 


we  have 


I  =  "V-H-x. 


^  =  -  »V+a.. 


where  x  aQ<l  «  aire  independent  of  u  and  v.    When  we  substitute  in  the 
relation  ■..      ^r        o        ^ 

op      oq         op      aq 


we  find  x~l~<»  =  0 ;  hence  we  have 


^  =  -v,/>+{i^+d) 


=  -vy}t-x 


In  order  that  these  may  co-exist,  we  must  have 


oq 


op       dpdq* 
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where  p  and  a-  are  functions  of  p  and  q  only.     Hence 

/  =  t£p— (r+JP(u), 

g  =— rp+(r+G(r), 
where  F  and  G  are  arbitrary  functions  of  u  and  of  v  respectively.     Now 

hu      dv 

=  i^(u)+G'(r), 

=  uF'(u)''F(u)+vG'{v)'-v  ; 

in  other  words,  u  and  r  are  functions  of  x  and  ^  only,  that  is,  if  u  and  v 
involve  x  and  j/,  they  do  not  involve  p  and  q. 

Consequently,  loe  have  two  classeii  of  equations 

ar-jrs+ct  =  0 

having  an  integral  system  of  the  required  type,  such  that 

X,  y,  z  =^  function  of  u  +  function  of  v ; 

in  one  class,  a  and  c  are  appropriate  functions  of  x  and  y  alone  :   in  the 
other  class,  a  and  c  are  appropriate  functions  of  p  and  q  alone. 

It  is  easy  to  see  that  the  two  equations,  when  subjected  to  Legendre's 
transformation,  lead  to  equations  of  the  same  form  ;  but,  when  this 
transformation  is  applied  to  either  integral,  it  leads  to  new  integral 
systems  of  a  different  type.     An  example  has  already  (§  18)  been  given. 

26.  We  may  summarise  the  results  of  the  preceding  investigations 
as  regards  an  equation  ar+bs+ct  =  0, 

where  a,  b,  c  involve  no  derivatives  of  order  higher  than  the  first,  the 
equation  being  supposed  to  have  an  integral  system  represented  by 

X,  y,  z  =^  function  of  u  +  function  of  v ; 
as  follows : — 

(A.)  When  6  =  0,  then  a  and  c  are  constant :  the  equation  can  be 
transformed  to  •  ^  _  q 

(B.)  When  b  is  not  zero,  then  we  can  (by  division)  replace  it  by  unity. 

Then  a  and  c  can  be  functions  of  x  and  y  alone ;  and  they  can  be 

fonetions  of  p  and  q  alone ;   but  they  cannot  be  functions  of  x,  y,  p,  q 
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When  a  and  c  are  functions  of  x  and  y  alone,  then,  taking  two  para- 
meters \  and  fjL,  and  any  two  functions  p  and  a  of  those  parameters 
respectively,  we  express  \  and  m  in  terms  of  x  and  y  by  the  relations 

the  partial  differential  equation  is 

r+{\+fjL)s+\^t  =  0, 

and  its  primitive  is  -8r  =  $(X)+^(/u), 

where  $  and  "¥  are  arbitrary  functions. 

When  a  and  c  are  functions  of  p  and  9  alone,  we  take  two  para- 
meters \  and  fjLf  and  any  two  functions  /  and  g  of  those  parameters,  and 
we  determine  \  and  /a  in  terms  of  p  and  q,  by  the  relations 

the  differential  equation  is 

\/xr— (\+/x)«+^  =  0; 
and  its  primitive  is 

-^  =  j(\0"+20')/(X)ciX+f  (AtV^"+2i/r')yCu)dAx, 
where  </>  and  i/r  are  arbitrary  functions. 

Case  II. :    toith  Sub-cases. 

27.  In  this  case,  the  functions  /  and  h  involve  both  u  and  v,  together 
(possibly)  with  the  arbitrary  functions  U  and  V;  while  g  involves  only 
V  and  the  arbitrary  function  F,  with  (possibly)  the  derivatives  of  the  latter. 

There  are,  as  before,  sub-cases  according  to  the  non-evanescence  or 
the  evanescence  of  the  quantities  A  and  B.  Most  of  the  initial  forms 
of  the  results  for  the  present  case  can  be  deduced  as  special  forms  of  the 
results  in  the  preceding  sections ;  we  shall  therefore  not  deal  with  the 
sub-cases  in  the  same  detail  as  before.     For  all  the  sub-cases,  we  have 

9i  =  0,      gi2  =  0,       gru  =  0 ; 

also  1^  =  V"»  ^^n^fl^' 

h  92       fi92 

II.,  (1). — Proceeding  as  in  the  least  restricted  of  the  former  sub-cases 
(§  8),  in  which  the  values  of  A  and  B  do  not  vanish,  being 

.        dh  df  -o        ^h  df  dg 
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we  have    U^.r  =  -  ^  (H,-pF,),      /,=}  {f,  ^  -Hx^. 

and  Fn+i>  /a  have  the  same  formal  values  as  before.  We  proceed  from 
the  equation     j^^pf^^qg^  =  rfj,+8(f,  g,+f,  g^)+tg,g^. 

which  now  is  hn—pfn  =  ^/i/a+^/ifl'a ; 

and  we  find,  on  substitution,  the  equation 

(?+6)r— (p+a)s  =  w, 

where  a  {f,  ^  -G,  ^)  =  G,^^  -ff,  ^ 

and  1^7  is  a  polynomial  in  p  and  q,  of  degree  two  in  p  and  degree  one 

in  q  :   and  where  it  is  assumed  that  -=-  th^  —  7=-  ^r^   is  not  zero.  .  The 

quantities  a  and  b,  as  well  as  the  coefficients  in  w^  involve  only  the 
magnitudes  which  occur  in  x,  y,  z:  hence,  if  an  equation  of  the  second 
order  is  to  be  the  equivalent  of  the  integral  system,  these  quantities  must 
be  functions  of  x,  y,  z  alone. 

We  evidently  have  gy       .   3a  _       dh 

so  that  |£+a^+6^  =  0. 

dv         dv        dv 

28.  The  application  of  Ampere's  method  to  the  equation 

{q  +  b)r—(p+a)8  =  w 
requires  the  substitution  of 

r  =  p'—q'y'  +  ty'\         s  =iq'  —  ty'; 
and  the  modified  equation  is  made  evanescent  in  t.     Thus 

(?+6)y'+(jp+a)//'=0, 
{q  +  b){p''-q'y')'-(p+a)q'  =  w. 
The  former  equation  gives  either 

or  (q  +  b)i/  +  {p+a)=0. 
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Hence  there  are  two  subsidiary  systems  of  equations,  vifl., 

y'  =  0,         {q+b)p''-{p+a)  q'  =  w,        z'=p; 
and       (q+b)  y'+(p+a)  =  0,        (q+b)p'  =  w,        z'  =  p+qy'- 

Consider,  in  particular,  the  special  case  when  to  is  zero,  so  that  the 
equation  is  (g+b)r-(p+a)s  =  0; 

and  we  set  aside,  as  trivial,  the  instances  (i.)  when  a  and  b  are  constants ; 
(ii.)  when  a  is  a  constant,  and  when  6  is  a  function  of  y  only.  The 
first  group  of  subsidiary  equations  then  gives 

y  =  constant, 

when  13  is  variable  :  that  is,  we  take 

y  =  a, 

and  then  ^*"^*^3fi"'^^"^^^M  ~  ^' 

dz  _     dz 

Similarly,  from  the  second  set  of  equations,  we  have 

p  =  constant, 

when  a  is  variable :  that  is,  we  take 

P  =  fif 

and  then  (q+b)  ^  +  (jp+a)  g^  =  0, 


i=^^+'i- 


Accordingly,  as  connected  with  the  equation 

{q+b)r-ip+a)8  =  0, 

we  can  take  y  and  p  as  the  independent  variables :  and  the  aggregate  of 
equations  then  is 

q+b-(p+a)^=0 


q  +  b+{p+a)^  =  0 


dz 


a^  =  ^5z 


dx 
dp 


dz  dx  , 


>  • 
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From  the  first  and  the  second  of  these,  we  have 

1+1= »• 

which  is  the  condition  of  coexistence  of  the  third  and  the  fourth.     CSon- 
sequently,  a  function  (say  ^)  of  y  and  p  exists  sach  that 


d0  d4> 


and  then,  from  the  third  and  the  foorth  of  the  eqoations,  it  follows  that 

The  function  ^  then  satisfies  the  equation 

cyop     p+a 

when  for  q,  and  for  x  and  2r  in  a  and  b,  we  substitute  their  values.  From 
the  nature  of  the  case,  ^  must  be  an  explicit  function,  expressible  in  a 
form  that  is  free  from  partial  quadratures;  and,  consequently,  the 
equation  must  be  integrable  by  Darboux's  method.  Now,  when  we 
change  the  notation  for  the  variables,  the  equation  can  be  written 

and  the  cases  in  which  this  equation  is  integrable  by  Darboux's  method 
have  been  discussed  by  Goursat  :*  we  need  not  therefore  consider  the 
equation  further,  for  the  case  in  which  w  =^0,  The  general  case  still 
remains. 


29.  One  special  form  of  the  case  discussed  arises,  when  the  integral 
system  is  of  the  form 

X,  z  =  function  of  u+ function  of  v, 
y  =  function  of  v. 
We  then  have  /12  =  0,         5^12  =  0,         A^  =  0, 

so  that  to  =  0\  and  the  partial  equation  is 

fifir+fig^s  =  0, 
that  is,  /a^+fl'a*  =  0. 


*  Seo  chapter  viii.  of  his  treatise  qaoted  at  the  beginning  of  this  paper ;   also  Atmttln  de 
Ihuiottie,  2e  S6r.,  t.  i.  (1899),  pp.  31-78,  439-463. 
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Now  -^  =  function  of  v  only 

/a 

=  „  y  only 

=  1/r, 

say ;  so  that,  writing  T  dy  =  dy\ 

the  equation  becomes  reduced  to 

3fl?      dxdy' 
and  its  primitive  is  easily  obtainable  in  the  form 

z^F{y*)  =  G(a;-y'), 
where  F  and  G  are  arbitrary  functions. 

80.  II.,  (2). — In  this  sub-case,  we  have  £  =  0;   and  there  are  two 
alternatives.     In  the  first  of  them,  the  two  equations 


dh  3/  3flf        ^ 


H^—pF^—qG^  =  0, 
are  effectively  one  and  the  same,  so  that 

^«=^^„'    ^*=^^'    ^'='^w:'' 

the  circumstances,  when  F^,  6a,  Hq  vanish,  are  given  by  ^  =  0.     The 

quantities  a  and   y  of  §  8  vanish,  owing  to  the  form  of  g,  which  is  a 

quantity  independent  of  u ;    and  thus  the  degenerate  expression  of  the 

equation  of  §  11  becomes"^ 

r-\-as  =  c', 

where  a  and  &  are  functions  of  x,  y,  z,  jp,  q.    But  this  form  assumes  that 
dflSVn  is  not  zero ;  if  it  should  vanish,  the  equation  is 

s  =  c'. 

In  the  other  of  the  two  alternatives,  we  have  ^  =  0  as  well  as  £  =  0 ; 
we  shall  proceed  to  this  almost  immediately  as  the  last  of  the  sub-cases  to 
be  considered. 


*  An  instanoe  of  thin  poMibility  is  (takiiig  aoooont  of  the  interohange  of  variablfit}  covered  bj 
the  explanations  in  f  2)  provided  by 

the  equation  ia  «  +  tx'  +  *£qh  »  0, 

and  its  primitiTe  is  easily  obtained  by  qnadratures. 
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81.  II.,  (8). — In  this  sub-case,  we  have  ^  =  0 :  again,  there  are  two 
Alternatives.  The  second  of  the  alternatives  is,  for  the  moment,  deferred 
^ntil  the  discussion  of  the  similar  alternative  for  the  last  sub-case. 

In  the  first  of  them,  the  two  equations 

^.-*^=»'  ^■-^^■=»- 

can  be  only  one  and  the  same  equation  ;  and  it  gives  the  value  of  p.  As 
B  is  not  zero  for  this  alternative,  the  partial  equation  is 

(/8'+y(?)r^-(«'+y'jP)«^  =  y"+a'"jp+i8'"g, 

that  is,  iq+b)  r— (p+a)  s  =  iv, 

where  now  w  is  linear  in  p  and  in  q ;  but  otherwise  the  final  equation  is 
the  same  as  in  §  27. 

32.  U.,  (4). — In  this  sub-case,  we  have  ^  =  0,  £  =  0 ;  it  thus  includes 
the  two  alternatives  respectively  deferred  from  the  consideration  of  the 
last  two  cases. 

We  must  have       H^  =  e^,        Fi  =  0^; 
if  it  should  happen  that 

then,  by  §  11,  we  easily  see  that  the  final  partial  equation  is 

where  A;  is  a  function  of  x,  y,  z,  p,  q  at  the  utmost :  the  equation  is  trans- 
formable to  ,    -,  X         /v 

5+/(^,  y,  z,  p,  q)  =  0, 

and  therefore  (having  regard  to  the  integral  system,  which  is  derivable  by 
Darboux's  method)  it  belongs  to  the  class  already  considered  by  Goursat 
<p.  170,  foot-note). 

If  it  should  happen  that  the  relations 

Are  not  satisfied,  either  for  a  non-zero  value  or  for  a  zero  value  of  ^,  then 
we  have  the  alternative  considered  in  §  18  ;  and  the  result  for  the  present 
<;ase  can  be  deduced  from  the  result  there  obtained  by  putting 

Gi  =  0,         ^1  =  0  : 
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the  result  is  of  the  form 

where  a,  )8,  y,  S,  p'  are  functions  of  x,  y^  z,p,  q;  17  is  a  polynomial  in 
r,  s,  t,  1  of  the  second  degree,  and  a',  fi',  a"  are  polynomials  in  r,  «,  t,  1  of 
the  first  degree  only. 

If,  in  particular,  while  ^  is  a  function  of  v  only,  and  the  assumptions 
as  to  the  conditions  under  which  ^  =  0  and  £  =  0  are  satisfied  still  hold, 
it  should  happen  that 

X,  z  =  ff  h  =  function  of  u  +  function  of  v, 

so  that  Jcq  =  0  =  Iq=^  mQ  =  n^y 

it  is  easy  to  deduce  (from  earlier  results)  that  the  final  equation  is  of  the 
*°'™  rt-^  =  0. 

This  conclusion  can  be  verified  from  the  fact  that  the  two  independent 
equations     „        _,       ^        ^         dh  3/         ^       n 

determine  p  and  q  as  functions  of  v  alone,  so  that  we  have 
and  therefore  r^— «^  =  0. 


Case  III. :  with  Sub-cdses. 

88.  In  this  case,  /  is  a  function  of  u  only,  9  is  a  function  of  v  only, 
while  A  is  a  function  of  u  and  v,  the  arbitrary  function  17  and  its  deriva- 
tives occurring  with  u,  and  likewise  for  V  and  v. 

We  thus  have      f^  =  0,        /12  =  0,        f^  =  0; 

9i  =  0,        9^12  =  0,        g^i  =  0. 

If  the  quantity -4,  which  now  is  tt^ i>^77->   does   not  vanish,    and. 


if  similarly  B,  which  now  is  -^ S'^f  '  ^^^^^  ^^^^  °^*  vanish,  then 
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where  p  and  q  are  given  by  the  relations 

K  =  Pf\y  K  =  99^' 

The  equation  h^—pfn—qgn  =/i/2^+C/i?2+/2fl'i)«+fl'iS'j* 
now  becomes  K^fig%^\ 

and,  on  substituting  the  values  of  I7m+i  and  Fn+i  in  h^g  and  reducing,  we 
find  the  equation  •  n    •        •  & 

where  a,  /8,  y,  f  are  functions  of  x,  y,  z  only  ;  and  the  value  of  f  is  given  by 

in  the  notation  of  §  11. 

This  dififisrential  equation  is  to  have  an  integral  equivalent  of  the  form 

X  =  function  of  u,         y  =  function  of  v, 

z  =  function  of  u  and  v. 

The  problem  of  the  determination  of  the  dififierent  forms  of  the  equation 
with  their  respective  integral  equivalents  is  similar  to  the  problem  pro- 
pounded by  Moutard,  and  solved  by  Lloyd  Tanner  and  Gosserat;*  the 
necessary  modifications  of  the  analysis  are  omitted  from  the  present 
communication. 

When  A  is  zero  but  not  B,  or  when  B  is  zero  but  not  A,  the  final 
differential  equation  is  easily  seen  to  be 

s  =  a-^bp+cq, 

where  a,  6,  o  are  functions  of  x,  y,  z  alone  :  it  is  only  a  particular  case  of 
the  preceding  form. 

34.  There  remains  the  sub-case,  for  which  ^  =  0  and  B  =  0,  that  is. 


c 


m  *-'^m 


vVn  cVn 


•  See  my  Theory  of  Differential  Equatxon»^  Vol.  vi.,  ch.  xv. 
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The  form  of  the  final  diflferential  equation  might  be  deduced  from  the 
result  of  §  18,  by  inserting  the  appropriate  simplifications ;  it  is  as  easy 
to  proceed  directly  from  the  equations 


f^r,         th2=fi92S, 

f  1^2—99^ 

=  9lt^ 

lYribing 

a  =  - 
b  =- 

'ii^+bo  r^           V  =-^xlrt+bo 

.    J 

k  =  —  ^^s+Ao 
t?t  =  —  ^^5  +niQ 

*=^ 

•  ^=ik-  ^ 

=  F„           ,  : 

—  Ga, 

Inhere 


and  where  a^,  b^,  Cq,  o^,  6o,  cq,  k^,  l^,  m^y  Uq  have  their  former  signification, 
*^^°^'  aUl,,+2bU^.^+c=0, 

kUyn+iVn+i+lU,a+i  +  mVn+i+n  =  0. 

The  final  equation  is  the  result  of   eliminating   Um+i  and  Vu+i  between 
these  three  equations.     Let 

Vi  =  oil/*— 26iJ7^+ci^^ 

Cf  =  (tto,  — 6o»  ^oX'o'/— ^*o\^»  k^fi-'Vi^yfrf, 
F  =      kQ{cQ<j>'-bQi){co\lr'-bofj)—lo  {cQ(p—bQi){bQ\l^' 
—niQibo<l>—(ioi)(coi^-'bofj)+7iQ(bQ<p'-aQi){bi\l^ 

7  2'  _I_     2  ' 

'^o^o^o —  •  •  •  i^'o^o^o> 


««  = 
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as  before ;  then  the  eliminant,  being  the  final  equation,  is 

where  0  =  alrt+^iys^—Er-iFs-Gt+do. 

The  aggregate  of  terms  of  the  highest  degree  in  this  equation  is  made  up 
of  those  of  degree  4  ;  it  is 

Simpler  forms,  however,  occur  for  special  forms  of  the  functions.     Thus, 
in  particular,  if  the  integral  equivalent  is 

X  =  function  of  tt,         y  =  function  of  v, 

h  =  function  of  t^  +  function  of  t?, 

the  equation  reduces  to  5  =  0, 

as  (obviously  beforehand)  should  be  the  final  form. 
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ON  THE  REDUCIBILITY  OF  COVARIANTS  OP  BINARY 

QUANTICS   OP   INPINITE   ORDER 

Part  III. 

By  P.  W.  Wood. 

[Reoeived  January  dth,  1907.— Bead  January  10th,  1907.] 

Introduction. 

In  the  first  part  of  this  paper*  I  have  shewn  that,  with  the  ordinary 
symbolical  notation,  the  co variant  {axa^^^{a^a^^* ...  (aaaa+i)^«  is  reducible  if, 
and  only  if,  the  coefficient  of  the  term  s^^s^* ...  z^  in.  a  certain  expansion 
^(^i>  ^a>  •••>  ^a)  is  zero :  here  the  symbols  Oj,  o^,  ...,  a^+i  refer  to  (^+1) 
distinct  binary  forms  each  of  infinite  order  and  Xi+X5+...+X*  =  2*— 1, 
so  that  the  covariant  is  of  minimum  weight  for  irreducibility.  The 
expansion  is  defined  thus : 

4>{^V^29  '"9^i)  —  n  [^^(i; — Z^i)-\-Z^,3) — ...+(  —  )*~^^^'.)] 

r 

where  f^^\  i^^\  ...,  /'^  are  any  e  of  the  suffixes  1,  2,  ...,  5,  such  that 

these  suffixes  r  are  to  be  chosen  in  all  possible  ways  to  satisfy  these 
conditions,  and  so  in  all  there  are  (2^—1)  factors  each  linear  in  the 
variables  z. 

For  brevity  I  shall  speak  of  terms  having  zero  coefficients  as  zero 
terms,  and  the  coefficient  of  the  term  z^^z^*  ...  z^^*  in  <p(zi,  z^^  ...,  z^)  will 
be  denoted  by  [Xj,  Xg,  ...,  Xa]  :  of  course,  XiH-X2+...+Xa  =  2*— 1,  and 
any  term  having  the  sum  of  k  indices  less  than  2''— 1  is  necessarily  a 
zero  term.  Clearly  [Xi,  X^,  ...,  X«]  =  — [Xa,  X«_i,  ...,  Xj,  and,  if  either 
coefficient  is  zero,  so  also  is  the  other  :  it  follows  therefore  that  in 
enumerating  zero  terms  the  indices  may  be  read  either  backwards  or 
forwards. 

I  have  already  f  found  certain  general  classes  of  zero  terms,  namely : 
(i.)  if  [Xi,  Xjj, ..,,  X«]J  =  0,  then  also  [...,  X|, ...,  X^,  ...,Xc, ...]  =  0  ; 

•  Proe.  Loftd.  Math.  Soe.^  Ser.  2,  Vol.  2,  pp.  '6'}2  et  tq. 

t  Ibid.y  pp.  361  et  »eq. 

t  [Ai,  A],  ...,  A  J  IB  the  ooeffioient  of  £j'2;^*...x^*   in  ^(2|,  r,,  ...,  zX  no  that 

Ai  +  Aj+...  +  A, -■  2«— 1. 
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(ii.)  [Xi,  X^,  ...,  Xa]  =  0,  if  XrO)+X/«)+...+Xr'->  =  2*— 1,  and  the 
sum  of  the  indices  X  is  odd  in  any  of  the  groups  into  which  the 
indices  are  divided  by  the  removal  of  the  k  indices  Xr(i),  X,^),  ...,Xf^-\ 
whose  sum  is  2*— 1 ; 

(iii.)  [Xi,  X^, ...,  X,_i,  X.,  X._i, ...,  X^,  Xj  =  0  (t.€.,  the  indices  read 
the  same  backwards  and  forwards). 

The  nature  of  the  first  two  general  classes  suggests  a  further  in- 
vestigation of  terms  having  the  sum  of  k  indices  equal  to  2*  or  2'"+!  ; 
and  some  of  the  simpler  cases  of  this  kind  are  considered  in  the  present 
paper.  The  treatment  does  not  profess  to  be  exhaustive ;  its  chief  interest 
is  to  indicate  a  method  of  finding  new  types  of  zero  terms,  but  a  con- 
sideration of  the  zero  terms  found  by  direct  calculation  and  given  in  lY. 
is  enough  to  shew  that  there  must  be  a  great  number  of  zero  terms 
belonging  to  none  of  these  types.  The  labour  involved  in  such  direct 
<salculations  is  so  great  that  any  further  extension  is  not  contemplated, 
although  every  such  extension  is  useful  as  a  possible  indication  of  new 
i;eneral  classes  of  zero  terms. 

A  complete  catalogue  of  known  reducible  covariants  is  given  in  IV. 

CONTENTS. 

I.,  \\  1-5.— Zero  Coe£Boieot8  [Ap  A,  ...,  A«],  wherein  one  of  the  indices  in  equal  to  2^-1  —  1. 
II.,  }}6-13. — Zero  Coe£BcientB  [A|,  A,,  ...,  A^],  wherein  the  sum  of  any  k  of  the  indices 

is  equal  to  2*  or  2*  -f  1. 
III.,  ^  14. — Zero  CoefficientB  [2,  Aj,  A,,  A4,  A5]. 
IV.,  \\  16,  16. — Tabulation  of  all  Imown  Zero  CoefficientB  and  BedndUe  Coyariants. 

I.  Zero  Coefficients  [Xj,  Xg,  •..,  X^];  Xr  =  2*"^— 1. 

1.  If  we  know  the  expansion  ^(^1,  z^,  ...,  ^a-i),  we  can  at  once  write 
down  all  the  terms  of  (p(zi,  z^f  ...,  ^«)  in  which  any  index  is  2*"\  the 
greatest  index  possible ;  for  it  is  clear  that  the  terms  of  this  expansion, 
in  which  the  index  Xr  of  Zr  is  2*~\  are  given  by 

it  is  easily  verified  that  the  sign  is  positive,  since  Zr  occurs  with  a  nega- 
tive sign  in  2*"^  factors. 

Now  let  us  consider  those  terms  for  which  Xr  =  2*"^— 1 ;  to  obtain 
such  terms,  we  must,  in  the  product  of  the  2*— 1  factors,  choose  in  all 
possible  ways  the  variable  Zr  from  all  but  one  of  the  2*"^  factors  contain- 
ing Zr.  Suppose  Oe  and  Oo  to  represent  factors  of  ^Ui,  z^f  ...,  Zr-i) 
containing  respectively  an  even  or  an  odd  number  of  the  variables 
^if  ^2)  ---9  Zr-u   and  let  0'  represent  any  factor  of   ^(2rr+i»  <^r+2)  •••>  ^<)- 
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Then  every  factor  of  ^(^i,  Z2f  ...,  Zi)  containing  Zr  is  either  of'  the  form 
Ok+Zt^O'  or  of  the  form  Oo—Zr+O'  where  O^and  0'  may  be  actually 
zero.  The  number  of  factors  Oo  or  Ob  (including  zero)  is  2*"~^,  and  the 
number  of  factors  0'  (including  zero)  is  2^"**. 

2.  We  can  easily  shew  that 

20^  =  2'-«(^i-^,_i), 

20o  =  2'-«(^i+^,_i); 

for  this  is  clearly  true  for  two  or  three  variables,  and,  assuming  its  truth 
for  (r  —  1)  variables,  the  corresponding  values  for  r  variables  are 

i:OE+^{Oo-Zr)   =   2'-^{Zi-Zr-i)  +  2''-HZi+Zr^i)-2''^Zr  =   2^'^(z,-Zr) 

and 

respectively  ;   so  that  the  result  is  true  in  general. 
It  follows  at  once  that        y,0  =  ^^-'^ 

and  therefore  20'  =  2*-'-^-?r+i. 

8.  The  terms  in  zf'  "^  are 

;8rf- ^-^22{(0^-0')-(Oo+0')[  <piz,,  z^,  ...,  Zr-u  Zr^i,  ...,  zi). 

where  the  sign  22  implies  that  every  Or  and  every  Oo  must  be  taken 
with  every  0' ;  these  terms  are 

^-*-i|2«-^2(Ojff-Oo)-2^-^2O'}0(-2:i,  ...,  ^r-i,  ^r+i,  ...,  ^«) 

=  ---^"'-^  {^'^V'Zr^l  +  V-^'if-'-^Zr^,]  ipiz^,  ...,  Zr-U  Zr^u  -..,  Z^) 
=  — 2'"*-^^f'*"V'8fr-l+^r+l)^(^l,   ...,  Zr-\,  ^,+1,  .-m  ^«). 

CoR. — The  terms  in  z^'  "^  are 

and  therefore,  if  [Xi,  X^,  ...,  X«_i]  =  0, 

then  also  [(2«-^~l),  Xj+l,  Xj,  ...,  X«_i]  =  0 

and  [Xi,  Xa,  ...,  Xa_i  +  1,  (2*"^-!)]  =  0. 

4.  Hence,  if  the  coefficients 

[Xi,  Xjj,  ...,  Xr-i  —  1,  Xr+i,  ...,  Xajj 

and  ;- ,  (Xi+...+X,_i+X,+i  +  ...+X5=  ^'\ 

N    2 
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of  <f>{ziy  z^f  ...f  Zr-i9  ^r+i,  •••>  z^)  ^^6  6qual  and  of  opposite  signs,  then 

By  means  of  this  we  can  find,  from  the  tables  already  determined, 
new  zero  terms  in  expansions  containing  one  more  variable,  and,  in 
practice,  this  investigation  is  simplified  by  the  method  used  previously 
for  tabulating  the  coefficients.  For  instance,  take  the  expansion*  of 
<j>(Ziy  z^y  Zq,  z^)  :  from  this  we  can  determine  the  zero  terms  of 
^(^1,  -^2.  ^8»  ^v  ^^  involving  zf  by  examining  all  the  diagonals  from  left 
to  right  downward  and  seeking  for  two  adjacent  coefficients  which  are 
equal  and  of  opposite  signs  [cf.  §  15,  (G),  (i.),  03)].  Again,  to  find  the  zero 
terms  involving  z^ ,  we  need  only  seek  in  every  column  for  two  adjacent 
coefficients  which  are  equal  and  of  opposite  signs  [cf.  §  15,  (6),  (i.),  (a)]. 

From  the  tables  for  z^z^^z^^z^z^*  (loc.  cit)  and  s^^z^z^z^z^  (see  §  14) 
we  can  find  all  zero  coefficients  such  as   [2,  81,  \,  \,  X5,  X^]   [cf.  §  15, 

(G),  (v.),  (a)]. 

5.  Many  general  classes  of  zero  terms  having  one  index  (2^"^  — 1) 
may  be  constructed ;  the  following  will  serve  as  examples : — 

(i.)  If  [Xj,  ...,  Xr_i,  1,  Xr+i,  ...,  Xa_i]  =  0,  then  also 
l\,  ...,  (X,_i+1),  (2«-^-l),  1,  \,+i,  ...,  X,_i] 

^  [Xi,  ...,  Xr_i,  1,  (2  ~  — 1),  (Xr+i  +  1),  ...,  Xa-iJ  =  0. 

(ii.)  We  know  f  that 

[Xi,  ...,  Xr_2>  1,  2,  Xr+i,  ...,  Xa_iJ  +  [Xi,  ...,  Xr-2>  2,  1,  Xr+i,  ...,  X«-iJ  ^  0, 

and  therefore  [Xj,  ...,  Xr-2,  2,  (2*-^— 1),  2,  X,.+i, ...,  X^-i]  =  0  (see  §  6). 

(iii.)  We  know  I  that  [Xj,  Xj,  ...,  Xr_i,  1,  X^+i,  ...,  X^-i]  =  0  if 
^i+--»+Xr-i  is  odd,  and  therefore 

[Xj,  ...,  Xr_i,  2,  2,  Xy+o,  ...,  Xa_iJ+[X,,  ...,  Xr-i,  3, 1,  Xr+2>  •••>  X«_ij  =  0. 

since  the  expansion  contains  the  factor  Zr—Zr^i ;  so  it  follows  that 

IK  ..M  X,.i.  3,  (2«-^-l),  2,  X,^2,  ...,  Xa_i]  =  0 

if  Xi  +  .-.+Xr-i  is  odd. 

(iv.)  It  will  presently  (§  8)  appear  that  [2,  X^,  3,  3,  . . .]  =  0  if  X^ 
is  even,  and  we  know  I  that  [1,  Xg,  8,  8,  ...]  =  0  if  Xj  is  odd;  it 
follows,  therefore,  that  [2,  (2*"^  — 1),  \,  3,  8,  ...]  =  0  if  Xs  is  odd 
(see  §  10). 

♦  rroc,  London  Math,  Cioc,  Ser.  2,  Vol.  3,  p.  318. 
t  Because  r,._i— Zr  is  a  factor  of  ^(z,,  r,,  ...,  r«.i). 
X  ClasH  (ii.)  in  the  Introduotion. 
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(v.)  [1,  4,  Xs,  2,  ...]  =  0  if  Xs  is  odd,  and*  [2,  8,  Xg,  2,  ...]  =  0 
whatever  Xg  may  be  ;  so  [2,  (2*~^ — 1),  4,  X4, 2, . . .]  =  0  if  X4  is  odd.  The 
extension  of  this  last  case  to  a  much  more  general  case  is  obvious. 

(vi.)  If  [1,  X^,  Xs,  ...,  Xa]  =  0,  then  [(2«-l),  2,  X^,  ...,  X«]  =  0; 
but  we  know  that  [2*— 1),  1,  X^, ...,  Xa]  =  0,  and  therefore 

[(2«-l),  2,  (2«+^-l),  (X,+  l),  ...,  Xa]  =  0 

if,  and  only  if,  [1,  X^,  Xg,  ...,  X*]  =  0. 

It  may,  in  certain  cases,  be  possible  to  pick  out  isolated  specimens  of  this 
kind  from  known  zero  terms :  for  instance,  by  direct  calculation  we  find 
that  (see  catalogue  in  §  16)  [1, 14,  8,  8,  5]  =  0  and  [1, 13,  4,  8,  5]  =  0 ; 
so  [1, 14,  81,  4,  8,  5]  =  0.  In  the  catalogue  in  §  15  such  cases  will  be 
omitted  :  it  is  only  necessary  to  remember  that 

[Xi,  X^,   ...,  Xr-i,  (2^"   — 1),  Xr+1,   ...,  XaJ   =   0 

if  [Xi, ...,  (Xr-1— l),Xr+i,  ...,Xa]  =  Oand[Xi,  ...,Xr-i,  (Xr+i— 1), ...,  Xa]  =0; 
and  also  that  [(2*"^— 1),  X^,  ...,  Xa]  =  0  if,  and  only  if, 

[(Xj — 1),  Xg,  ...,  Xa]  =  0. 

II.  Zero  Coefficients  [Xj,  X^,  ...,  Xa];  X^(i)H-X^2;-}-...H-X^.,  =  2*,  or  2*+l. 

6.  Let  us  first  consider  how  we  may  calculate  the  coefficient 
[Xi,  ...,  2,  Xr,  2,  ...,  Xa];  the  method  of  calculation  in  this  simple  case 
will  be  explained  .fully,  as  it  is  typical  of  the  methods  following. 

If  we  take  the  three  factors  -2fr-i,  -?r+i,  (^r-i— ^r+i),  involving  only  the 
variables  Zr^\,  Zr+u  we  get 

The  first  term  requires  one  more  Zr+i  to  be  taken  in  all  possible  ways  from 
the  (2*"^— 2)  remaining  factors  of  ^(-er„  z^,  ...,  z^)  involving  ^r+i :  any  such 
factor  may  be  written  in  some  one  of  the  following  forms : — 

f  Os+Zr^i  —  Zr+Zr+i  —  O',  (  OjB+^fr-i— 2fr+l  +  0', 

I  Oo  —  Zr-l  +  Zr  —  Zr+l  +  0',  I  Oo—Zr-l  +  Zr+l  —  O', 


*  CIakb  (i.)  in  the  Intsodnotion. 
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vtev  ^\  ud  (>>  are  made  up  (as  in  §  1)  from  the  variables  ^i,  z^  ...,  Zr^..^ 
Msoi  ?'  tf  Btade  ap  from  the  variables  Zr+i,  ...,  z^.  Now,  as  far  as  the  first 
iKiL  »  eoneemed,  we  may  put  Zr^i  =  0,  and  therefore  the  factor  from 
«ii:fi:  r^;  is  lo  be  chosen  may  be  written 

I   OE±{Zr-Zr^l  +  Or  f  Oe  ±  Ur  +  l-O'), 

I  Oo  ±  iZr-Zr^i+O'),  I  Oo  ±  (-?r+l-0'). 

If  we  take  Zr+i  from  the  factor  0^— -sfr+^r+i  — 0',  the  resulting  ex- 
p3«tsssioD  will  be 

«nd.  if  we  take  ^r+i  from  the  factor  Of-— ^r+i+0',  the  resulting  expression 

'-'  ^^'U(-2r.-i,^.^i)I..,=o....,=o  Oe+0'' 

It  will  be  convenient  to  denote     y^^i>  •"»  ^^^  by  ^(^f^^j,  Zr+ii  : 

we  know*  that  ^(-?r-i,  -sfr+i)  contains  only  even  powers  of  Zr;  therefore 
fn>m  the  first  term  alone  we  find  that  the  expression  multiplying  ^_i^^i 
is  some  even  function  of  Zr  together  with 

In  the  same  way  from  the  second  term  alone  we  find  for  the  expression 
multiplying  — -^r-i'^^J+i  some  even  function  of  Zr  together  with 

Hence  in  all  the  expression  multiplying  zl_^z\^^  is  some  even  function 
of  Zr  together  with 

^(Zr-u  ?...)  22  \_Q^^]_Q.  +  0^_]_0,  -  0,,-Zr+O'  ~  OE+Zr+O]' 

which  is  itself  an  even  function  of  Zr. 

Hence  every  coefficient  [Xj,  ...,  2,  \r,  2,  ...,  X«]  is  zero,  when  Xr  is  odd. 

It  should  be  noted  that  the  method  fails  in  the  investigation  of  co- 
efficients like  [Xi,  ...,  2,  Xr+i,  Xr+2,  ...»  Xr+«,  2,  ...,  Xa],  where  several 
indices  X^+i,  Xr+29  •••>  X^+c  are  interpolated  between  the  two  indices  we  are 
concerned  with. 


*  Loc,  eit,^  p.  363. 
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7.  The  reasons  for  the  preceding  result  may  be  stated  in  general 
terms :  in  the  first  place,  since  we  are  concerned  only  with  the  index  of  Zry 
we  may  neglect  the  factors  not  involving  Zr^  and  moreover  we  may  neglect 
any  factor  containing  ^r-.i— ^r+^r+i»  since  it  gives  the  same  divisor 
whether  we  require  an  additional  ^r-i  or  an  additional  ^r+i»  and  we  require 
the  difference  of  the  quotients.  The  only  factors  we  are  concerned  with 
are  therefore  those  involving  -?r-i— ^r  or  Zr—Zr-k-u  and  the  divisors  for  Zr~\ 
differ  from  those  for  ^r+i  only  in  having  their  signs  changed  and  — ^r^ 
written  for  Zr ;  the  result  of  taking  the  difference  of  quotients  arising  from 
all  such  divisors  is  therefore  necessarily  an  even  function  of  Zr. 

It  will  not  be  necessary  to  explain  the  cases  following  with  the  same 
fullness  of  detail.  We  next  take  the  coefficients  of  terms  for  which  the 
sum  of  three  indices  is  8,  excluding  the  cases  where  one  index  is  unity  or 
the  sum  of  two  indices  is  4 ;  the  only  possible  values  of  the  indices  are 
2,  3,  3.  Now  we  know  that  any  coefficient  [...  2  ...  8  ...  2  ...]  is  zero, 
since  [2,  8,  2]  =  0,  and  further  the  indices  may  be  read  backwards  or 
forwards.     The  only  cases  to  be  considered  are  therefore 

\\l,   ...,  Ar-2»  2,  \r,  8,  8,   ...»  A^J, 

[X^,  ...,  Ar-89  %  8,  Xr,  8,  ...,  X^J, 
and  \^\f  •••»  Xr-.2»  2,  8,  3,  Xr+st  •••!  X|J. 

8.    lX^,  ...»  Xr-2>  2,  Xr,  8,  8,  ...,  X^ J . 

The  7  factors  in  ^r-i»  Zr^u  Zr+i  give  us  the  two  terms 

2^r>l  K-i-l  K+2       ^K-l  ^r+1  ^r+2- 

The  first  term  requires  one  more  Zr-iy  and  the  second  one  more  Zr+i ; 
obviously  we  can  put  Zr+2=^0  throughout.  Moreover  in  considering  our 
divisors  we  can  neglect  all  those  factors  involving  Zr^i—Zr+i+Zr+2  (as 
in  §  7). 

The  factors  containing  Zr-i  are  of  the  types 

OE+Zr-l-Zr±0', 
Oo-Zr^l+Zr±0\ 

with  a  similar  set  obtained  by  putting  Zr  =  0.  The  factors  containing 
'^-^  «e  of  the  types  o,-\-Zr-Zr.^  ±  0', 

with  a  similar  set  obtained  by  changing  the  sign  of  ^r-t-i  and  patting 
Zf  =  0. 


[ 
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So  the  divisors  for  r,_i  are  of  the  types 

Og-Zr  ±  0', 

-Oo-Zt±0', 
and  those  for  —Zr+x  are  of  the  types 

Os-\-Zr±0', 


I     Oe  ±  0\ 
\-Oo±0'. 


-Oo+Zr±0\ 


j  -Ob±  0', 
(+0o±0'. 


The  same  considerations  as  before  shew,  without  the  need  of  any  further 
calculation,  that  the  expression  multiplying  ^(zr-i>  Zr+i,  Zr+t^  is  an  even 
function  of  ^^and  also  of  even  total  degree  in  the  variables  Zr+a,  ...,zt  in- 
volved in  the  factors  0'.  Hence  the  only  coefficients  of  this  kind  which 
are  not  zero  are  those  typified  by  the  coefficient 

[Ai,   ...,  2,  Xr,  8,  8,  \r-f8i   •••»  ^]» 

where  X,  and  the  sum  (X,+8+Xr+4  +  --.+X«)  are  both  even. 

9.   [Xi,  ...,  Xr-8>  2,  8,  X,,  8,  ...,  Xj]. — 
As  before,  the  7  factors  in  Zr-^,  Zr-u  Zr+i  give  the  two  terms 

^r-2z'r_,zl^,-24_,4_,4^,; 

the  factors  with  which  we  are  concerned  are  of  the  types 

Os+Zr-i—Zr-l  +  Zr  ±  0', 
Oo—Zr~2+Zr-l  —  Zr  ±  0'  ; 


(i.) 


(ii.) 


(iii.) 


{Og  +  Zr-i-Zr±0', 

J 

I  Oo-Zr^2  +  Zr  ±  0'  ; 
^OE+Zr^X-Zr±0\ 
I  Oo-Zr^i+Zr  ±  0', 


with  a  similar  set  found  by  making  Zr  zero. 

It  is  clear  that  the  divisors  obtained  for  Zr^^  from  set  (ii.),  and  for 
Zr^i  from  set  (iii.),  are  the  same  ;  so  that  the  terms  arising  from  them  will 
vanish  in  the  sequel ;  and  without  further  calculation  it  appears  that  the 
final  result  must  be  an  even  function  of  the  variables  ^r+29  Zr^z^  ...,  2:« 
involved  in  0' ;  and  therefore 

[Xi,  ...,  2,  8,  Xr,  8,  ...,  Xa]  =  0,    if    Xr+2-|-..."hXa  is  odd. 
Specially  we  see  that 

[2,  8,  Xg,  8,  ...]  =  0,   if   Xg  is  even. 
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10,   |_Ai,  ...,  2,  3,  3,  Ar+2t  •••>  ^aj« — 

The  preceding  investigations  now  shew  that  also  in  the  present  case 
corresponding  to  every  divisor  containing  a  series  of  terms  0'  there  is 
another  divisor  differing  from  it  only  in  having  —  O'  instead  of  0'  (this 
comes  about  because  we  put  Zr+i  =  0  throughout) ;  and  therefore  the  final 
expression  can  only  be  of  even  total  degree  in  the  variables  involved  in 
the  terms  O'.    Hence 

[Xi,  ...,  2,  8,  8,  Xr+2>  •••!  Xa]  =  0,    if    Xr+2+Xr+8+'«»"hXa  is  odd. 
The  same  method  shews  further  that 

[...,  2,  ...,  8,  ...,  8,  Xr+ii  Xr+2i  ...i  X3J  =  0,   if    Xr+2"hXr+3"h««-"hXa  IS  odd, 

and,  in  general,  if  [ki,  k^,  k^,  ...,  k^]  ==  0,  then*  also 

[_...,  Kif  ...,  1C2,  ...,  If, -pi,  Xr+1,  ...,  XaJ  =  0,  if  Xr+i"rXr+2"r...~rXj  IS  odd. 

11.  Using  this  result,  we  can,  from  any  zero  term  in  the  expansion  in 
€  variables,  build  up  an  infinite  number  of  new  zero  terms  in  the  ex- 
pansions containing  (e+1)  or  more  variables ;  in  passing  from  e  to  €+1 
variables  no  new  result  is  obtained  ;  for  the  new  coefficient  is  necessarily 
[ifi,  K^f  ...,  (ice-hl)>  (2*— 1)],  which  we  know  to  be  zero  (§  8,  Cor.). 

From  the  known  zero  [8,  1,  8]  we  can  deduce 

[...,  8,  ...,  1,  ...,  4,  Xr+i,  ...,  Xa]  =  0,   if   Xr+i+Xr+2"h«»»"hX3  is  odd; 
and  from  [7,  8,  8,  2]  =  0  we  deduce 

|_...,  7,  •••,  8,  ...,  3,  ...,  3,  Xr+i,  ...,  X5J  ^  0,    if    Xr+i^i..^Xa  is  odd  i 
and  so  on. 

Note  that       [2,  X^,  8,  ...]  =  0,   if    \  is  odd  (§  12), 
and  [2,  X^,  8,  8,  ...]  =  0,   if   Xa  is  even  (§  9) ; 

and  therefore  [2,  X^,  8,8,...]  =  0,  whether  \  is  odd  or  even. 

In  dealing  with  the  case  of  four  indices  whose  sum  is  16  the  calculation 
(except  in  special  cases)  becomes  more  complicated  and  suggests  no  new 
development. 

12.  Next,  let  us  consider  the  case  where  the  sum  of  k  indices  is  equal 
to  2'+l :  even  in  the  simpler  cases  the  amount  of  algebraical  computation 


*  It  IB  not  neoessarilj  true  that 

L«i,  ...,  K%,  ...y  («•+  1),  Ar»  ...|  A,,  K^^if  ...,  ir„  ...,  A^3  =  0,    if  Ar  +  A^4,i  +  ...  +  A,.i  + A«  Ib  odd. 
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is  by  no  means  inconsiderable.  As  an  illustration  of  the  principle  we 
shall  first  take  the  coefficient  [2,  X^,  8,  X4,  ...,  X|],  and  show  that  it  is 
zero  if  X3  is  odd. 

The  three  factors  Zi,  z^  {zi^-z^  give  ziz^-^z^zz;  so  that  the  first  term 
requires  two  more  z^Sy  and  the  second  term  requires  one  more  ^1  and  one 
more  z^^  from  the  remaining  factors  of  ^Uj,  z^  ...,  2^5). 

The  remaining  factors  with  which  we  are  concerned  are  of  the 
following  types  : — 


Z' 

z 

z 
z 


—z.+z. 


8 


—z^+z^—O  f  f    containing  both  Zi  and  z^; 
--8^8+0 


f 


—z^ 


) 


-0 


•  ,    containing  Zi  but  not  z^ ; 


Z2      ^8 


z^-^z^+O  [•  ,    containing  z^  but  not  z^ ; 
Zs-0        ) 

0  being  any  factor  of  ^  {z^y  z^,  ...,  z^). 

For  simplicity  (the  principle  and  the  form  of  the  result  are  not  affected) 
we  may  take  the  case  of  five  variables,  so  that  0  may  be  any  one  of 
^4*  ^69  ^4^^6  >    denote  these  factors  by  Oi,  0^,  0^.     In  the  present  case 

yv  y  '"*   5)  jjj^g  ^Q  Y)e  divided  by  pairs  of  the  above  factors  (with  the 

appropriate  signs)  and  then  Zi  and  z^  equated  to  zero.     To  obtain  one 
more  Zi  we  must  divide  yfr  {zi,  z^  by  each  of  the  following  : — 


A 


Zi, 

—  Zi, 

■Zi-Oi, 

-Zi+0, 

«9  — Oj, 

-Zi+O^ 

Zi—Oa, 

-Zi+Oa 

Ox. 

-Ox 

o„ 

-Oi 

o„ 

-0, 

B; 
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and  to  obtain  one  more  z^  we  must  divide  V^(4^,  z^  by  each  of  the  following : — » 


A^  - 


«J. 

-«j 

2,-0i. 

•-^,-  Oi 

2j—  Oj, 

— zj— Oj 

«S—  Og, 

-Za-Os 

-Oi. 

-0, 

-o», 

-0, 

-Oa. 

-Os 

B. 


Hence  to  obtain  two  more  ZqS  we  must  divide  by  all  possible  pairs  of  the 
second  set,  and  to  obtain  one  more  Zi  and  one  more  z^  we  must  divide  by  all 
possible  pairs  one  taken  from  the  first  set  and  one  taken  from  the  second 
set,  but  corresponding  divisors  in  the  two  columns  A  must  not  be  taken 
together,  since  they  both  arise  from  the  same  factor  originally. 

After  some  reduction  we  find  that  the  terms  required  are  given  by 


^AtM  (1-2(2^)  +22^+42^2^ 


+42 


zl-0' 


+22 


0 


^1- 


where  0  may  be  any  one  of  z^,  z^,  z^—z^. 

This  expression  obviously  contains  only  even  powers  of  z^y  since  it  is 
unaltered  on  changing  the  sign  of  ^3,  and  a  similar  expression  can  be 
found  in  the  same  way  in  the  case  of  S  variables. 

It  may  be  worthy  of  remark  that  neither  of  the  coefficients 


is  necessarily  zero. 


[8,  Xg,  2,  ...],        Xj  odd, 


18.  Finally,  we  shall  consider  coefficients  [1,  X^,  4,  4,  ...]  ;  the  enquiry 
leads  to  a  negative  result,  but  throws  further  light  on  the  method. 
The  seven  factors  involving  Zi,  z^,  z^  give  the  terms 

4    2^         38,  24 

Zi  ZzZ2  —  ^Z-y  Zz  Zi  -J-  Zi  Zz  Zi  . 


The  remaining  factors  with  which  we  are  concerned  are  (since  we  may 
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put  Zy  =:  0)  of  the  following  types 


iC^erj— -?8+'2^4— 0)  r  containing  both  2:3  and -^4, 
±(^8-^4+0)         t 

iUa^-^Tg+O)  ]■  containing  ^8  b^^  i^ot  ^r^, 
±(^8-0) 


±(^a-^4+0) 
±(^4-0) 


containing  z^  but  not  z^ ; 


0  being  any  factor  of  ^(2:5,  Zq,  ...,  ^a). 

For  simplicity  we  take  the  case  of  six  variables,  so  that  0  may  be  any 
one  of  z^,  z^,  ^s'^^e »  denote  these  factors  by  Oi,  O^,  0^. 

We  get  the  following  sets  of  divisors  : — 


v.: 


For  one  more  zg- 

— 

'—Zi, 

■ 

-^s+Ox, 

-z,-Ox 

1       , 

— Zj+Oj, 

— Zj— Oj 

— ^s+Oa. 

— zj— Os 

-«8. 

— Zj 

-^s+Oi, 

-Za-0, 

A-l 

—Za+Oa, 
—Za+Oa, 

—Za—Oa 
—  Za—Oe 

Oi. 

-Or 

t                                                   r         •      •    ■ 

Oj, 

-Oa 

•                                                                              • 

Os, 

-Oa 

0,. 

-0, 

o„ 

-0, 

%        «  ■               «       ■ 

/ 

.        Oa. 

-Os     ; 

!^B. 
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For  one  more  z^ — 


A^ 


V 


^s. 

-^s 

«s-Oi. 

-^i.-0, 

«j— Oj, 

— 0j— Oj 

2a— Og, 

-z,-Oa 

^2» 

— ^s 

«2  — Oj. 

-Zj-Oi 

Zi—Oa, 

— «s— Oj 

^j— Og, 

-^s-Og 

-Or, 

-Or 

-Oj, 

-0, 

-Os, 

-Os 

-Oi. 

-0, 

-Oj, 

-0, 

-Os, 

-Os 

>B. 


y 


We  must  divide  yfr  {z^,  z^,  z^  by  the  products  in  pairs  of  the  first  set,  and 
by  the  products  in  pairs  of  the  second  set ;  from  the  sum  of  these  two 
results  we  must  subtract  twice  the  expression  found  by  dividing  ^(^i,  Zq  z^ 
by  che  product  in  pairs,  one  from  the  first  set  and  one  from  the  second  set, 
with  the  same  restriction  as  before,  that  corresponding  divisors  in  the  two 
columns  A  must  not  be  taken  together  (c/.  §  12). 

After    some    reduction    the    terms    required    can  be  written  in  the 
following  form : — 


Ziz\z\ylf(ZiZ^z^  . 


— ftyy.  1 


6S 


1       -_1       l+1622-L-^2J 


f 

1(^2- 0)«      {z^+0?} 

1  1 


00' 


0 


K  + 


I  (^2+0)  (^9+0')         (^2-0)  (-2^2-0')  0(^2+0')-       0(-?2-0')) 


"^^^^^  t=0  ^T=0^      0{z,-0^)\     ' 


where  0  and  0'  are  any  two  of  z^,  z^,  z^—z^  and  are  never  equal.  It  will 
be  seen  that,  except  for  the  terms  in  square  brackets  [...]»  ^^^  whole 
expression  changes  sign  with  z^,  and  therefore,  except  for  these  terms, 
involves  only  odd  powers  of  jstj. 
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In  the  case  of  5  variables  the  terms  in  [...]  do  not  arise,  and  the  whole 
•expression  becomes  {  ^ 

4^  /  /         N  1       6  6  64  1 

so  that  [1,  Xg,  4,  4,  Xg]  =  0,  if  X^  is  even, 

as  is  verified   by  previous  calculation,  but  it  is  not  necessarily  true  in 

general  that  z^   ^     a   a       n      a    •<  \    • 

'^  [!»  ^a»  ^»  ^»  ...J  =  0,  if  Xa  is  even. 

III.  Zero  Coefficients  [2,  Xj,  Xj,  X4,  Xg]. 

14.  This  complete  expansion  has  been  calculated  from  the  known  ex- 
pansion [^(^s>  ^8>  ^4'  ^5)]^  by  ^^6  following  means. 

We  have  to  choose  Zi  in  all  possible  ways  from  two  of  the  factors  of 
<p(ziy  ...,  ^5)  ;  one  factor  is  necessarily  Zi  itself,  and,  since  any  other  factor 
involving  2^1  is  of  the  form  Zi'—O,  where  O  is  one  of  the  15  factors  of 
i>  {^%$  ^Sf  ^v  ^5^9  ^^^  terms  required  are  found  by  dividing  [^  (z^,  z^,  z^,  z^f 
by  each  of  its  15  linear  factors  in  turn,  and  adding  the  results  obtained. 

The  simplest  way  of  performing  these  divisions  is  : — 

(i.)  To  differentiate  \_4>(z^y  z^,  z^,  z^Y  ^^^  respect  to  z^\  this  is 
easily  performed  by  virtue  of  the  scheme  of  tabulation  for  the  co- 
efficients. The  result  is  to  give  twice  the  sum  of  the  quotients  arising 
from  division  by  each  of  the  eight  factors  involving  z^. 

(ii.)  To  perform  the  divisions  by  the  remaining  seven  factors 
synthetically  upon  the  tables  as  they  stand. 

If  the  final  result  is  tabulated  in  the  same  way  as  before,  the  same  tests 
for  accuracy  may  be  applied ;  these  have  actually  been  applied  and  the 
accuracy  of  the  expansion  has  been  otherwise  verified. 

The  expansion  thus  obtained  has  been  made  use  of  in  accordance  with 
§  4  to  find  other  new  reducibles ;  the  actual  coefficients  are  not  tabulated 
here,  but  those  zero  terms  not  included  in  any  known  general  class  are 
catalogued  in  §  15. 

The  same  method  of  calculation  is  not  applicable  to  the  determination 
of  the  coefficients  [Xj,  \,  Xg,  X4,  Xg]  when  Xg,  Xg,  or  X4  is  2. 

IV.  Tabulation  of  all  known  Zero  Terms  {Redttdble  Covai-iants). 

15.  The  following  catalogue  gives  a  summary  of  the  results  obtained  in 
this  and  the  two  preceding  papers :  it  contains  all  the  known  general 
classes  and  all  the  isolated  reducible  forms   (found  by  actual  calculation) 
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determined  up  to  the  present.  For  convenience  of  reference  the  indices 
only  of  the  isolated  forms  are  written :  thus  2, 15,  5,  7, 2  is  an  abbreviated 
method  of  writing  (ayO^^ {a^cL^^^  {a^a^^  {a^a^'^ (a^a^^.  In  every  case  the 
indices  can  be  read  backwards  or  forwards. 

General  Classes* — Typical  co variant 

[\i,  X^,  ...,  X«]  =  0  implies  that  C^+i  is  reducible. 

(A)  V)+X,(«)+...+X,(.;  =  2*-l ;  r^^><r^«>  <  ...  <&\ 

[\l,  Xg,  ...,  X«]  =  0,  if 

(i.)   [X^d;,  Xy(a),  ...,  X^(«)]  =  0. 

(ii.)  The  sum  of  the  indices  is  odd  in  any  of  the  groups 
into  which  the  indices  are  divided  by  the  removal 

of  Xy{i),  X/«),  •..,  X^(«). 

(B)  X/i)+X,(.)+...+X/.;  =  2«. 

(a)  [...,  Mi>  •••>  Ma>  •••>  0*€+l)>  ^r+i,  ...,  Xa]  =  0,  if 

[mi»  M9>  ..•»  Mf]  =  0, 

and  also  Xr+i+Xr+2+...+X3  is  odd. 
ip)  Sum  of  two  indices  =  4. 

[X^,  ...,  Xr-sy  2,  Xr,  2,  Xr+2>  •••>  ^a]  =  0,  if  Xr  is  odd. 
(y)  Sum  of  three  indices  =  8. 

[Xi, ...,  Xr-2,  2,  Xr,  8,  8,  Xr+1,  ...,  Xa]  =  0,  if  Xr  is  odd. 
Specially  [2,  X^,  3,  3,  ...]  =  0,  whatever  \  may  be. 

(C)  \.(i)+\.(i)+...+X/.)  =  2*+l. 

(a)  Sum  of  two  indices  =  5- 

[2,  Xj,  8,  X4,  ...,  Xa]  =  0,  if  \  is  odd. 
N.B. — [8,  Xg,  2,  X4,  ...,  Xa]  is  not  necessarily  zero,  if  \  is  odd. 

(D)  [Xi,  Xa,  .-,  Xa]  =  0,  if  S  =  2€— 1,  and 

Xj  =  X2<-1,    X2  =  X2«-2>    •••!    Xe_i  =  X.  +  1, 

SO  that  the  indices  read  the  same  backwards  and  forwards. 

*  I  haTe  not  thought  it  neoeflHwy  to  point  out  again  that  no  term  can  have  the  sum  of  any 
4(  of  its  indices  less  than  2'—  I. 
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Special  BedunbU  Covariants  (not  included  in  the  preceding  general 

classes). 


(E)  Degree  5. — 


1,     6,     4,     4, 
1,     4,     6,     6. 


(F)  Degree  6.— Cg  =  (OiOj)*'  (ojO,)*'  {Oaa^iatai^  (atOti^- 


(i.)  Xi  =  1.— 


reversible 


(ii.)  Xj  =  1. — 


1,  14,  8,  8,  5 
1,  18,  4,  8,  5 
1,     6,     7,  18,     4 

1,     5,     8,  18,     4 

• 1^ 

reversible 
1,     Xa,    4,     4,     Xg 

14,     1,     6,     8,     8 
14,     1,     3,     8,     6 


(The  last  four  indices  may 
be  read  either  backwards 
or  forwards.*) 


Xn  and  Xc  both  even. 


(iii.)  Xg  =  1. — None, 
(iv.)  Xi  =  2.— 


2, 

15, 

5, 

7, 

2 

2, 

14, 

2, 

8, 

5 

2, 

18, 

9, 

3, 

4 

2. 

18, 

6, 

7, 

8 

2, 

18, 

5, 

9, 

2 

2, 

10, 

3, 

11, 

5 

2. 

6. 

•6, 

8, 

14 

2, 

8, 

6, 

15, 

5 

(G)  (aiaa)^4a9«a)^*--- («aaa+i)^'. — One    index  is  2*"^— 1    (see   also 
§§  5  and  16). 

(i.)  S  =  5  (one  index  15). 

(a)  Xa  =  15  or  X4  =  15.— 

3,     15,     8,     7     8. 

^  Each  sequenoo  of  five  indiosH  can  also  be  read  backwards  or  forwards,  so  that  the  set 
above  includes  [5,  8,  13,  4,  1]  »  0,  .... 
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08)  Xa  =  15.— 

[\i,  Xa,  16,  \,  Xg]  =  0,  if  Xi  -f-Xa  is  even  except  in 
the  case  where  X^  is  either  1  or  2,  or  X5  is  either  1  or 
2.  (But  even  in  this  case  there  is  one  reducible  under 
class  (D),  viz., 

[2,  6,  15,  6.  2]  =  0.) 


(ii.)  (S  =  6  (one  index  31),  Xj  =  1. 


(a)   Xo  =  81  or  X.  =  81.— 


reversible 


US)  \  =  81.— 


,  18, 

81, 

,  18, 

81, 

,  18, 

81, 

,  11, 

81, 

,  11, 

81, 

,     9, 

81, 

,     7, 

81, 

,     6, 

81, 

,     6, 

81, 

5, 

31, 

,     8, 

81, 

11,  5, 

11,  4. 

11,  8, 

12,  4, 


2 
8 
4 
4 

8,  8.  4 
4,  5,  18 
6,  15,  3 
10,  18, 
8,  18, 
16,  6, 
6,  15, 


reversible 


reversible 


2 

4 
4 

7 


1,  14,  7,  81,  6,  4 
1,  13,  10,  81,  6,  2 
1,     5,  11,  31,  13,     2 


(The  last  five  indices 
can  be  read  either 
backwards  or  for- 
wards.*) 


(The  last  five  indices 
can  be  read  either 
backwards  or  for- 
wards.*) 


reversible 


*  Eiich  Beqneiirv  of  Mx  indioeH  can  alxo  be  read  backwards  or  f  orwardH,  m>  that  the  setH  above 
""^"^*  [8,  31,  8,  13,  4,  1]  -  0,    ... 


and 


[5,  11,  31,  13.  2,  1]  =  0 
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(iii.)  0  =  6  (one  index  81),  X^  =  1. 

(a)  X^  =  31  or  \  =  81. — (Other  cases  by  inspection ;  v.  §  16.) 

reversible 


(The  last  four  indices 
can  be  read  either 
backwards  or  for- 
wards.*) 


10, 

11.  81, 

5, 

5 

4, 

18,  81, 

11. 

8 

4, 

5,  81, 

9. 

18 

2, 

18,  81, 

11, 

5 

•2, 

6,  81, 

10, 

18 

reversible 
(iv.)  Sr=  Q  (one  index  81),  Xg  =^1. — None, 
(v.)  ^  =:  6  (one  index  81),  X,  =  2. 
(a)  Xa  =  31.— 


(a) 


2,  81 

2,  81 

2,  81 

2,  81 

2,  81 

2,  31 

2,  81 

2,  81 


15,  8,  5, 

15,  8,  4, 

14,  8,  8, 

6,  6,  15, 

6,  4,  13, 

5,  16,  7, 

5,  7,  16, 


7 
8 
5 
8 
7 
2 
2 


5, 


5, 


7,  18 


(6)  [2,  81,  Xg,  15,  Xj,  Xj  =  0,  if  Xg  is  odd  and  Xg  is 
neither  1  nor  2. 

(c)  [2,  81,  5,  X4,  3,  Xg]  =  0,  if  X4  is  odd. 

(d)  [2,  81,  5,  X4,  2,  Xg]  =  0,  if  X4  is  odd. 

(/3)  X  =31.— 
(a) 


2. 

14, 

31, 

1     7, 

8, 

6 

2, 

14, 

81, 

,     8, 

8, 

5 

2, 

11, 

81, 

,  18, 

4. 

2 

2, 

11. 

31 

.     8, 

11. 

5 

2, 

7. 

31 

,     7, 

13, 

3 

2, 

6, 

31 

,  16, 

5, 

3 

2, 

6. 

31 

,     6, 

16, 

2 

2, 

8. 

81 

,  14, 

10, 

3 

2, 

2, 

81 

,     6, 

15, 

7 

*  Each  sequence  of  mx  indicee  can  bIm  be  read  backwards  or  forwards,  so  that  the  above  set 
includes  [13,  31,  11,  5,  1,  2]  »  0,  ... . 


1907.]  Rbducibiutt  of  covabumts  of  binabt  quamtios  of  infimite  obdbb.  1 95 

(b)  [2,  Xa,  81,  X^,  8,  XJ  =  0,  if  Xj  =  X^. 

(c)  [2,  Xj,  81,  \,  2,  Xe]  =  0,  if  Xj  =  X^. 


(y)  \  =  81.— 

(a) 

2, 

8,     4,  31,     4,  14 

2, 

8,  11,  81,  18,     8 

2, 

3,     6,  31,     6,  16 

2, 

8,     6,  81,     5,  16 

ib)  [2,  15,  Xg,  81,  \y  X^]  =  0,    if  \  is  odd  and  X^  is 
neither  1  nor  2. 

(c)  [2,  Xa,  5,  81,  8,  Xg]  =  0,  if  X^  is  odd. 
id)  [2,  Xa,  5,  81,  2,  Xg]  =  0,  if  Xa  is  odd. 


(<J)  Xj  =  81.— 

2, 

15,     6,     6,  81, 

>     8 

2. 

8,  14,     4,  81, 

,     4 

2, 

7,  18,     4,  81, 

.     6 

2, 

7,     4,  15,  81, 

,     4 

2. 

7,     4,     4,  81, 

15 

2, 

5,  18,     5,  81, 

7 

2, 

4,     2,  11,  81, 

18 

2, 

2,  15,     6,  81, 

7 

2, 

2,     4,  11,  81, 

18 

16.  No  zero  term  occurs  twice  in  the  preceding  list;  if  any  zero 
term  falls  under  two  headings,  it  is  introduced  under  one  only:  e.g., 
[2,15,  5,  7,  2]  does  not  appear  in  (G),  (L),  (a),  since  it  appears  in  (F),  (iv.). 

Moreover,  in  accordance  with  the  observation  of  §  5,  a  certain  number 
of  reducibles  have  been  omitted  from  the  list  (6),  but  all  such  are  easily 
determined  by  inspection.  The  following  are  examples  of  such  obvious 
omissions : — 

(i.)  [1,  16,  81,  7,  4,  4]  =  0,  since 

[1,  16,  7,  4,  4]  =  0     and     [1,  16,  6,  4,  4]  =  0, 
both  the  latter  coefficients  being  zero  because  [1,  6,  4,  4]  =  0. 

(ii.)  [2,  81,  15,  2,  8,  5]  =  0,  since 

[1,  15,  2,  8,  5]  =  0     and     [2,  14,  2,  8,  6]  =  0. 

o  2 
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(iii.)  [2,  16,  5,  8,  81,  6]  =  0,  since 

[2,  16,  5,  8,  5]  =  0     and     [2,  16,  5,  2,  6]  =  0, 

both  the  latter  coefficients  being  zero,  since  [2,  5,  3,  5]  =  0  by 
(C),  and  [2,  5,  2,  6]  =  0  by  (B),  08). 

(iv.)  [1,  5,  8,  4,  81,  14]  =  0,  since 

[1,  6,  8,  8,  14]  =  0     and     [1,  5,  8,  4,  18]  =  0  by  (F),  (i.). 

(V.)  [2,  16,  3,  6,  81,  5]  =  0,  for  [2,  8,  6,  15,  5]  =  0  [see  (F),  (iv.)], 
implies  necessarily  [2,  8,  5,  5]+[2,  3,  6,  4]  =  0,  and  there- 
fore  [2,  16,  8,  5,  6]+[2,  16,  3,  6,  4]  =  0. 

It  may  be  assumed  in  general  that,  if  any  such  coefficient  is  zero,  it  is 
either  included  in  the  list  or  comes  under  the  observation  of  §  5,  taken  in 
conjunction  with  the  general  classes  and  the  special  zeros  catalogued. 

The  catalogue  will  therefore  give,  besides  general  classes,  definite 
information  as  to  the  reducibility  of  any  covariant  of  one  of  the  following 
kinds : — 

(1)  Degree  3,  4,  or  5. 

(2)  Degree  6,  if  any  index  is  1  or  15,  or  if  the  first  or  last  itidex  is  2. 

(3)  Degree  7,  if  any  index  is  31,  and  also 

(i.)  any  other  index  is  1, 
or  (ii.)  the  first  or  last  index  is  2. 

[Note  added  April  lOth,  1907.— 

All  the  covariants  considered  above  are  of  the  minimum  weight  for  irre- 
ducibility:  that  is  the  covariants  involving  the  (<J+1)  symbols  ai,a^,  ...,aa+i 
are  of  weight    2^—1.      It  is  easily  seen    that    the    conditions   for  the 

reducibility  of  the  covariant  {a^a^^^  (a^a^^^ ...  (ajaa+i)^  of  weight  2*  are 

[Xl  —  1,  Aq,  ...,  AaJ  =  LAj,  A2"— 1,  ...,  A^J  =  ...  =  [_Ai,  Aj,  ...,  A3       IJ  =  0. 

These  <5  conditions  are  certainly  satisfied  if  [X^i^,  X,^2i,  ...,  X/.)]  =  0,  where 
0  <  /^^  <  r^^^  <  ...  <  7^'^^  Sf  and  this  last  condition  is  also  found  to  be 
necessary  in  all  the  cases  for  which  the  tables  have  been  actually  calculated. 
The  following  general  result  is  therefore  suggested  : — 

The  covariant,  (aia^^^ia^a^^  ...{a^a^^i)  ,  of  weight  greater  tJian 
2*— 1,  is  redticible  if  and  only  if,  tlie  covariant 

of  weight  2'~1,  is  reducible,  where  0  <  r^^^  <  1^^^  <  ...  <  H'^  ^  ^.] 
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ON    THE    SINGULARITIES    OF    FUNCTIONS    DEFINED    BY 
TAYLOR'S  SERIES  {Remarks  in  addition  to  a  former  Paper) 

By  G.  H.  Hardy. 

[Received  and  Read  January  lOUi,  1907.] 

1.  The  following  note  is  a  result  of  some  remarks  made  to  me 
by  Prof.  Bromwich.  Its  object  is  to  indicate  some  extensions  and  further 
applications  of  the  method  which  I  used  in  my  paper  ''A  Method  &c." 
{Proceedings,  Vol.  8,  pp.  881-9).  This  method  is  an  adaptation  of  an 
idea  due  originally  to  Hadamard  {Journal  de  Math.,  1898),  who  used  it 
to  establish  certain  general  conclusions  since  made  more  precise  by 
Le  Roy.*  In  my  paper  I  introduced  certain  loop  integrals  which  enable 
us  to  obtain  information  in  some  respects  more  general  and  in  others 
more  precise  than  that  given  by  the  line  integrals  of  the  two  writers 
just  quoted. 

2.  Consider  the  series 

where  «>  is  defined  as  in  my  former  paper,  and 

F{x)  =  6o+^i^+^a^*+--- 

is  a  function  of  x,  possibly  many-valued,  but  having  a  branch  (the 
principal  branch)  which  is  regular  all  over  the  plane  with  the  exception 
ot  X  =  1  and  a;  =  oo ,  and  one-valued  inside  the  domain  T  formed  by 
slitting  the  plane  along  the  line  (1,  oo).     Thus  F{x)  might  be 

(1— x)""*,       a;"Mog(l— a:),       F{a,b,c,x). 

Then,  using  the  notation  and  arguments  of  my  former  paper,  but  writing 
for  shortness  ^^^^  ^  ^^^  ^j..i  ^^^_  ^y,.i ^,»a  ^^^^^ 

we  obtain  the  equation 

(1)  f{x)  =  ^.   .    .^^     [  *(u) F{xu)du ; 

2t  sm  (a'X'P)  Tf  jc 

unless  a+jS  is  an  integer  k^  in  which  case 

(la)  / {x)  =  ^^  [  *(m)  F{xu)  log (u- 1) du. 


*  Annates  de  la  FacuUe  dee  Seieneea  de  Toulouse^  1900. 
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In   particular,   if    a  =  /8  =  y=l,    so   that    *(t/)  =  ^(ti)  is  regular  in 
a  domain  including  (0, 1)  in  its  interior, 

(16)  f(x)  =  2^  1^  *(«*)  ^(^)  log(tt-l)dtt. 

This  expression  gives  the  analytic  continuation  of  f(x)  all  over  tiie 
region  T  bounded  by  a  slit  along  (1,  x).  The  branch  of  /(x)  tfans 
defined  is  caUed  the  principal  branch. 

By  taking  as  our  fundamental  contour  C,  not  a  loop  including  the 
line  (0,  1),  but  a  loop  including  some  other  standard  path  from  0  to  1, 
we  can  replace  T  by  another  region  T  bounded  by  a  diflEarent  slit  from 
1  to  CO.  We  infer  that  the  only  finite  singularity  of  the  principal 
branch  of  /(x)  is  jr  =  1  :  or,  as  we  may  say,  x  =  1  is  the  only  finite 
principal  singularity  of  f{x). 

The  argument  is  easily  extended  to  meet  the  case  in  which  F{^)  has 
any  number  of  singular  points.  We  define  a  uniform  principal  brmnck 
of  /(x)  by  appropriate  slits  from  its  singular  points  to  ac ,  and  we  infer 
that  a  corresponding  principal  branch  of  fix)  exists,  and  that  the  only 
principal  singularities  of  f{x)  are  those  of  F(x). 

We  have  now  to  consider  the  subsidiary  singular  points  of  /(x), 
i.f.  those  singular  points  which  are  not  singular  for  the  principal 
branch.  Let  us  suppose  first  that  Fix)  has  a  simple  pole  at  x  =  1. 
This  is  equivalent  to  taking 

F{xu)  =  1/(1— xii). 

Le  Boy  considers  this  case  in  some  detail.  Applying  to  his  funda- 
mental line-integral  Hermite's  methods  of  dealing  with  integrales  a 
coupures^  he  proceeds  to  calculate  the  increment  of  Fix)  when  x  moves 
m  times  round  x  =  1,  and  gives  the  result 


^  *(^)- 


This  result  is  true  only  if  ^(u)  is  one-valued  for  circuits  round  «  =  1» 
i\f.,  if  a+/3  is  an  integer.  It  then  fcdlows  at  once  by  applying  the 
transformation  of  my  former  paper  to  the  integral  (la) :  we  dedoee  that, 
i^  /(«r)  is  the  principal  branch  of  /(x). 


/..+<=-%(i),^(i_.) 


is  regular  near  x  =  1.     In  the  more  general  case  the  increment  is 


?,*4t)+-+*-It):- 
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where  the  suffices  denote  different  values  of  ^.  The  difference  is  most 
easily  grasped  by  considering  such  a  case  as 

This  point  does  not,  however,  affect  the  general  conclusions  which  can  be 
drawn.  For,  in  any  case,  it  follows  that  the  only  subsidiary  singularities 
of  f(x)  are  given  by  ^  ^  ^^      ^  ^  j^^ 

where  f  is  a  singularity  of  *.  Hence  the  singularities  of  f{x)  are  1,  oo 
(principal)  and  0,  1/f  {subsidiary),  $  being  now  any  singularity  of  0. 

When  F  has  a  variety  of  simple  poles  a;  =  Z,  the  singularities  of  / 
are  X,  oo  and  0,  X/f .  The  same  conclusion  holds  when  F  has  multiple 
poles  or  essential  singularities  near  which  it  is  one-valued.  The  treat- 
ment of  such  cases  (as  Le  Boy  shows)  introduces  no  new  difficulties  of 
principle.  When,  however,  F{x)  is  many-valued  (say  at  a:  =  1),  the 
''  increment "  cannot  be  so  expressed  in  so  simple  a  form.  In  fact,  as 
I  shall  show  shortly,  we  can  define  another  function  g(x)  such  that 
/(^)+9(^)  is  one- valued  near  x  =  1,  but  the  complete  determination  of 
the  singular  points  of  g{x)  is,  in  general,  a  problem  just  as  difficult  as 
the  original  problem.  And  similarly  if  (as  we  may  do)  we  calculate 
directly  from  Le  Roy's  line-integral  the  increment  of  /(x)  corresponding 
to  a  circuit  round  a;  =  1. 

Le  Boy,  curiously  enough,  passes  over  this  difficulty  in  silence,  merely 
remarking  that  the  result  proved  in  the  simpler  case  is  true  in  general. 
I  do  not  myself  see  how  to  effect  the  extension  directly ;  but  we  can 
deduce  the  required  result  from  Hadamard's  "multiplication  theorem," 
that  the  only  singular  points  of  ^anhnX^  are  0,  a^  where  a  is  a  singular 
point  of  ^a^x'*'  and  j8  one  of  ^bnX^  (0,  of  course,  can  only  be  a  subsidiary 
singularity).  We  thus  obtain  Le  Boy's  theorem  that  the  only  singular 
points  of  /(x)  are  ^^,    ^   ^^^ , 


*  It  should  be  noted  that  the  point  x  ^  \  may  be 

for  the  other  branches  oif(x)  a  singularity  of  a  kind 

quite  different  from  what  it  is  for  the  principal  branch. 

For  example,  if 

a-  /3-7«  1 

and  ♦(«)  -  exp  {1/[v/{2-m)  +  1]}, 

the  principal  branch  of  f{x)  has  an  ordinary  logarithmic  singularity  at  jp  »  1.  The  point  x^\ 
is  a  subsidiary  singularity.  If  we  encircle  first  1  and  then  i  (as  in  the  figure),  we  return  to 
1  with  a  value  of  f(x)  which  has  an  exponentially  essential  singularity  there.  A  disouseion  of 
the  difficulties  which  are  inyolved  in  t^ie  extension  of  Hadamard's  theorem  to  subsidiary  sing- 
ularities will  be  found  in  a  recent  paper  by  O.  Faber  (Jahretherieht  derDetUtehm  Math.\Ver,,  1907, 
Bd.  xn.,  p.  285). 
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3.  The  preceding  discussion  does  not  contain  anything  really  novel. 
I  have  included  it  because  (1)  the  use  of  loop  integrals  instead  of  line 
integrals  enables  us  to  reach  somewhat  more  general  conclusions  (the 
reduction  of  a  loop  to  a  line  integral  being  only  possible  when  the  con- 
stants a,  )S,  ...  satisfy  certain  quite  irrelevant  inequalities) ;  (2)  there  are 
several  points  which  Le  Roy  passes  over  rather  hastily ;  and  (8)  some 
preliminary  discussion  is  needed  in  order  to  make  intelligible  the  later 
sections  of  this  note  and  the  longer  paper  which  follows. 

4.  I  now  proceed  to  consider  the  application  of  the  method  of  my 
former  paper  to  the  case  in  which  Fix)  is  many-valued.  The  typical 
case  is  that  in  which  F{x)  =  (l— x)"*  where  S  is  not  an  integer. 

We  introduce  the  contour  C"  of  my  former  paper,  and  either  the 
contour  Cj  shown  in  Fig.  1  or  the  contour  Cg  shown  in  Fig.  2. 


Pia.  1. 


Fia.  2. 


In  either  case  the  subject  of  integration  is  one-valued  and  regalar 
within  the  area  bounded  by  the  the  three  loops   (and   shaded).      Also 

is  regular  near  a;  =  1.     Hence  (Fig.  1) 


I 


and 


f{x)+ 


Jc?         JC        JCx 


du 


2isin(a+jS)7r 


{l-xuY 


is  regular  near  x  =  1.    When  <$  =  1,  we  can  calculate  the  last  integral 
in  finite  terms ;  and  so  we  arrive  at  the  results  of  my  former  paper. 

It  may  be  observed  that  the  initial  and  final  values  near  the  origin 
of  the  factors  (logw)*"^,  (w— 1)^"^  are  not  the  same  as  in  the  original 
integral.     It  is  easy  to  see  that 

fix)+g{x) 
is  regular  where 

g(x)  =  ^.  1 .   .  ^.     1    (log  -^1     (i~u)^ 


2i  8in(a+i8)7r  Jcfj 


«i  ii*  ^  4^(u)dic 


(xu—iy 
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Here  the  initial  and  final  values  of  (l—u)^'^  are  each  unity,  and 

/log  —  )  *       =  ^*- 1)  ^<>K  108  !/«< 

=  exp(a-l)  [log  yj{  (log  7-)  V^l  +i  tan-1  {^/(log  ^) }]. 

the  inverse  tangent  being  initially  and  finally  very  small  ;  also  {xu—iy 
is  exp{51og(.rt^— 1)},  log(xu-- 1)  being  real  at  the  point  of  Cj  for  which 
xu  >  1. 

Similarly,  from  Fig  2,  we  obtain 

2isin(a+p)'7r  Jc,  V        i^/  (a:tt— Ir 

It  is  convenient  to  take  the  first  or  second  form  of  g(x)  according  as 
Bixji)  $  0 :  we  can  then  suppose  Cj  (or  G^  to  be  a  loop  closely  sur- 
rounding the  line  (0>  1/^)* 

If  F{x)  —  \lr{x)l{l—xf,  yfr  being  regular  near  x  =  1,  we  have  only 
to  include  an  additional  term  \fr{xu)  under  the  sign  of  integration  in 
either  form  of  g(x). 

5.  Suppose,  e.g.,  that  a  =  1.  We  may  write  the  above  equations  in 
the  form  ir    -v  f    /1       uy-' ^f  u\uy''x[r{u)du 

(or  a  similar  equation  with  K^t  T^),  the  contour  now  being  a  loop  sur- 
rounding (0,  1),  and  the  choice  being  determined  by  the  relative  situation 
of  the  points  0,  1,  j;. 

Then,  if  |  ic  |  >  1,  we  can  expand  g  (x)  in  the  form 

Cndn 


Kx-yl 


x*" 


where  Cn  is  the  coefficient  of  i*'  in  the  expansion  of 

and  d.  =  \y^:iri2ks^. 

^    J      (l^-l)« 

We  thus  define  the  nature  of  the  singularity  of  /  {x) ,  but  not  as  before  in 
finite  terms,  the  result  being  that 


/(a;)+a;->x(-j) 


is  regular  near  x  =  1.      For  example,  if  </>  and  ^  are  each  identically 
unity,  we  obtain  a  relation  of  this  kind  connecting  two  hypergeometric 
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series.     Relations  of  this  kind  are  of  common  occurrence  in  the  theory  of 
many-valued  functions  defined  by  Taylor's  series. 

But  one  must  conclude  that  relations  as  simple  as  those  found  in  my 
former  paper  for  series  such  as 


do  not  exist  for  series  such  as 

1.2...?i  (y+w)* 

(or  even  series  as  simple  as  the  ordinary  hypergeometric  series).  All  that 
can  be  done  is  to  investigate  relations  such  as  those  indicated  in  this 
paragraph,  which  will  in  general  involve  a  second  transcendent  of  at  least 
equal  complexity ;  or  to  obtain  asymptotic  formulae  valid  near  x  ^=  1. 
This  is  much  easier :  for  example,  we  can  prove  that 

^ T(Si+n) r(<?a+n) . .. r(4+n)   x^ 


r(6i+n)  T(€^+n).,.T(€ic+n)  (yi+w)*^  (ya+w)** ...  (y,+n)-/ 

_r(l+2a-2€-2a) 


(l  +  9x), 


(1— a.)i+x«-x«-xa 

where  limtjx  =  0  for  any  manner  of  approach  of  a:  to  a:  =  1.  In  so  far 
as  modes  of  approach  from  within  the  circle  of  convergence  are  concerned 
this  follows  as  a  mere  corollary  from  Pringsheim's  generalisations  of 
Appell's  theorem  {Acta  Math.,  t.  xxviii.,  p.  1).  To  show  that  it  is  valid 
all  round  the  singular  point,  some  method  depending  on  a  formula  giving 
the  analytic  continuation  of  the  function  is  of  course  essential.  A 
modification  of  the  method  of  my  former  paper  leads  readily  to  the 
result,  which  I  need  only  mention  at  present. 

6.  The  method  of  my  former  paper  is  capable  of  interesting  extensions 
in  a  different  direction.     Let  us  consider  the  more  general  contour  integral 

du 


^^^^       2i  sin  (a+)8)7r  Jc*^^^  l-a;^(w) 

where  yjr  {u)  is  regular  in  a  domain  including  (0,  1)  in  its  interior.     For 
sufficiently  small  values  of  x, 

fix)  =  I,anX* 
where  an  =  ^.  .    .    ,  o.     I    ^{u)  {\[r(u)\''du. 
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The  contour  integral  gives  the  analytical  continuation  of  the  series  over 
the  domain  bounded  by  a  certain  cut*    This  cut  contains  those  values  of 

^8i^^°**y  :r=l/V^(«)     (0<«<1). 

By  varying  the  path  from  0  to  1  included  in  the  loop  we  vary  the  cut. 
The  singular  points  of  f(x)  can  only  be  found  among  points  excluded  from 
the  domain  of  regularity  of  /(«)  by  all  possible  positions  of  the  cut — as, 
e.g.^  a;  =  1,  a;  =  oo ,  when  ^(w)  =  u. 

Suppose,  to  take  a  definite  case, 

"^{v)  =  w(l— u). 

When  the  path  from  0  to  1  is  along  the  real  axis  the  cut  begins  at  +^> 
goes  along  the  real  axis  to  a;  =  4,  and  returns  to  +  ^  • 
If  u  =  re**,  IjuiX—u)  =  $-)rifi,  where 

^_     COS0— rcos20  _  sin0~rsin20 

^'■r(l-2rcose+r^'         '' ""       r(l-2r  cos  d+r*)  * 

Thus  i;  =  0  (i.)  if  u  is  real  and  (ii.)  if  rcos  0  =  J,  i.e.,  when  the  path 
from  0  to  1  crosses  the  line  fi  (t/)  =  J.  When  this  is  so,  ^  =  4  cos*  d  <  4. 
Hence  the  cut  always  passes  from  oo  to  oo,  passing  between  0  and  4, 
i.e.j  all  possible  positions  of  the  cut  exclude  the  point  a?  =  4.  For  example, 
if  the  path  from  0  to  1  is  the  semicircle  described  on  (0,  1)  as  diameter, 
the  cut  is  the  line  B  (x)  =  2.  Again,  if  we  take  the  path  from  0  to  1  to 
be  as  shown  in  the  figure  (the  two  curved  portions  being  congruent)  the 


cut  is  a  curve  from  4  to  oo  described  twice  in  opposite  directions,  and 
nowhere  meeting  the  real  axis  except  at  4.  Thus  a;  =  4  is  the  only 
principal  singular  point. 

Suppose  X  is  real  and  a  little  less  than  4.     The  roots  of 

l^xuil—u)  =  0 

are  w  =  J  ±i\/|(4— a;)/4a;f ; 

as  X  approaches  4  these  poles  of  the  subject  of  integration  approach  | 
from  opposite  sides,  nipping  the  loop  C  between  them.  Introducing  a 
contour  C  which  encloses  the  poles,  we  obtain 

j^  =  j^+;^7|^^i:^(*[i+*V{(4-x)/4x[]-$[i-tV{(4-a:)/4xt]|. 

We  thus  determine  the  behaviour  of  f(x)  near  x  =  4. 
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Suppose,  e.g,,  a  =  1,  0=1.     Then 

Thus  the  only  principal  singular  points  of 

...  _  y  ro8+»)r(Y+») 

yW-i     r(/8+y+2n) 
are  2  =  4,  oo .     Near  x  =  4,  f(x)  behaves  like 

where   X  =  Vi(4— x)/4a;[.      We    may    verify    the  result  by  supposing 
^  =  y  =  1,  when  we  must  use  the  degenerate  integral 


as" 


2« 

We  find  for  the  irregular  part 

2 


«  J  1— artt(l— w) 


tan 


V(^)- 


Via:(4-a;)[ 
As  a  matter  of  fact 

/«"  =  '+T(f)  +  O  (f )'+■••  =  7wf=I5l'"-VG-^)- 

In  this  (and  in  the  more  general  case  above)  4,  oo ,  0  are  the  only  sing- 
ularities, the  last  being  subsidiary. 

Another  interesting  set  of  series  is  given  by  supposing 

^(tt)=ttl0g  ^— j. 

If  )S  =  1,  0=1,  this  gives  rise  to  the  series 

V  r(n+a) 


(^+y)n+.^*- 


The  nature  of  the  cross  cuts  may  be  seen  to  be  much  the  same  as  in  the 
last  example :  the  one  finite  principal  singularity  is  in  this  case  a;  =  e. 
As  X  approaches  e  the  contour  C  is  nipped  by  two  poles  which  both 
approach  the  point  u  =  1/6.  The  expression  of  the  irregular  part  involves 
two  transcendental  functions,  viz.,  two  roots  of 

lH-irwlogt*  =  0, 

or  u^  =  ^,  where  $  =  e"^^.  These  functions  have  been  (to  a  limited 
extent)  studied  by  Eisenstein  and  Seidel. 
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Farther  examples  are  given  by 
^ (u)  =  uT (1  -«)-,      u^  (log  j^)\       u  (1 + w),       ^,       .... 

7.  Every  admissible  form  of  yfr  (u)  (§  6,  beginning)  gives  rise  to  a 
family  of  series  as  extensive  as  that  considered  in  my  former  paper.  The 
preceding  examples  will  sufficiently  show  the  course  of  the  argument  in 
each  case.  I  have  purposely  chosen  an  example — ^(w)  =  ?^(l  — w) — in 
which  the  details  of  the  analysis  differ  from  those  necessary  in  the 
simplest  case,  viz.,  yfr  (u)  =  u.  The  whole  method  is  obviously  capable  of 
numerous  generalisations  which  it  is  difficult  and  hardly  worth  while  to 
attempt  to  classify.  It  is  better  to  allow  the  generalisations  to  be 
suggested  by  the  particular  classes  of  series  with  which  they  enable  us 
to  deal. 
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ON   THE   LIMITS   OF  REAL   VARIANTS 

By  J.  Mbrceil 

[Reoeived  Kovember  26th,  1906.— B«ad  December  ISth,  1906.] 

Introdiiction. 

There  are  two  well  known  theorems  due  to  Cauchy  which  are  con- 
cerned with  the  limits  of  variants  *  (i.e.,  functions  of  a  variable  positive 
integer  n)  for  infinite  indices.  The  first  f  is  to  the  efiect  that,  if  Z»  is 
any  variant  such  that  ^         v 

tends  to  a  definite  limit  X  when  n  is  increased  indefinitely,  then 

tends  to  the  same  limit.     The  second  I  shows  that,  if  X»  is  a  positive 
variant  such  that  v     /xr 

tends  to  a  definite  limit  X  when  n  is  increased  indefinitely,  then 

tends  to  that  limit. 

Now  the  converse  of  neither  of  these  theorems  is  necessarily  true. 
To  take  a  particular  example,  suppose  that  XH  =  a''d(n)  where  d(n)  =  n 
for  odd  values  of  n  and  =  \n  for  even  values. 

"^^^"^  1  <  6{n)  <  n 

for  all  values  of  n.     Consequently 

Since  Lt  n^^"  =  1,  it  is  clear  that 

Lt   {a''e{n)\^''  =  a. 

But   Lt  Xn+ilXn  does  not  exist,  since 

Lt  Xin+i/Xin  =  2a     and     Lt  Xoh/Xor-i  =  i^. 


n  =  eo 


A  =  ao 


H  =  ao  )t  =  ao 


*  Cf.  Meray,  Nouveau  Prieis  d* Analyse  i^finitesimaUf  p.  1. 

t  '<  Coura  d' Analyse  de  TEcole  royale  polytecbnique  *'  (1821),  (Euvret  Complketf  nine.  Serie, 
t.  III.,  p.  64-58,  p.  62-63. 

X  Cauchy,  loe.  eit,f  pp.  51-63. 
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Examples  such  as  this  suggest  the  question :  Can  we  find  some  single 
variant  analogous  to  the  X»+i— X»  or  Xn+i/Xn  of  Cauchy's  theorems 
such  that  the  existence  of  its  limit  for  an  infinite  index  will  ensure 
the  existence  of  both 

Lt  (Xn+i-XJ,     Lt  7r'Xn    or     Lt  X.-m/Xh,     Lt  JCJ^ 

as  the  case  may  be  ?  This  will  be  considered  in  Section  I.*  The 
succeeding  section  will  be  devoted  to  the  extension  of  the  theorems  to 
the  case  of  variants  of  more  than  one  index.  Section  III.  will  be  devoted 
to  an  extension  of  Pincherle's  theorem  on  the  radius  of  convergence  of 
a  power  series  which  arises  natually  from  the  analysis  of  the  first  section. 

I. 

1.  We  are  to  shew  that  there  do  exist  single  functions  answering 
the  above  mentioned  requirements.  In  fact,  analogous  to  Cauchy's  first 
theorem,  we  have  the  foUowingt : — 

Theorem  I. — Let  Xn  I  be  any  variant  whose  index  is  n  and  which  is 
such  that  XT         VI       -1  XT 

Xn+i—Xn+fin    'Xn 

tends  to  a  definite  limit  \  when  n  tends  to  infinity  ;  then  (i.),  if  X  is  finite, 

Xn+i—Xn    and     fr^Xn 

tend  simultaneously  to  the  limit  X/Oi+l),  provided  that  fi+l>0; 
(ii.)  if  X  is  infinite  (±Qo),  n'^X^  tends  to  X  when  m+1  >  0,  whilst 
Xn+i—Xn  certainly  does  so  only  if  0^  fi>~-l. 

It  will  be  observed  that  this  theorem  when  proved  will  give  us  a 
single  limit  whose  existence  is  necessary  and  sufficient  for  the  two  limits 
Lt  Xrt+i— Xn  and    Lt  ?r^Xn  so  long  as  they  are  finite. 

We  now  proceed  to  prove  it.  Suppose,  in  the  first  place,  that  X  is 
finite.  By  the  definition  of  limit  we  can,  if  e  is  any  arbitrarily  assigned 
positive  quantity,  however  small,  find  an  integer  7n  such  that,  if  n  ^  m, 

we  have  ^_^  ^  Xn^i-X,+fin-'Xn  <  X+a-  (i.) 

where  a-  =  J(axH-1)€,  a-  being  positive  since  /x+l  >  0. 

Writing  n  =  m  in  this  equality  and  dividing  along  by  O—jxIm) 
(which   can   be   taken  to  be  positive,  since  we  may  always  suppose   m 


*  Where  it  will  be  aiiHwered  in  the  «flinnative. 

t  Of  coarse,  the  theorem  may  be  stated  in  various  forms  :   e.ff.^  we  may  write 

{  It  is  assumed  that  .Tn  is  finite  for  finite  valaes  of  ii. 
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so  chosen  as  to  be  greater  than  m)*  we  obtain 


^ — o*    ^    Xm+\ 


X 


l  —  —       1— -^ 


m 


m 


Writing  now  n  =  m+l  in  (i.)  and  dividing  along  by 


we  have 


X-, 


+ 


\        m/  \       7n+l/        \        m/  \       m+l/ 


X+o- 


\        m/  \       w+l/ 

Proceeding  in  this  manner,  we  obtain  p  double  inequalities,  of  which  the 
last  is 


X-- 


X 


m-fp 


>-iiH-p— 1 


\+<r 


,=0  V        m+tj       /=o  V       m+tJ       t=o  \       m+t/       t=o  \       vi  +  t/ 


If  we  add  all  these  inequalities,  we  obtain 


(X-cr)S«.i 


Xn+;> 


-X 


lit 


{X+<r)S«-i 


(ii.) 


where  iSp-i  is  the  sum  of  the  series 


+ 


"l     •••     I     p_i 


i_A     (i_^)(i_^)  'n(i — ^) 

m        \        7)1/  \       m+l/  J-..0  \       7n-\-tl 

Now,  by  a  well  known  theorem  of  elementary  algebra,*  the  sum  of.  this 

series  is  (/ti+l^O) 

1     [        ?yi>+j? 

M=o  V       m-f-f/ 


M+l 


VI 


(iii.) 


) 


Consequently,  multiplying  along  the  equality  (ii.)  by 


<=o  V       m+^/ 


m-\-p 


♦  Cf.  ^  7VM^it<f  OM  Algebra,  C,  Smith,  Fourth  EdiUon  (1893),  p.  410* 
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after  having  added  Xm.  to  each  term  of  it ;  we  obtain 


f'nVi ^h 


m+p       M+1 


m+p         ft^*        M+1 


(iv.) 


Now,  provided  that  m+1  >  0,  the  expression 

(=0  \        m+tJ 
m+p 

tends  to  zero  f  when  p  is  increased  indefinitely  :  we  can  therefore  choose 
a  value  of  p — say,  P — such  that  p  ^  P ;  the  second  members  of  the  ex- 
treme terms  of  this  last  inequality  are  less  than  ^e  in  absolute  magnitude. 
We  have  then,  on  writing  m+p  =  n,  m+P  =  ^, 

M+1  n        /ui+1 

provided  that  n'^N. 

This  proves  that  n~^X»  tends  to  the  limit  X/Ou+l)  as  n  increases 
indefinitely. 

From  this  it  follows  at  once,  by  well  known  theorems  on  limits,  that 

Lt   (X,t+i  — Xw)  =    Lt  (Xn+i  — Xn+M  — ^)— M   Lt   — ^ 
»=oe  n=oo  \  tl  /  n=»    tl 

=  X—    ^^     =      ^ 

AX+1        M+1' 

which  completes  the  proof  of  the  theorem  for  the  case  where  \  is  finite. 

2.  Next,  suppose  that  X  =  +  Q^  • 

Let  H  be  any  positive  number  as  great  as  we  please.     Then,  corre- 
sponding to  (i.)  above,  we  have  the  single  inequality 

Xn^x''Xn+fin-'Xr,>  Hifji+D+cT     (u^m), 

a-  being  a  positive  number. 

Corresponding  to  (ii.),  we  have 

^■^ T-^-  >  [HOtx+l)+cr]&Vi  ; 


n(i— 5:7) 

t=o  \       m+tl 


•  Hereafter  to  be  denoted  by  r^p.  t  Cf.  C.  Smith,  op.  eit,y  pp.  423-4. 

•  2.     TOL.  5.     KG.  957.  P 
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whilst,  instead  of  (iv.),  we  have 

^+P  M+1 

where  Sp  tends  to  zero  when  p  is  increased  indefinitely.  Consequently, 
choosing  P  so  great  that  f or  p  >  P  we  have  |  Sp|  <  <r/(/Lt+l),  we  deduce, 
on  writing  m+p  =  n,  m+P  =  N, 

7t-^X„  >  H    (n  >  N), 

which  proves  that  Lt  n~^Xn  =  +  oo . 


H  =  flO 


It  follows,  then,  at  once  that 

Lt   (Xn^i-Xn)  =    Lt   [X^+i-Xn  +  M^r^Yj-M   Lt   Pr' Xn  =  +00. 
»=oo  n=Qo  n=» 

if  M  ^  0.     The  remaining  case,  viz.  X  =  —  oo ,  may  at  once  be  deduced 
(by  writing  Xi  =  —  X)  from  the  preceding. 
The  theorem  is  then  completely  established. 

8.  As  corollaries  of  Theorem  I.  we  have  : 

Cor.  I. — If  we  write  m  =  0  in  the  above,  we  at  once  obtain  Cauchy's 
theorem. 

Cou.  II. — Suppose  that  Xn  is  such  that  n^'Xa  tends  to  zero  when 
n  becomes  indefinitely  great. 

The  theorem  may  be  then  stated  in  the  form  : 

If  Xn  be  any  variant   such   that   n'^X^   tends  to  zero   when  n 
increases  indefinitely,  whilst  at  the  same  time 

n-'^ln^Xn^i-in-irXn} 
tends  to  a  definite  limit  X,  then,  /x  +  1  >  0,  we  have 

X  X 

Lt  (-Xn+l  — Xn)   =    Lt   —7   =    — TT* 
n=ao  »i=oo    n  At  +  1 

As  a  simple  application  of  this  corollary  we  may  evaluate 

Lt  ^''+^+V+"^   0.+i>o):. 

Write  X,..  =  '''+^+•••+"^ 

Obviously,  if  /*  >  0,  X„+i  <  n ; 

ifAi<0,  X,+,  < /^»-^ 
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Consequently,  fi+1  >  0,  the   Lt  w~^X»  =  0. 

W=€0 

Again,  n**  .Y„+, — (n  - 1)**  Xn  =  n**. 

We  have  therefore  in  this  case  X  =  1 ;  therefore 

Lt  ^  =  Lt  l^+^"+-'  +  H^  _  .J_  ♦ 

4.  Before  proceeding  further,  let  us  examine  the  limitation  (viz., 
M+l  >  0)  which  has  been  forced  upon  us  in  the  course  of  the  proof 
when  \  is  finite. 

It  will  be  observed  that  the  proof  turns  upon  the  fact  that 

tends  to  zero  when  p  is  increased  indefinitely,  provided  /Lt+1>0.  If 
/x+l  ^  0,  our  argument  breaks  down,  and,  if  the  theorem  is  true  for 
a  wider  range  of  values  of  /x*  we  should  have  to  find  some  new  line  of 
reasoning. 

It  will  be  seen,  however,  by  the  following  particular  example,  that 
it  is  impossible  to  widen  the  range  of  values  of  /ul  in  the  general  case. 

Let  /  \        /  \ 

x...  =  (i-M)(i-f)...(i-f). 

Then  we  have  always      Xt+i—  (l—  — )X«  =  0. 

^  =  «-'"('-f)-(-T) 

«+'-a+«(i+|)...(i+i)' 

which  tends  to  the  limits  0,  1,  oo  according  as  /x+1  >,  =,  or  <  0. 

This  shows  at  once  that  /x+1  >  0  is  the  greatest  range  of  values  for 
which  the  theorem  is  generally  true. 

5.  We  have  next  to  inquire  whether  in  the  case  X  =  ±  oo  we  could 
hope  to  prove  generally  that    Lt  (Xn+i—Xn)  =  X   when   /x  >  0.     As  in 

the  preceding,  we  shall  prove  that  this  is  impossible  by  a  particular 
example. 


*  Li  the  language  of  the  integral  calculuB  [  x^da;  «  —    (;a+  I  >  0),  it  is  eHny  to  see  how 

Jo  M+1 

to  eyaluate  directly  such  integrals  m  [   f  xfy^dxdy  {v¥\  >  0,  /*  +  k  +  2  >  0). 

Jo  Jo 

p  2 
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Let  a  variant  be  defined  by  the  following  : — 

A'2«+i  =  iw(/?+3),         Xon  =  i'Kw+1). 
Obviously  Xaw+i— A'jn  =  n,         X«».  — Xon-i  =  1. 

But  Lt    {Xn+i-Xn+MW-Mn;    =  +X         (m  >  0), 


11  =  00 


whilst  the  two  equations  just  given  above  show  that  Xn+\—Xn  oscillates 
between  1  and  +  oo . 

It  is  easy  to  see,  however,  that,  if  we  regard  the  numbers  of  the 
sequence  Xu+i—Xn  as  represented  by  points  on  a  line,  even  if  /a  >  0,  X  is 
a  limiting  point  of  the  set. 

6.  Before  leaving  this  theorem  we  may  remark  that  the  condition 

Lt  (X„+i-Ah+mw-^X„)  =  X     Oti+1  >  0) 

n=3o 

is  necessary  and  sufficient  for  the  existence  of  the  limits 

Lt  (Xn+i-X„)     and     Lt  n-^Xn 


only  if  X  is  finite.     If  X  is  infinite,  the  above  condition  is  necessary,  if 

/£  >  0,  but  is  not  sufficient;  whilst,  if  /£  <  0  but  /x+1  >  0,  the  condition 

is  sufficient,  but  not  necessary.     This  last  point  may  be  made  clear  by 

the  following  example: — 

4 
Let  /x  be  a  negative  number  (>  —2),  r  a  positive  number  = 1, 

and  let  a  variant  be  defined  by  the  equations 

X2n+1  —  X^n    ^    ^'>  X2n  —  Xon-l    =    ft  I 

ar^  fV.Qf       Y        —  0'+r)Mn+l)         Y    —  rn(n—l)  ,  n(n+l) 

so  tnaC        Ajn+i  — »         Ao„  — 1 — . 

Then,  obviously,     Lt  (Xi+i— X„)  =  oo,       Lt  n~^Xn  =  <»; 

n— «  n—x 

but  Lt^  |^X2.+^-Xo„+/i  ^J  =  +00, 

Jii  I  X2»— X2«-i+M     ~"_Z\\  =  finite  quantity. 

7.  It  is  easy  to  see  that,  by  a  slight  modification  of  the  above 
argument,  we  can  generalise  this  theorem.*  Let  fix)  be  a  function 
of  X  defined  for  all  real  values  of  x  greater  than  a  fixed  number  and 


•  Cf.  Cauohy,  op,  cif,,  pp.  a4-58. 
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which  is  finite  for  finite  values  of  x.      The  theorem  referred  to  is  the 
following : — 

Theorem  II. — If  for  increasing  values  of  x  the  difference 


/U+l)-(l-^)/(a:) 


tends  to  the  limit  X,  then  the  functions 

/(x+l)-/(.t;);        x-^f{x) 

tend  at  the  same  time  to  the  limit  X/(r+l),  provided  that  X  is  finite  and 
r+1  >  0:  in  the  case  when  X  =  +  od  these  each  tend  to  X  if  0^r>  — 1 ; 
whilst,  if  r>  0,  Lt  x"'/(x)  =  X,  but  /(^+1)— /(x)  may  not  tend  to 
this  limit. 


8.  Corresponding  to  Cauchy's  second  theorem,  we  have  the  following : — 

Theorem  III. — Let  X»  be  a  variant,  positive  for  great  enough  values 
of  n,  such  that 


tends  to  a  definite  limit  X  when  n  increases  indefinitely  ;  then 

Xn^i/Xn   .and     X;^/" 

each  tends  to  the  limit  X^'^"^^\  if  X  is  finite  and  not  zero  and  m+I  >0, 
whilst,  if  X  =  0  or  00 ,  each  tends  to  the  limit  X,  provided  that  0^/i>  —l- 
In  the  latter  case  'K}^''  certainly  tends  to  the  limit  X  if  yu  >  0,  though 
Xn+ilXn  may  not  do  so. 

As  before,  we  may  remark  that  this  will  give  a  single  limit  whose 
existence  is  necessary  and  sufficient  for  that  of  two — in  this  case 

Lt  Xn+ilXn    and      Lt  Xif~ 

— provided  X  is  neither  zero  nor  infinite. 

It  is,  of  course,  quite  clear  that  Theorem  III.  may  be  deduced  from 
Theorem  I.  by  writing  log  X!^  =  Xni   but,  following  Cauchy's  lead  in  his 

proof  of  the  classical  theorems,  a  separate  proof  which  does  not  require 
the  theory  of  logarithms  may  be  supplied.  Space  does  not,  however, 
permit  such  proof  being  given  here.  The  reader  will  have  little  difficulty 
in  constructing  it  if  he  so  desires. 
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Corresponding  to  Theorem  II.,  it  is  easily  seen  that  we  have  the 
following  generalisation  of  Theorem  III. : — 

Theorem  IV, — If  for  increasing  values  of  x  the  quotient 

f{x+^) 

tends  to  the  definite  limit  X,  then  (1),  if  X  is  finite  and  not  zero,  the 
functions  [/{x+Dlfix)]     and     [J{x)Jf' 

tend  at  the  same  time  to  the  limit  X^^<'*+^>  {r+1  >  0) ;  (2),  if  X  =  oo  or  0, 
these  each  tend  to  X  if  0>r>— 1;  whilst,  if  r  >  0,  Lt  [f{x)J^  =  X, 

though  f{x+l)lf{x)  may  not  tend  to  this  limit. 

II. 

9.  In  extending  the  theorems  of  I.  to  variants  of  more  than  one  index 
we  will  confine  ourselves  to  the  consideration  of  the  case  when  there  are 
only  two,  as  the  statement  of  the  theorems  and  their  proof  will  be 
sufficiently  obvious  in  the  more  complex  cases. 

Corresponding  to  Theorem  I.  of  the  previous  section,  we  have : 

Theorem  I. — Let  X^,  n  be  a  variant  of  two  positive  indices  m  and  n, 
such  that  (X»+i,  n— X»,  J  is  limited*  for  m  infinite  and  (X«i,n+i— -Xi*,  J  for 
n  infinite  ;  moreover,  suppose  that  for  increasing  values  of  m  and  n  the 
variant 

x»...,+i-(i--^)x,.,^i-(i-^)x«,,,„+(i-^)(i-^)x... 

tends  to  a  definite  limit  X.     Then 
(i.)  If  X  is  finite, 

The  variants     X^+i,  h+i— Xu^n+i— -Xw+i,n+-3L^.«, 

n  *  m  '       mn 

all  tend  to  the  limit!  ; — ,  ^.  ,    ,  ^.  , 

(m+1)(j'+1) 


*  A  yariant  X^^ »  is  limited  for  m  infinite  if  for  any  finite  value  of  n  we  can  find  two  finite 
numben  /»  axid  Ln  such  that  U  <  ■X'm.n  <  -Lh  for  all  valueH  of  m.  It  is  easy  to  see  that,  if 
X.m*\,n  —  Xm, »  is  80  limited,  then  m-^X^,  „  is  alfio  limited. 

t  To  remove  all  possibility  of  doubt,  it  may  be  stated  that  here  and  throughout  a  variant  of 
two  indices  JCm.  n  will  be  said  to  tend  to  a  finite  number  A  for  increasing  values  of  m  and  if,  when 
or  any  assigned  positive  number  c  we  can  find  integers  Jf  and  iVso  that  |  Xm,  n— A  |  <  c,  pro- 
vided m  ^  If  and  n  "^  N.    Should  A  be  infinite,  the  definition  is  modified  in  the  usual  manner. 
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when  m  and  n  are  increased  indefinitely,  provided  that  jul+I^O, 
i/+l>0. 

(ii.)  If  \  =  ±  00 , 

(a)  The  last  of  the  above  variants  tends  to  X,  provided  that 

M+1>0,         p+l>0. 

(b)  The  third  variant  tends  to  X,  provided  that 

0>i/>  — 1,         M+1>0. 

(c)  The  second  tends  to  X,  provided  that  0>m>  —  1,  i'+l>0. 

(d)  The  first  variant  tends  to  X,  provided  that  fx  or  i/  =  0,  and 
the  one  =^  0  lies  between  0  and  —1. 

We  remark  that  this  theorem,  when  proved,  will  give  us  a  single 
variant  the  existence  of  whose  (finite)  limit  for  m  and  n  indefinitely 
increased  is  the  necessary  and  sufficient  condition  that  the  four  variants 
mentioned  above  should  have  (finite)  limits. 

10.  We  proceed  to  prove  the  theorem,  assuming  in  the  first  place  that 
X  is  finite. 

Consider  the  last  variant,  viz.,  m"^  n"^  X^,  n-  Then,  if  e  be  any 
arbitrarily  assigned  positive  number,  however  small,  we  can  under  the 
proposed  conditions  find  two  integers  m  and  n,  such  that  when  N'^n^ 
M'^m,  we  have 

X  — O-  <      Xjf+i,  2^+1—  (1—  •jrfj  X3f,2V^+i— (1—  jzj  X^f+l,  A' 

where  o-  =  ^(jii+l)(v+l)€. 

Writing  now  N  =  7i,   A/  =  w,   and  dividing  through  the  inequality  by 

(l— — j(l j  (which  may  be  assumed  positive,  since  we  can  always 

assume  m  and  n  chosen  greater  than  jul  and  v  respectively) ,  we  have 

X       <T ^  J 2Lm+l,n+l 2Lm.  v  +  \ ^w-H.  n         i    v 

<     — A±£__. 
\        m/\        n) 
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Again,  writing  M  =  m+1,  N  =^n,  and  dividing  through  by 

(^-i)(-^)(^-f)' 

we  obtain 

X-o- 


('-i)('-s^)(>-i) 


f=o  V       m+^/\        nj       \        m/\        n) 


^('-i)('-ii)('-t)' 


+ 

Proceeding  in  this  manner  and  giving  M  all  possible  values  <  m+p, 
and  N  all  possible  values  <  n+g,  we  have  a  number  of  inequalities  of 
which  the  last  is 

^n'  f i_  ^^)  'ft'  (i ^^    ft'  d ^\  ft'  (i_  ^^  - 


^ft'(l__MA'ftVi_     V    N- 


(J3) 


Adding  all  these  inequalities,  we  obtain 

II  (i-  _^)  n   1-  -^)     n  (1-  -^A 

Y 

n  (1--X-J 

t=o  \       m+t/ 
<  (\+(r)Sp-i^q-i 

where  Sp-i.7-i=  2    2   -j— —-^ 


s= 


'-  "'=0  n  fi--^^'!  n  d--^^'^ 

(=0  \        m+tj  (=0  V        n+t'/ 


Now  it  is  clear  that  the  sum  of  this  series  is  equal  to 


.=0  n(i_^y.'=oft  (i_^Y 

t^o\        771+ tJ  t'=o\        n+t  J 
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Consequently,  if  we  denote  by  rip  the  same  quantity  as  in  the  previous 
section,  and  by  ^q  the  corresponding  quantity  when  n  is  written  for  m  and 
q  for  pt  we  have  after  an  easy  reduction 

Now  it  is  obvious*  that  when  p  and  q  increase  indefinitely  the  left-  and 
right-hand  sides  of  this  double  inequality  tend  to  the  limits    .  ~4_i\/    i  iv 

^^^  7 — ,  ^v.^i  ^v  respectively,  i.e.,  to  the  limits    ; — ,  ^.,    ,  ^.  — jr  and 

7 — rTTi — TTT  +  ":r  •  I*  is  possible  therefore  to  choose  two  positive  integers 
{jjL-tinv+l)       2  *^ 

P  and  Q  such  that 


Ou  +  Dd^+l)  (wi+p)(n+g)    ^(m  +  1)(i'+1) 

provided  that  p'^  P,  q'^  Q.     This  is  suflScient  to  show  that 

11.  Now  let  us  consider  the  third  variant.  The  number  a-  used  in  tlie 
inequality  (a)  is  quite  at  our  disposal,  though,  of  course,  m  and  n  vary 
with  it.  The  number  e  being  as  before,  choose  (r  =  iOu+l)e.  Taking 
those  of  the  inequalities  (13)  for  which  q  =  1  and  adding  them,  we  obtain 


i^-i) 


s,.. 


A|rt  +  ji,  n  +  l -^w  +  j),  n __      -^1 


«i,  *i  + 1 


P-^    I  i,      \  P-1    /  «      \  /  .,  \       '    ^^"^  ** 


+X, 


Op-1. 


(-t) 


*  Since   Lt   j\p  »  0,    Lt   ^q  =>  0,  and  in  virtue  of  the  conditions  of  limitedneas  imposed  on 
the  variant. 
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Using  the  notation  of  I.,  §  1»  we  obtain 
j=^  (1  -fnn,)+[X.,  ..,-X.. .]  ,p+  -^  X.. .  np-"  |;^q^ 

<      %rp^         <^^q:y(i-m,^+.... 

Now  consider  the  terms  on  the  left-hand  side  when  p  and  n  increase 

indefinitely.     The  first  tends  to  the  limit  (X— <r)/OLi+l);  the  second  and 

third    vanish  in  virtue  of    the   conditions  of  limitedness  imposed;    the 

fourth  tends  to  the  limit 

\v 

(m+1)(i'+1)' 

in  virtue  of  the  result  proved  in  the  preceding  paragraph.     Similarly  for 
terms  on  the  right. 

Recalling    that    (t/Ou+I)  =  i^y    it    follows  that  we  can  choose  two 
|)Ositive  integers  P  and  ^  such  that,  il  p'^  P  and  n'^  N,  we  have 


\ 


^  <;  Xm+p,n+l       Xm+j,,w  ^  A .^ 


(pL  +  l)(p+l)  ^  m+p  -(p,+l)(^+i) 

This  is  sufficient  to  prove  that 

T  i  <^m,  n  +  l       'X^n.  n  A 

m=oo,n-»  m  Oi  +  l)(|/+l)* 

In  the  same  manner  we  may  prove  that  the  second  variant  tends  to 
the  same  limit.  It  then  follows  at  once  by  methods  analogous  to  those 
used  at  the  end  of  §  1  that  the  first  variant  tends  to  this  limit.  We  have 
therefore  proved  the  theorem  for  the  case  where  X  is  finite.  The  proof  of 
the  second  part  of  the  theorem  we  do  not  propose  to  give :  the  reader  will 
have  no  difficulty  in  constructing  it,  in  view  of  what  has  just  been  done 
here  and  in  §  2  above. 


12.  We  have  the  following  corollaries  of  this  theorem  : — 

CoR.  I. — Writing  /i  =  i/  =  0,    we  have  the  two-dimensional  analogue 
of  Cauchy's  first  theorem,  viz.. 

If  for  increasing  values  of  m  and  n  the  variant 
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tends  to  a  definite  limit  X,  then 

mn  n  m 

tend  to  the  same  limit. 
The  theorem  may,  of  course,  be  stated  in  various  ways,  eg.,  writing 


^m,  ti  —    ^,     ^,   o, 
r=l   »=sl 


we  have  it  in  a  new  form. 
Cor.  II.— Let 

m=«»,  n=Qo  ^  in  =  oo,n  =  ao  ^  tn=ao,n=ao   WW 

the  latter  for  all  positive  integer  values  of  r  and  8,  r  =  «  =  1  excluded. 
We  deduce  at  once — 

If  for  increasing  values  of  7n  and  n  the  variant 

tends  to  the  definite  limit  X,  then 

^^       ^^  =  /     .  iw    .IX     0^+1  >  0,  y+1  >  0). 

As  a  simple  example  of  this  consider 

Lt        l'(r+2^+8^+...+m0+2'[r+2^+...+(27it-ir+(2mr]+... 
%=«;;;o?  +H^[r+2^+...+(nm-ir+(nm)^ 

r+l>0  ^r+s+i^r^l 

V 

It  we  write  this  equal  to  — ^— '-^^ ,  it  is  easy  to  see  that  the  above  condi- 

mn  " 

tions  are  all  fulfilled ;  moreover,  we  have 

=  w*{l'  +  2'  +  ...  +  (7m— ir+Ww''}. 
From  which 


_         \        mnl       \       nml  \       ml 


n 


Obviously  this  tends  to  the  limit   1   when  m   and   n  are  increased  in- 
definitely. 
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We  see  therefore  that 

«=ao,n=co  {m+l){n+l)      ,u=«,»=oo    mn        (r+l)(r+5+2)  * 
provided,  of  course,  r+1  and  r+s+2  >  0. 

18.  Sufficient  indications  have  now  been  given  to  show  how  the 
theorems  of  the  preceding  section  extend  to  the  case  of  variants  of  two 
indices.  We  will  content  ourselves  therefore  with  enunciating  the  follow- 
ing theorems,  +  which  are  easily  established  : — 

Theorem  II. — Itf(x,  y)  is  a  real  function  of  two  positive  variables  x 
and  ij  (defined  for  all  values  of  x>  X  and  of  y>Y  when  X  and  Y  are 
fixed  numbers)  such  that  /(x+1,  ij)-'f{x,  y)  is  limited  ior  x>  X,  y  ^  any 
finite  number  >  Y,  with  a  corresponding  condition  tor  fix,  y+1)— /(«,  y\ 
then,  if  when  x  and  //  are  increased  indefinitely  the  function 

/(x+l,y+l)-{l--^)f{x,y+l)-{l-j)f(x+l,y) 

tends  to  a  finite  limit  X, 
Lt     /(£iJ)  =      Lt     A^+liJhr/J^^  y\  =      Lt     /(a?,^+l)— /(a^i  y) 

jC=:ao,y=QO        Xy  x=ao,y=co  y  x=ao,ysvo  X 

=      Lt      [/(^+l,y+l)-f{x,y+l)-f(x+l,y)+f{x,y)] 

(provided  r+1  >  0,  s+1  >  0). 


(r+l)(s+l) 


Theobem  III. — Let  Xm, »  be  a  positive  variant  of  two  indices  m  and  n, 
such  that  f^"^''")  *  is  limited  for  m  infinite,  and  (^  **^)  *  for  n  in- 
finite  ;  then,  if  for  increasing  values  of  m  and  n  the  variant 

Y                   Y<l-Wm)(l-i'/n) 
-^wi+1,  n-f  1  ^m,  n 

X(l-M  *n)  y(1-i';h) 
m,  H  +  1    --^^it+l,  n 


*  The  limit  evaluated  is,  of  course,  [  dx     x*y^dy  for  one  particular  method  of  diyiding  the 

Jo      Jo 
field  of  integration  into  infinitesimal  elements.     An  evaluation  when  the  method  of  diyision  is 

different  (squares)  is  referred  to  in  the  footnote  attached  to  the  end  of  \  3. 

•     t  We  only  enunciate  the  theorems  for  the  case  in  which  \  is  finite,  and  in  the  last  two 
theorems  different  from  zero .     There  is  no  difficulty  in  stating  them  for  other  cases  (c/.  Theorem 
of  this  section). 


1  mn 
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tends  to  a  definite  finite  limit  X  different  from  zero,  the  variants 

Am,  n  +  1  A.ii|+l,n  \  Xw^n    '  \   -X,n,  »  / 

tend  simultaneously  to  the  limit 

provided  that  m+1  >  0,  i/+l  >  0. 

Cor.  I. — Writing  yu  =  i/  =  0,  we  have  the  two-dimensional  analogue 
of  Gauehy's  second  theorem. 

Theorem  IV. — If  /(«,  y)  is  a  real  positive  function  of  two  variables  x 
and  y  (defined  for  all  values  of  a:  >  X  and  of  y  >  7,  where  X,  Y  are  fixed 
numbers),  such  that  \J{X'\'\,y)\f(x,  y)\^^  is  limited  for  x>X  and 
//  <  any  finite  number  >  Y,  with  a  corresponding  condition  for 
[/(^,  y+l)//(«,  y)]*\  then,  if  when  x  and  y  are  increased  indefinitely 
the  function 

[/(^,  y + l)P-^^'>  [/(a:+ 1,  y)p-'^^ 

tends  to  a  finite  limit  X  different  from  zero, 

Lt      /(^+l,y+l)/(a:,y) 
,==ao,y=oo  /(«,  y+l)/(a;+l,  y) 


=      Lt      \J{x,  y)Jl'»  =  \i/('+i)C+i), 

jr=co,  j/=ao 


ly 


provided  that  r+l>0,  s+l>0. 


III. 

14.  The  object  of  the  present  section  is  to  prove  an  extension  of 
Pincherle's  well  known  theorem  on  the  radius  of  convergence  of  a  power 
series,  and  in  some  measure  to  bridge  the  gap  between  it  and  the  Gauchy- 
HsMlamard  theorem  on  the  same  subject.  Pincherle's  theorem"^  may  be 
stated  as  follows  : — 

Let  Gr  be  the  modulus  of  the  coefficients  of  z^  in  a  power  series  P(z). 


*  Pinoherle,  Lezioni  mUa  teoria  deUe  funeioni  atwlitiehe,  Bologna,  1899-1900  (lithographed). 
See  also  ViTanti-Gatzmer,  Theorie  d^r  eindetUigen  analytiaehen  Fwtktioumty  Leipzig,  1906,  p.  64. 
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Then,  if  L  and  I  be  the  greatest*  and  least t  of  the  limits  of  the  set  of 
variants 

»  »     • •  •>  >     •  •  •> 

the  radius  of  convergence  (p)  of  the  series  satisfies  the  inequalities 

p  >  L*\  if  L  be  finite, 

15.  Using  the  same  convention  with  regard  to  art  the  theorem  we 
propose  to  prove  is — 

If  L  and  I  are  respectively  the  greatest  and  least  limits  of  the  set 
of  variants 

then  the  radius   (p)   of  convergence  of  the   series  satisfies  the  in? 

equalities 

(1)  p  >L-^^^+*>,  if  Lis  finite; 

(2)  p  <  Z-i<'^+»>,  if  Z  1^0. 
Let  the  power  series  be 

so  that  I  an  I  =  On,  and  let  ^  =  |  ^  | . 

To  prove  (1)  it  will  be  sufficient  to  show  that,  if  i  be  any  number 
<  1/L^^*^^\  the  above  series  is  convergent ;  supposing  this  to  be  the  case, 
let  £  be  a  number  such  that 

Then,  by  hypothesis,  the  above  mentioned  set  contains  only  a  finite 
number  of  elements  greater  than  K.  We  are  able  then  to  choose  m  so 
that,  if  w  >  m, 

Writing  ti  =  m  in  this  inequality  and  supposing  that  m  is  chosen  >  r, 
we  have,  on  extracting  the  (1— r/w)-th  root, 


«  «  La  plus  grando  dee  limites,"  Borel,  8irie»  d  termt*  pontifi  (1902),  p.  9. 
f  <»  La  pluB  petite  des  lixaiteR,"  ibid,^  p.  10. 
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Again,  if  we  write  m  =  w+ 1,  and  extract  the  1/ 1  (1 — r/m)  [1 — r/(wt+ 1)] }  -th 
root,  we  obtain 

Next,  writing  n  =  m+2,  and  so  on,  we  obtain  a  number  of  inequalities  of 
which,  if  we  take  p  of  them,  the  last  is 

Multiplying  these  inequalities  together,  we  obtain 

„-i  „V{.?.(^-»+ji  <^*'-'.»  (i.) 

m  in  *  p 

Consequently,  if  we  multiply  along  (i.)  by  a,»  and  raise  each  side  to 
the  power  rjp,  we  have 

Now,  when  p  is  increased  indefinitely  the  right-hand  side  tends  to  the 
limit  S'^^''+^>  (r+1  >  0).  Moreover,  1  >  K^^^^^^  i;  so  that  we  can  choose 
a  positive  number  6  satisfying  the  inequalities 

It  follows,  then,  that  we  can  choose  a  number  P  such  that,  if  p  ^  P,  we  have 

since  the  right  side  is  >  1. 
We  have  therefore  {p  ^  P) 

In  other  words,  if  wi-f  P  =  N,  we  have 

provided  that  n'^N.  Since  d  is  a  proper  fraction,  the  first  part  of  the 
theorem  is  proved. 

16.  The  proof  of  (2)  is  quite  similar,  and  we  will  content  ourselves 
with  sketching  it.  It  is  sufl&cient  to  show  that  P{z)  diverges  for  values 
of  z  such  that  ^>Z"^^''^^\  For  any  such  value  of  i  we  can  choose  a 
number  k  such  that  j^^  k^  <?-(»•+ 1) 


*  For  the  notation  Ree  {  1,  Section  I. 
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It  is  then  possible  to  choose  a  positive  integer  vi  such  that,  if  n  ^  m,  we 
have 

From  this  it  easily  follows  that  we  can  find  a  fixed  number  (r>*  1,  such 
that  a  corresponding  positive  integer  N  can  be  found  in  order  to  make 

provided  n  ^  N. 

This,  of  course,  proves  that  the  series  diverges  for  all  values  of  z 
whose  modulus  is  ^.     The  theorem  is  then  completely  established. 

Cor.  I. — Writing  r  =  0,  we  have  Pincherle's  theorem. 

Cor.  II. — If  the  set  be  such  that  there  is  only  one  limiting  point, 
i.e.,  1  =  L,  then  _  ^  -i  (i  +i) 
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1.  Let  it  be  assumed  that  a  function  /{x,  y)  is  defined  for  values  of 
X  and  y  such  that  a;  >  a^  ^  >  6,  in  a  neighbourhood  of  the  point  (a,  6). 
The  function  f{Xj  y)  considered  as  a  function  of  y  only,  with  x  constant 
and  greater  than  a,  has,  in  general,  two  functional  limits 


f{x,  6+0),        /(T,  fc+0), 

the  upper  and  lower  limits  at  the  point  (x,  h) ;  these  may  be  denoted  *  by 
lim/(x,  y),    \im  fix,  y)    respectively.      In  case  these  two  limits  are,  for 

any  particular  value  of  x,  identical,  their  common  value  may  be  denoted 
by   lim/(a:,  y).      If  either  of  the  limits  lim/(a:,  y),  ^o^f{x,  9)  is  to  be 

taken  indiflferently,  we  may  denote  them  by   lim/(ar, //).     This  may  be 

regarded  as  a  function  of  x,  such  that  its  value  at  the  point  x  is  multiple- 
valued  and  has  lim/(ar,  y),  Jm/(a;,  y)  for  its  limits  of  indeterminacy. 

It  may   happen  that  lim/(x,  y),   considered  as  a  function  of  x,  has 

y-b 

a  definite  functional  limit  at  the  point  x  =^  a;  this  limit  may  be  either 
finite,  or  infinite  with  fixed  sign.  In  case  such  a  limit  exists,  it  may 
be  denoted  by  lim  lim/(x,  ^),  and  it  may  be  termed  the  repeated  limit 

of  /(x,  y)  at  the  point  (a,  b),  the  order  of  the   limits   being   that  the 
limit  for  y  =  b  is  taken  first  and  then  afterwards  the  limit  for  x  =  a. 
The  repeated  limit  lim  lim/(a:,  y),  in  which  the  limit  with  respect 

y=b   x=^a 

to  X  is  first  taken,  and  afterwards  that  with  respect  to  y,  may  be  defined  in 
a  precisely  similar  manner. 

It  is  clear  that  the  functional  values  on  the  straight  lines  a;  =  a, 
y  =  b,  in  case  they  are  defined,  are  irrelevant  as  regards  the  existence 
or  the  values  of  the  repeated  limits. 

It  is  unnecessary  for  the  existence  of  the  repeated  limit  [that /(;r,  ^) 
be  defined  for  all  values  of  (x,  y)  in  a  two-dimensional  neighbourhood 


f- 


*  The  notation  here  employed  is  thut  intrt^duced  by  Priu^Mheiiu. 
SEit.  2.     VOL.  5.     NO.  958.  Q 
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of  (a,  6)  for  which  x>  a,  y  >  b.  It  is  sufficient  that  the  function  be 
defined  for  a  set  of  points  in  such  a  neighbourhood,  of  such  a  character 
that  (x,  b)  is,  for  each  value  of  x  belonging  to  a  set  of  points  on  the 
aj-axis  with  the  point  (a,  b)  as  limiting  point,  the  limiting  point  of  a  set 
of  points  (a;,  y)  on  a  straight  line  through  {x,  b)  parallel  to  the  y-axis, 
and,  further,  that  a  similar  condition  should  hold  for  points  (a,  y)  on 
the  ^-axis. 

If  for  the  values  (x,  y),  where  x  >  a,  y  >  b,  for  which  f(x,  y)  is 
defined,  a  number  A  exists  such  that,  corresponding  to  an  arbitrarily 
chosen  positive  number  6,  a  neighbourhood  defined  by  a<;a;<;a+o, 
b  <y  Kb+S  can  be  determined  for  which  the  condition  |  A  —/(a:,  y)  I  <  ^ 
is  satisfied  for  every  point  {x,  y)  belonging  to  the  domain  for  which  /(x,  y) 
is  defined,  and  lying  within  the  neighbourhood,  then  the  number  A  defines 
the  double  limit  of  f(x,  y)  at  (a,  b).  When  this  double  limit  exists  it 
is  denoted  by      lim    f{x,  y). 

In  case  the  double  limit  exists  as  a  definite  number,  it  follows  that 
the  two  repeated  limits   lim  lim/(x, //),   \vm\im  f(x,  y)   both  exist  and 

4f=o    y=h  y-b   x-u 

are  equal  to  the  double  limit. 

The  converse  of  this  statement  does  not  hold  good ;  it  is  possible 
that  the  repeated  limits  may  both  exist  and  have  one  and  the  same 
value,  and  yet  that  the  double  limit  may  not  exist. 

2.  Necessary  and  sufficient  conditions  will  now  be  investigated  that 
the   two   repeated   limits   lim  lim/ (x,  y),   lim  lim /(j,  £/)   may  both  exist 

and  have  one  and  the  same  finite  value. 

It  will   be  observed   that   the   existence  of   lim  lim/ (-c,  .y)   does   not 

necessarily   involve   the   existence  of   lim/(x,  y)   as  a  definite   number, 

since  lim  lim/(x,  £/),  limUm/(x,  v)  may  both  exist  and  have  the  same 

value,  without  it  being  necessarily  the  case  that   lim/(x,  y),  lim/(x,  y) 

y=.b  y=.b 

aje  identical  for  any  value  of  x,     ft  is,  however,  necessary  that 


lim/(ar,  y)— lim/(a;,  y) 

should  converge  to  the  limit  zero  as  x  converges  to  the  value  a.  The 
necessary  and  sufficient  conditions  required  are  contained  in  the  follow- 
ing theorem  : — 

In  order  that  the  repeated  limits  lim  lim/ (x,  w),  lim  lim/ (x,  y)  may 

x=a    y=h  *'  y-b   x=a 

both  exist  a/nd  have  the  same  finite  valuey  it  is  necessary  and  suffidetrt 
<1)    that   lim/(rr,  ?/)— lim/(x,  ii)   sJwuld  have  the  limit  zero  for  x  =  a, 
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and  tJtat   limf(x,  y)— lim/te.  y)  should  liave  the  limit  zero  for  y  =^  b  ; 

x=o  x=-a 

and  (2)  that,  corresponding  to  any  fixed  positive  number  e  arbitrarily 
chosen,  a  positive  number  /S  can  be  determined  such  that  for  each  value 
of  y  interior  to  the  interval  (6,  fc+jS)  a  positive  number  ay,  in  general 
dependent  on  y,  exists  such  that,  for  this  value  of  y,  /(a;,  y)  lies  between 
lim/(a;,  y)+e   and   lim/(a;,  y)— e,    fm'   all   values  of  x  interior  to   ttw. 


interval  (a,  a+ay). 

To  prove  that  the  conditions  stated  in  the  theorem  are  sufficient,  let 
us  assume  that  they  are  satisfied.  A  value  of  y  may,  in  virtue  of  (1),  be 
80  chosen  that  the  difference  of  the  two  limits  lim/(ic,  y)  and  lim/(a:,  y) 

is  less  than  an  arbitrarily  chosen  number  17 ;  and  this  value  of  y  may  also 
be  so  chosen  that  it  is  interior  to  the  interval  (6,  b-i-^).  For  this  fixed 
value  of  y,  an  interval  (a,  a+a'^)  for  x  may  be  so  chosen  that  f(x,  y)  lies 
between  lim/(d?,  ?/)+€  and  lim/(j?,  y)— e,  provided  y  has  the  fixed  value 

and  a  <  a:  <  a+Oy :  this  follows  from  the  definition  of  the  upper  and 
lower  limits.  Again,  from  the  condition  (1),  a  number  a"  can  be  determined 
such  that,  if  x  be  interior  to  the  interval  (a,  a-^a*^,  the  difference  between 
the  two  limits  lim/(a;,  j/),  lim/(a?,  y)  is  less  than  17.     Now  let  ay  be  the 

smallest  of  the  three  numbers  a^,  a^,  a" ;  then,  if  Xj,  x^  be  any  two  values 
of  X  within  the  interval  (a,  a+ay),  and  y  have  the  fixed  value,  by  applying 
the  conditions  of  the  theorem,  we  see  that  the  inequalities 

|/(a^i,  y)—f{x2y  y)  I  <  »7+2e, 


/(a^i,  2/)— lim/(a:i,  J/)|  <  «7+^, 

y=6 


are  all  satisfied.     It  follows  that 


I  liffi  /(a?!,  y)—  lim /(a-2,  y)  \  <  8j7+4e 

for  every  pair  of  points  within  the  interval  (a,  a-^-Oy).     Hence,  since  e,  17 
are  both  arbitrarily  small,  liia/(^»y)  converges  for  x  =  a  to  a  definite 

y-h 

value  which  is  the  limit  of  both  lim  /(x,  y)  and  of  lim  /(x,  y)  when  x  =  a  ; 
and  thus  lim  lim/(x,  i/)  exists. 

Again,  since  lim  lim/(x,  u)  has  a  definite  value,  an  interval  (a,  a+<5) 

x=tt    y=6 

can  be  determined  such  that,  for  any  point  interior  to  it, 

I  lim  lim  /(x,  y)—  lim/(x,  y)  |  <  e. 

Q  2 
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Now  lim  lim/(a*,  y)—]imf(x,  y)  is  the  sum  of  the  three  differences 

lim  lim /(ar,  y)—  Urn /(x,  y), 
Ijm  fix,  y)— fix,  y), 
/(ar,y)--limy(x,  y); 


X— a 


and  for  a  fixed  y,  chosen  as  before,  x  may  be  chosen  so  that  it  not  only 
lies  within  the  interval  (a,  a +8),  but  is  also  such  that 


|/(^,  y)  — Urn  fix,  y)\         \f{x,  y)— lim/(a-,  y)  \ 

are  each  less  than  17+ 2e.     It  follows  that 

I  lim  lim /(op,  y)— lim/(T,  y)  |  <  5€+2j;, 

x=a   y—o  T=a 

and  thus  that   iim/(a;,  ?/)   converges,  as  ;/  converges  to  b,  to  the  limit 


x=a 


lim  lim /(x,  y).      It  has  thus  been  shewn  that  the  two  repeated  limits 

both  exist  and  have  the  same  value. 

Conversely,  let  us  assume  that  the  repeated  limits  both  exist,  and 
are  finite  and  equal.     We  have,  then,  |  lim  liva  fix,  y)— lim  /U.  y)  |  <  ^. 

x=a    y—b  x=H 

provided  y  lies   between   h  and  6+^8,  where  ^  is  some   fixed   number, 
^  being  an  arbitrarily  chosen  positive  number ;  from  this  it  follows  that 

I  lim /(or,  y)-  lim/(^,  y) 
is  less  than  2f,  for  6  <  y  <  6+j8.     Also 


l^/(x,y)~limlim/(a:,y)|<f, 

provided  x  lies  within  some  fixed  interval  (a,  a +6') ;  and  from  this  it 
follows  that  I  lim/(ar,  y)— lim/(x,  y)\  is  <  2f,  for  a  <x<  a+&\     Since 

y  =  b  ys/i 

f  is  arbitrarily  small,  we  now  see  that  the  condition  (1)  of  the  theorem 
is  satisfied.     Further,  we  see  that 


|/(x,y)~lim/(a-,y)|<2f+f' 


x—a 


where  ^'  is  any  arbitrarily  chosen  positive  number,  provided  x  lies  within 
some  interval  (a,  a+a^,),  where  a^  depends  upon  y,  and  may  diminish 
indefinitely  as  y  approaches  the  value  b.  It  follows  from  the  three 
inequalities  that         ,  -,       .      r:—  -,       xi  ^  ^jt  1  pr 

y=b 

provided  b<y  <  b+jS,  and  provided  also  that x lies  within  some  interval 
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(a,  a+ay)  where  Oy  depends  in  general  upon  y.  Since  f  and  f'  are  both 
arbitrarily  small,  it  follows  that  the  condition  (2)  of  the  theorem  is 
satisfied. 

If  the  condition  (2)  in  the  above  general  theorem  be  replaced  by  the 
more  stringent  condition  that,  corresponding  to  any  fixed  positive  number 
e  arbitrarily  chosen,  a  positive  number  /8  can  be  determined,  which  is  such 
that,  for  each  value  of  y  interior  to  the  interval  (6,  b+^),  a  positive 
number  ay  dependent  on  y  exists  such  that,  for  this  value  of  y  and  for 
all  smaller  values,  f(x,  y)  lies  between    lim  f(x,  y)-\'€   and   lim  /(ar,  v)--e. 


then  this  condition  and  the  condition  (1)  are  the  necessary  and  sufficient 
conditions  that  not  only   lim  lim  f{x,  7/),    lim  lim  fix.  y)   exist  and  are 

x=a    y=h   '^  **  y=b    x=a   '^  " 

equal,    but  also  that  the  double  limit      lim    f{Xy  y)    exists,   having   a 

y  =  b   x=a  "^  •*  ^ 

definite  value  the  same  as  the  repeated  limits. 

For,  under  the  conditions  stated,  we  have,  provided  y  lies  within  the 
interval  (6,  6+^81)  where  fii  <  /S, 


|/(A?/)-lim/(x,  2/)|  <  e+j; 

y=b 

where  x  has  any  value  in  the  interval  (a,  a+^),  ^  being  the  lesser  of  the 
two  numbers  a^,  and  S\  the  number  S'  being  so  chosen  that 


lim  fix,  y)—hmf{x,  y) 

y=f»  "  y=b 

for  a  <  X  <  a+S'.     Also 


I  lim /(a:,  y)— lim  liin  fix,  y)\<€, 

y=zb  x=a   y=b  " 

provided  x  lies  within  an  interval  chosen  sufficiently  small.     Hence  the 

condition 

\f{x,  y)— lim  liin/(a;,  y)\  <  2€+fj 

x=a   y=b  " 

is  satisfied,  provided  that  b  <,  y  <  6+/81  and  provided  x  lies  within  an 
interval  of  which  the  length  may  depend  on  e  and  17.  It  follows,  since 
e,  fj  are  arbitrarily  small,  that  fix,  y)  has  a  definite  double  limit  at  the 
point  (a,  6).  That  the  conditions  are  necessary  follows  at  once  from  the 
definition  of     lim    fix,  y). 


8.  The   theorem   obtained  in  §  2  may  be  simplified  in  the  case  in 
which  limfix,y),  limfix,y)  both  have  definite  values  at  all  points  on 

y=b  "  *'         x=a  "  ^ 

the  straight  lines  a;  =  a,  y  =  b  which  are  in  sufficiently  small  neighbour- 
hoods of  the  point  (a,  b).    We  may  then  state  the  theorem  as  follows : — 
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J/*  hmf(x,y),  lim/(a;,  y)  have  definite  finite  values  vn  the  neighbour- 
hood of  tlie  point  (a,  6),  then  the  necessary  and  sufficient  condition  that 
tlie  two  repeated  limits   lim  lim  f{x,  y),    lim  lim  f{x,  y)   may  both  exist 

and  have  t/ie  same  finite  value  is  that,  correspondiiig  to  any  fixed 
positive  number  e  arbitrarily  chosen,  a  positive  number  /8  can  be 
determined  which  is  such  that,  for  each  value  of  y  interior  to  the 
interval  (6,  6+i8),  a  positive  number  a^  in  general  dependent  on  y  exists^ 
such  that,  for  this  value  of  y,  \fix,y)^limf{x,y)\  <e  for  all  values 
of  X  urithin  the  interval  (a,  a+ay). 

In  case  the  condition   \f{x,y)— lim  f(x,y)\  <  e  for  all  values   of  x 

within  (a,  a+ay)  be  satisfied  not  only  for  the  particular  value  of  y,  but 
for  all  smaller  values,  and  this  holds  for  every  e,  then  the  double  limit 
exists  and  is  equal  to  the  repeated  limits.  In  this  case»  the  point  (a^  b) 
is  a  point  of  uniform  convergence  of  the  function  f(x,  y)  to  the  limit 
lim /(a;,  y)  with  respect  to  the  parameter  x;   and  thus  for  such  a  point 

there  exists  for  each  value  of  e  an  interval  (a,  a+a)  where  a  depends 
in  general  upon  e,  such  that,  for  each  value  of  x  within  this  interval,  the 
condition   \f{x,  rj)—\\mf{x,y)\<€  is  satisfied,  provided  y  be  less  than 

some  fixed  value  which  is  the  same  for  the  whole  ^-interval  (a,  a+a). 


*  This  theorem  may  be  transformed  at  once  into  the  corresponding  theorem  for  doubl* 
seq^uences.  Let  x-a  ^  l/v^  «/-&  —  1/fi,  and  assume  that  f{x,  y)  is  defined  only  for  those  values 
of  X  and  1/  which  correspond  to  positiye  integral  values  of  r  and  ft ;  also,  let 

/(^,  y)  =  «^- 

The  theorem  relating  to  the  existence  and  equality  of  the  repeated  limits  lim  lim  a^^,  lim  lim  a^ 
is  then  as  follows :—  *••• '*"• 

If  a^y  be  such  that  lim  a^»,  lim  a^^  both  have  definite  values  for  all  positive  integral  values 

jA  «  CO  ar  ^  00 

of  y  and  of  ft  respectively,  then  the  necessary  and  sufficient  condition  that  the  two  repeated 
limits  lim  lim  a^^,  lim  lim  a^,  both  exist  and  are  equal  to  one  another,  is  that  corresponding  to 

any  fixed  positive  number  c  arbitrarily  chosen,  a  number  Mq  can  be  determined  such  that,  if  any 
integer  fi  >  mq  he  taken,  an  integer  n^  can  be  found  such  that  |  a^— lim  a^  |  <  e  for  aU  values 
of  V  such  that  v^n^.  **"* 

This  is  equivalent  to  a  theorem  which  has  been  given  by  Prof.  Bromwich,  iVoc.  Lond.  Math. 
Sac,  Ser.  2,  Vol.  1,  p.  185  ;  except  that,  in  the  statement  given  by  Prof.  Bromwic-h,  the  con- 
dition is  added  that  lim  lima^»   must  exist  and  have  a  finite  value.    This  last  condition  is 

necessarily  satisfied  if  the  other  condition  be  satisfied.  In  the  alternative  theorem  gfiven  by 
Prof.  Bromwich  (loe.  cit.y  p.  184),  the  condition  that  lim  lim  o^^  must  have  a  definite  value  is 

not  redundant,  and  is  therefore  rightly  included  in  the  statement  of  his  theorem.  The  occurrence 
of  the  condition  in  question  in  the  theorem  on  p.  185  arose  from  the  fact  that  Prof.  Bromwich 
deduced  that  theorem  from  the  one  on  p.  184  in  which  the  condition  is  required. 
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4.  The  necessary  and  sufficient  conditions  for  the  existence  and 
equality  of  the  repeated  limits  may  be  stated  in  a  different  form  from 
that  given  in  §  2. 

Th^  necessary  and  sufficient  conditions  that 

lim  lim  f{x,  y)  =  lim  lim  f{x,  y), 


their  value  being  finite,  are  (1)  tliat   Uffl/Ca:,  y)  converges  to  a  definite 


x=a 


valite  lim  lim  f(x,  y)  ivh^i  y  converges  to  b,  and  that 

lim /(a:,  y)— lim/(^,  y) 

y=o  y=5 

should  converge  to  zero  for  x  =^  a ;  and  (2)  that,  corresponding  to  any 
arbitrarily  chosen  positive  number  e,  and  to  an  arbitrarily  clwsen  value 
^+/9o  of  y,  a  value  y^  <  b+^Q  can  be  found,  and  also  a  positive  number 
a,  such  that  the  condition  that  f(x,  y^  lies  between 

nm/(a:,  j/)+€     and     lim/(a:,  i/)— e 

is  satisfied  for  every  value  of  x  within  the  interval  (a,  a+a)« 

In  case  lim  f(x,  y)  everijwhere  exists  in  the  neighbo^irhood  of  x  =^  a, 

the  condition  (2)  is  that  \f{x,y^—\ixxif{x,y)\  <  e,  for  every  value  of  x 
ioithin  the  interval  (a,  a+a). 

That  the  conditions  contained  in  the  theorem  are  necessary  is  seen 
from  the  theorem  of  §  2  ;  it  will  be  shewn  that  they  are  sufficient.  Let 
us  assume  that  the  conditions  are  satisfied.     We  have  then 

lim/(aJ,  y)— lim  limf(x,  ij) 


=  Qim/(x,y)— /(x,y)]+Q/(a;,y)— lim/(x,y)]+[lim/(a:,y)~l^ 

A  positive  number  ^i  can  now  be  chosen,  such  that,  if  b<y  <  i+/8i,  the 
condition    I  lim  f{x,  y)— lim  lim  f{x,y)\<€   is  satisfied  ;    moreover,  we 

may  choose  fix  so  that  it  is  less  than  ^Sq* 

Next,  a  value  yi  of  y  exists,  such  that  f{x,  y^  lies  between 

iim/(a:,j/)+e     and     \m.f{x,y)—€, 

provided  x  lies  within  the  interval  (a,  a'\'a)',   the  value  of  ^Sq  may  be  so 
chosen  that   lim/(x,  y)— lira  /(a:,  y)  <  e,    for  every  value  of  y  which  is 

x=a  x=a 

less  than  b+^Q,  and  therefore  for  the  value  yi  of  y.     Again,  an  interval 
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for  X,  possibly  less  than  (a,  a+o)»  can  be  so  chosen  that 


lim/(x,  j/)--lim/(x,  y)  <  e, 

y="  y=b 

provided  x  lie  within  the  interval.     It  follows  that  an  interval  (a,  a+a^) 
for  X  can  be  found,  such  that  \hmf{x,y)^f{x,yi)\  <  Se.     Further,  the 

interval  within  which  x  lies  may,  if  necessary,  be  so  restricted  that 

|/(^,  2^1)— Em/ (i^,  2/1) I  <  2e. 

z=a 

Hence,  provided  x  lies  within  a  definite  interval,  we  see  that 

I  lim  fixy  y)— lim  lim  f{x,  y)  |  <  6e ; 

y-h  y  =  h    jr=a 


and,  since  this  condition  holds  for  an  arbitrary  6,  it  follows  that  lim  /(x,  y) 

y=b 

converges  for  a:  =  a  to  lim  lim  /(x,  y),    and  thus  the  sufficiency  of  the 
conditions  is  established. 

5.  The   differential   coefficient  7^  -^J-,  or     v  ^  *^^  is  the  repeated 
,.    .^  €Xo  dyQ  cx^dyo 

limit 

lim  liin  /(^o+A,  Uo+k)-f(Xo+h,  y^-fixp,  yo+k)+f{Xa,  y^ . 

it  being  assumed  that  -J-  exists  and  is  finite. 

We  may  denote  this  repeated  limit  by  lim  lim  F(A,  k).     In  order  that 

the  partial  differential  coefficient  may  exist,  the  value  of  this  limit  must 

be  independent  of  the  signs  of  h  and  k. 

It  is  not  essential  for  the  existence  of  the  repeated  limit,  or  of  the 

9V 
partial  differential  coefficient  ^^ — i —  ,  that 

vx^vyQ 

^-0  k  vyQ 

should  exist  when  h  ^  0.     Thus  the  repeated  limit  may  have  a  definite 
value  when 

lim  -  [im  /(^n+^>  ya+k)-f{x^+h,  y^ 


k^  k  J 


vanishes.      Therefore    j^ — i^ —   ii^ay  exist  when  t^  exists    at    the    point 

cx^cy^        -"  oy 

(xq,  yf),  but  is  indefinite  in  the  neighbourhood  of  that  point. 
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The  repeated  limit  may  have  a  definite  finite  value,  and  yet 

may  be  indefinite,*  in  which  case  %  ^  ^^  does  not  exist  in  accordance 
with  the  usual  definition,  in  which  the  existence  of  /\P*  V^  is  pre- 
supposed.  It  iri,  in  fact,  only  when  -^  exists  that  the  repeated  limit 
lim  lim  F{h,  k)  can  be  written  in  the  form 

lim  —  fiim  /(-^o+^^>  yo+*^)-/(^o+fe,  yp)  _  jj^^  /.(?ol.%)±*) ~.^^o»J/o)  1 

fc=0     h    Lj^  A  A:=0  ^  J 

which  is  then  equal  to 

ft=o  fc=o  h.k 

Also,  when  lim  lim  F{h,  k)  is  infinite  with  a  definite  sicm,  in  order  that 

^s — ir-  niay  exist,  it  is  necessary  that  -^^  should  exist.     Unless  this  last 

condition    be    satisfied,    ^    \      does   not  exist,   in   accordance  with   the 

usual  definition.     When  this  condition  is  satisfied,  the  value  of  ■!^ — v-  is 

cxQoyQ 

infinite  with  a  definite  sign. 

6.  The  condition  for  the  validity  of  thp  theorem 

^■XocyQ       cyQ^XQ 

is  the  same  as  the  condition  that  the  two  repeated  limits  lim  lim  F(h,  k), 

lim  lim  F(A,  k)   should  exist  and  have  the  same  value.     Necessary  and 

suflBcient  conditions  for  this  oould  be  obtained  by  applying  the  theorem 
of  §  2,  remembering  that  in  applying  the  conditions  each  of  the  numbers 
h,  k  must  be  regarded  as  being  capable  of  having  either  sign.  It  is, 
however,  convenient,  for  application  in  particular  cases,  to  have  sufficient 
conditions  relating  to  the  partial  differential  coefficients  in  the  neighbour- 
hood of  the  point  (o-q,  ^q)-  Such  sufficient  conditions  are  contained  in 
the  well  known  investigation  of  Schwarz  relating  to  this  theorem. 

*  A  referee  called  my  attention  to  this  possibility.  It  in  illustratod  by  an  example  given  by 
Hardy  in  the  Messenger  of  Math. ,  Vol.  xxxu.,  p.  188.  Let  /{x^y)  »  ^{x)-^^{y)  where  ^ 
and  ^  are   not  differentiable.    Then  /(a:©  +  A,  y©  +  *)  — /(*o  +  A»  y)  — /(*o»  y©  +  *)  +/(*o»  yo)  vanishes 

identically,  and  therefore  the  repeated  limit  exists  ;  but  ^  does  not  exist,  and  thus  — ^  doen 
not  extot.  *'•  ^*^»'- 
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Sufficient   conditions  for   the   validity  of   the  theorem   will   be  here 
found,  and  are  of  a  less  stringent  character  than  those  given  by  Schwarz/ 

who  assumed  the  additional  condition  that    "^  V        exists  and  is  finite 

for  values  of  a;  in  the  neighbourhood  of  a;  =  Xq,  for  the  constant  value  y©- 
The  following  theorem  will  be  established : — 

If  (1)    V  V  ^   exist  and  be  finite  at  all  points  in  a  two-dimensional 

neighbourhood  of  the  paint  (xq,  y^,  except  that  its  existence  at  {xq,  y^  is 

7iot  assumed,  and  (2)  the  point  (xq,  y(^  be  a  point  of  continuity  of  a  \ 

with  respect  to  (x,  y),  the  limit  of  this  partial  differential  coefficient  at 

{x^,  2/o)  ^^ing  a  definite  number  A,  and  (3)  ^/^fr  ^^  and  ^/^>  if^  both 

exists   having  definite    values,   th^Ji     i     2*  "^ ,      i     8*  "^  both  exist,  and 

cy  qCXq         f-Xo(hjQ 

have  the  same  value  A. 

It  will  be  observed   that  the  condition   (1)  implies  the  existence  of 
V  ^^*  j^  at  all  points  in  a  neighbourhood  of  (a-Q,  y^),  except  at  that  point 

itself,  and  that  it  is  continuous  with  respect  to  y.  From  the  condition  (2), 
we  have,  corresponding  to  an  arbitrarily  chosen  positive  number  e^ 

^m£<&]^^Ms>±]^  =  A-^a{h,  k), 
dydx 

where  |  a  |  <  e,  provided  |  A  |,  |  A*  |  are  each  less  than  some  fixed  positive 
number  i;  dependent  on  e,  and  are  not  both  zero. 

Let  um  denote  ^t^^!^^±]^Jb±KL  ^ Ak\  where  ft'  lies  in  the  interval 

OX 

duik') 
lO,  k);  we  have  then  =  a(h,  ft'),  and  this  is  numerically  less  than  e. 

afc 

It  follows  that  , — —  is  numerically  less  than  e ;  for,  by  the  mean  value 

theorem  +  of  the  differential  calculus,  since  w(ft')  is  continuous  at  ft'  =  0, 
and  at  ft'  =  ft,  and  possesses  a  definite  differential  coefficient  at  every 
interior  point  of  the  interval  (0,  ft),  there  exists  a  number  ft  interior  to 

the  interval  (0,  ft)  such  that  z — —  =       -    ,  and  this  is  numerically 

f^  dk 


•  Gesatninelte  Abh.^  Vol.  u.,  p.  275. 

t  The  precise  form  of  the  mean -value  theorem  here  employed  in  as  followfi : — If  the  function 
{x)  be  continuous  in  the  interval  (r,  ar  +  /*),  and  at  every  point  tw  the  interior  of  this  interval  f{x) 
exist,  being  either  finite  or  infinite  with  fixed  sign,  then  a  point  x  +  $h  exists,  where  0  <  $  <  1, 
and  0  is  neither  0  nor  1,  such  that  /(r  +  A)  «  /(x)  +  hf(x  +  dh). 
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less  than  e.     We  have  now 

OX  ox 

where  a!'(h,  k)  is  numerically  less  than  e.  This  holds  for  each  value  of 
h  such  that  0  <  |  A  |  <  j;. 

Let   vW)  denote  /^+^'>  yQ+^^-/^+fe^  y^^j^^i^   ^^ere  N  lies 

in  the  interval   (0,  h) ;    we  have  then     ^^,    =  a" (A',  A),    and    this    is 

numerically  less  than  e.  As  before,  since  v(W)  is,  in  virtue  of  (3)»  con- 
tinuous at  A'  =  0  and  also  at  h'  =  h,  and  possesses  a  definite  differential 
coefficient  at  all  interior   points  of   the  interval   (0,  h),  it  follows   that 

. — —  is  numerically  less  than  e ;  hence 

hkFQi,  k)  =  f{xQ+h,  yo+k)—/{xQ+h,  y^—fixQ,  yo+*)+/(^o»  Vo) 
=  Ahk+hka"'{h,  k) 

where  |  a'"  (A,  A)  |  <  e. 

We  have  now,  corresponding  to  the  arbitrarily  chosen  e, 

\F{h,k)-A\<e, 

provided  |A|,  |A;|  are  each  less  than  some  fixed  positive  number  i;  dependent 
on  e.  It  follows  that  F(7/,  k)  is  continuous  at  the  point  A  =  0,  4  =  0  in 
the  two-dimensional  domain  (7^,  k)  and  has  A  for  its  double  limit.  From 
this  we  conclude  that  the  two  limits  lim  lim -P(A,  A),  lim  lim -P(7i,  A)  exist, 

h=0   k=0  k=0   h=0 

and  are  both  equal  to  ^.  It  follows  that,  when  the  condition  (3)  of  the 
theorem  is  satisfied,  the  two  partial  differential  coefficients 

both  exist  and  are  equal  to  A. 

7.  The   case   in   which   the    two   partial    differential   coefficients   are 
infinite  with  fixed  sign  is  covered  by  the  following  theorem  : — 

If  (1)     i  J  y   exist  and  be  finite  at  all  points  in  a  two-dimensional 
oyox 

neighbourhood  of  the  point  (xq,  y^,  except  that  its  existence  at  {xq,  y^  is 
not  assumed,  and  (2)  the  function  «u  ^ /^  have  tlie  improper  limit  +  co 
or  —  00 ,  with  definite  sign,  at  the  point  (Xq,  y^,  and  (3)  tJie  differential 
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coefficients  J-^^dlsl^    J  ^  o»  Uo)  j^^^  exist  and  have  definite  values,  tlien 

H    Kf      '      V  %  ^^  ^oth  exist,  liaving  the  improper  value  +00  or  —oo 
urith  definite  sign. 

To  prove  this  theorem,  let  us  assume  that,  if  M  be  an  arbitrarily 
chosen  positive  number,  the  condition  "T  ;?        —  >  Af   is    satisfied 

for  all  values  of  h  and  k  which  are  not  both  zero,  and  are  both  numerically 
less   than  some  fixed  number  17,  dependent  on  M.      Defining   u{k')   as 

'^^  ^     ^'         — '  f  we  see,  by  means  of  the  mean-value  theorem,  that 


X 


u(k)—u(0)  ^  ^     ^j.     S/jXp+h,  yg+k)  _  d/jxp+h,  y^j  ^  j^j^ 
k  Sx  ax 

Next,  defining  v(h^)  as    /('^o+^^  yo+^)-/^+/^^  yp)^    ^^    ^^^^   ^^ 

before,  that         "7^      >  Af ;  therefore  F(h,  k)  >  M,  provided  |  A |,  |  A: |  are 

both  less  than  some  number  i;  dependent  on  Af.  It  follows  that  F(h,  k) 
converges  to  the  improper  limit  +00,  with  fixed  sign,  as  h  and  k  con- 
verge in  any  manner,  each  to  the  limit  zero ;   thus  both  the  limits 

lim  lim  F{h,  k),         lim  lim  F(h,  k) 

are  +  00 .     In  order  that     /  ^^o>  V^ ,      /va^o>  ^q)   ^^y  Q:d^i,  in  which  case 

oxgCyQ         vyoOXQ 

they  both  have  the  improper  value   +  oo ,  it  is  necessary  to  assume  that 

S/(^o>  yo)  ^   y (^p>  yq)   both  have  definite  values.      The  case  in  which  the 
oxq  dijo 

limits  have  both  the  improper  value  —  oo  may  be  treated  in  a  precisely 

similar  manner. 
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[The  Author  is  indebted  to  Mr.  H.  J.  Woodall,  A.R.C.Sc.,  for  help  in  reading  the  proof  sheets,. 

and  for  useful  suggestions.] 

1.  Introduction. — This  memoir  is  divided  into  three  chapters;  and  the 
second  chapter,  which  is  the  longest,  is  sub-divided  into  five  sections. 

Ch.  I. — On  Successive  Haupt-Exponents,  {^.) Art.    2-16 

Ch.  II.— On  Hyper-Even  Numbers,  (AV.  n)    Art.  16-44 

Ch.  II.  A.— Residues  of  Hyper-Evens  of  First  Order,  (E„) Art.  18-20 

Ch.  II.  B. — Residues  of   Hyper-Evens    of    Second   and   Higher  Orders, 

(E„,  &o.) Art.  27-37 

Ch.  II.  C— Residues  of  Perfectly  Even  Numbers,  (P, )    Art.  38-44 

Ch.  II.  D. — On  Hypcr-Exponential  Numbers,  (Hr.n)  Art.  45 

Ch.  m.—Residuacity  of  Permafs  Numbers,  (F.)    Art.  46-54 

1a.  Notation. — The  word  **  number ''  denotes  in  general  a  positive 
integer,  m  denotes  a  modulus ;  p  denotes  a  prime.  «,  Q,  denote  odd 
numbers ;  e,  E  denote  even  numbers. 

Chapter  I. — On  Successive  Haupt-Exponents,  {$). 

2.  Haupt'Exponent,  (^. — The  Haupt-exponent  {$)  of  a  base  (q)  to  any 
modulus  (m) — (m  prime  to  q) — is  the  exponent  to  which  q  appertains  (mod  m)^ 
i.e.,  is  defined  by 

q^  =  +  1  (mod  7n)y  [^  a  wn?.,  but  >  0 ;  m  prime  to  q].  (1> 

And,  if  T  =  <p{m),  the  totient  of  m,  then 

T  =  V .  ^,  [r  a  max.,  $  a  min. ;  v  and  $  <(  1],  (la) 

and  V  is  called  the  m^ax.  residue-ind^x  of  g  to  mod  //{. 

3.  Sub-modulus  {rj),  Suh-Haupt-exponent  (^. — When  the  modulus  {m) 
itself  contains  the  base  (q),  so  that 

Modulus  m  =  q^ .  j;,  [a  a  7nax. ;  rj  prime  to  g],  (2) 

then  the  congruence  g*  =  1  (mod  m)  is  impossible,  and  q  has  no  Haiipt- 
exponent  to  mod  m. 
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In  this  case,  let  ^  be  the  Haupt-exponent  of  9  to  mod  17,  so  that 

q^  =  +  1  (mod  j;),  [^  a  min.,  but  >  0  ;  j;  prime  to  q].  (8) 

Then  17  is  called  the  Sub-inodtdus  of  m  (for  base  9),  and  $  is  called  the 
Sub'Haupt-exponent  of  q  to  mod  m. 

[When  a  =  Of  then  m  is  prime  to  q^  and  the  Sub-modulus  (i|)  and  Sub-Haupt-ezponent  (() 
are  simply  the  modulus  (m)  and  Haupt-exponent  (().] 

4.  Residues  Rn  of  q^  to  mod  w  =  g* .  j;. — With  the  notation 

Rn  =  residue  of  q**   (mod  m  --  </" .  1}) ;   [a  a  t^iox.,  and  ^  1 ;  1}  prime  to  9],  (4) 

the  residue-system  (iij — when  n  =  0,  1,2,  8, ... — consists  in  general  of 
two  parts. 

1°.  A  unique  {i.e.,  non-reourrent)  part,  containing  say 

h'  =  /i  + 1  members  (Rq,  Ri,  iij,  ...,  i?*).  (5a) 

2**.  A  recurring  cycle  of  say  fe  members,  (Rh^],  Rh*2*    ..,  i^^**),  recurring  od  inf.  {5b) 

5.  Period-lengths  (h\  k). — The  lengths  (A',  k)  of  the  two  parts  may  be 
shown  to  be 

1°.   Unique  part,  A'  =  A  +  1  =  a.  (6a) 

2°.  Recurring  Cycle,  k  =  ^,  (the  sub-Haupt-exponent  of  q  to  mod  m).  (66) 

[When  a  =  0,  or  m  prime  to  q,  then  7i'  =  0,  and    i  =  ^,    the   Haupt- 
exponent  of  q  to  mod  7n,  and  the  residue -system  (iZn)  is  the  ordinary  one.] 

6.  Reduction  of  Residues  of    r/'^. — When    X    is    a    large   exponent 
<Z>  A+^),  then,  writing  X=  A+^r+.s^, 

^x  _  gh+x+s(  =  gh+x  _  ^x-«^  (jjjqJ  m  =  q''.  ti).  (7) 

Hence  an  exponent  X>  A+^  may  always  be  reduced  to  the  smaller  value 
{X—si)  <  (A+^)>  but  >  A,  by  subtracting  a  sufficiently  large  multiple  s^ 
of  i,  but  so  that  the  remainder  left  is  still  >  h  (this  condition  is  essential). 
This  reduction  is  of  great  use  in  computing  residues  of  high  powers. 

7.  Co-Haupt  Exponential  Moduli. — If  y  is  the  A.P.F.*  of  (g^— 1)  and 

y  =  ^-y'yY" .., 

where?/',!/",...  are  the  specific^  factors  of  (g^—l),  then  each  of  y',  y",  y'", ..., 


*  Here  A.P.F.  is  used  as  an  abbreviation  for  the  maximum  (irreducible)  algebraic  prime 
factor. 

t  A  specific  factor  of  (</'—!)  is  one  whoso  Haupt-exponent  is  | ;  the  A.P.F.  of  (j'f— 1)  may 
also  possess  factors  (denoted  by  ft  above)  which  have  a  Haupt-exponent  <  {.  This  is 
Beuschle's  term. 
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and  also  any  product  thereof  (including  y  itself),  will  all  have  the  savw 
Haupt-exponent  (^).     Hence 

AU  moduli  (?»),  having  an  Rub-modulus  {i|)  any  of  the  above  yf,  y'\  ...,  or  any  product 
thereof  (including  y  itself),  will  all  have  the  same  sub-Haupt-exponent  (Q  (the  q^  may  differ  in 
each) ;  and  no  others  can.  (B) 

8.  Co-Periodic  Moduli  (m  =  g* .  j;). — Prom  Art.  5-7  it  follows  that 

All  moduli  (>n),  containing  the  same  power  of  (/,  (i.e.,  5*),  will  have  the  same  unique 
period-length  (Ji  =  a) ;  and  no  others  can.  (9a) 

AU  moduli  (m)  having  the  same  sub-Haupt-exponent  (£)  wiU  hsive  the  same  cycle-lejigth 
{k  =  0  ;  and  no  others  can.  (96) 

AU  moduli  (m)  having  the  same  a,  (  will  have  the  satne  period-lengtJis  in  both  periods 
{h'  =  o,  k  =  ^) ;  and  no  others  can.  (9c) 

9.  Sicccessive  Sub-Moduli  and  Sub-Haupt  Exponents,  (j;,.,  ^r). — Start- 
ing with  m  as  the  original  modulus, 

7tt  =  2«o  .  fi^  [a^  a  nuix.,  but  may  =  0 ;  i?o  <  1  and  prime  to  g],  (10) 

the  successive  sub-moduli  (tjr)  and  sub-Haupt-exponent  (fr+i)  are  formed 
by  the  rules  of  Art.  8  as  follows  : — 

2*'  =z  1  (mod  i?o),       2*»  =  1  (mod  m),        q"*  ^  1  (mod  i?,),        ...,  (llfl) 

Thus  fr,  ^n  ir+u  ^yr+i  are  connected  by  the  rules 

Vr  =  ^r/g%       q^^^'    =  1    (mod  fjrh       l/r+l  =  ^r  +  l/^"'*',  (12) 


and  oo,  ai,  ag,  ...  are  all  max.,  but  may  =  0 

';o»  '/i>  '/a'  •••  ^^^  all  <t  1,  and  prime  to  q 


}  .  (IS) 


Here  ^r  may  be  called  the  r-th  sub-modulus  of  the  original  modulus  (m) 
to  base  q  ;  and  ir  may  be  called  the  r-th  sub-Haupt-exponent  of  q  to  that 
modulus  (m). 

10.  Train  of  Sub-Moduli  and  Suh-Haupt-Exponents  (jnr^  f,). — This 
train  has  the  following  properties  : — 

The  whole  train  of  ri,y  |r  from  m  downwards  is  definite.  [X^^) 

AU  moduli  m  having  the  same  (i  wiU  have  the  same  train  of  |.,  a^,  nr*  (1^6) 

The  sub-moduli  (nr)  decrease  rapidly  as  r  increases,  ending  (for  all  moduli  m  alike)  with 

iir  =  1,  which  involves  |r*i  =  1.  (l^c) 

After  which,  1,4.,  =  1,  and  i|r+«  =  1,  (for  all  values  of  x),  (14d) 

The  modulus  m  itself  is  one  of  the  train  of  {r,  (in  fact  m  =  Q  :  any  of  the  train  of  ir  might 

be  considered  as  the  original  modulus.  (l^f) 

Any  of  the  or  may  -  0 ;  but  a  long  run  of  a,  =  0  is  unusual,  (especially  when  the  base 

9  =  2,  see  Art.  12).  (14/) 
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The  aeries  may  be  continued  backwards  indefinitely,  starting  from  uny  given  (^  or  i|r  ;  but, 
in  the  backward  extension,  each  exponent  a,  is  quite  arbitrary,  and  each  rir  Is  incompletely 
defined  by  the  preceding  ^r*ii  so  that  an  infinite  number  of  ^,  and  several  Vr  will  arise  at  each 
backward  step.  (14^) 

11.  Base  2. — By  far  the  most  important  base  for  subsequent  applica- 
tions is  (7  =  2.     Here 

m  -=  2^.  T7y,  [a,, a  iw/u-.,  but  muy  =  0  ;  if„  ^T  1  and  odd].  (15) 

The  residue-system  of  Rn  =  2'*  (mod  m)  has  all  the  properties  detailed  in 
Art.  4  to  8  ;  modified  only  by  writing  q  =  2,  and  noting  that  17  is  to  be 
odd  {i  e.,  prime  to  the  base  2)  always. 

The  sub-modulus  and  sub-Haupt-exponent  trains  (17^  ir)  are  as  defined 
in  Art.  9 ;  merely  writing  g  =  2  therein,  and  noting  that  all  the  sub- 
moduli  (j/r)  are  to  be  odd  (being  prime  to  the  base  2).  The  train  of  rjr,  ir 
has  all  the  properties  detailed  in  Art.  10. 

To  these  may  be  added 

When  m  =  2?'„  =  3^+1,  a  Fermat's  number  [N  =^  2"],  then 

oo  =  0,  rjo  =  ^-  ;   ei  =  2"^»,  a,  =  n+  1,  1,1  =  1 ;  (16a) 

«!»  <»3»  «4.  •••  all  =0;    i7j,  ifa,  114,  ...  aU  =  1.  (166) 

All  other  odd  moduli  (w  =  »/o,  Oq  =  0)  give — after  a  certain  number  of  steps — 

rir.\  =  Fh  (somfe  Fermat's  number) ;  ^^  =  2***^^  a^  =  n-»-l,  i|,  =  1 ;  (17<^ 

•r*i,  orf2,  ...  all=0;    Vr*},  Vr^2,  ...  all  =  1.  (176) 

From  this  also  it  is  seen  that  for  any  odd,  (but  not  very  large),  modulus  (m), 
the  number  of  steps  required  to  give  >;r  =  1  is  small ;  and  that  conversely, 
proceeding  backwards  from  1/^=1,  through  any  chosen  Format's  number 
(Fn  =  J/r-i),  the  successive  rjr-xj  ir-x  rapidly  become  enormous. 

Ex. — Taking  ijr-i  =  F^^  =  3,  and  also  taking  each  or-r  =  0,  gives 

ir-l  =  Vr    1-3,       {,-2  =  Vr'2  =  "*  j       ^r    i  -  >Ji  -3  =  127,       £,..4  =  1Jr-4  =  2**-'— 1. 

11  A.  Example. — Here  follows  an  example  of  all  the  preceding  articles^ 
(but  with  base  q  =  2) — 

(2"»-l)  has  its  A.P.F.  =  (2«>  +  l)/(2»o+  1)  =  5  .  101  .  8101 .  268501  ; 

Excluding  5  [lus  being  a  factor  of  (2*— l)j,  each  of  the  specific  factors  101,  8101,  ...,  and  also 
any  product  thereof,  and  also  (2^-1-1),  and  (2^^— 1)  itself,  have  the  same  Haupt-exponent 
ix  —  100  (Art.  7).     Let  jjq  denote  any  such  number. 

Then  every  odd  modulus  m  —  iJq  has  the  same  Haupt-exponent  ^i  =  100  ;  and  every  modulus 

m  =  2"«.  77o  (oy  arbitrary)  has  the  samte  stib-Haupt-exjxfnent  ^i  =  100  (Art.  7). 

Hence  every  such  modulus  m  has  the  same  cycle-length  (k  —  100)  in  its  2**  residue-system 

(Art.  8) ;  and  every  such  modulus  m,  containing  the  same  power  2^,  has  the  same  period- 
lengtlM  (h*  ==  Ou,  k  =  100)  in  both  periods  of  its  2**  residue-system  (Art.  Sy, 

Also  every  such  modulus  m  has  the  satne  train  of  sub-moduli  (i7r)  and  sub-Haupt-exponent 
{lr)t  ending  with  i?,  =  1  (Art,  10),  as  below — 

r=      1,  2,        3, 

{,  =2*'-.T7,.  =  2S.25,  2^5,  2.1. 
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12.  Prime- Chains. — A  series  of  primes  connected  by  the  relation 

^,=  2i),_i+l,  ...,  ^8  =  2p2+l»  P2  =  2jPi+l,  (18) 

may  be  called  a  Privie-chmn.  In  order  that  the  chain  may  contain  more 
than  three  consecutive  primes,  the  members  p  must  be  of  forms 

Every  p  =  3«— 1  =  lOtr-9  -:=  2,  4,  6,  6  (mod  7),  (18a) 

p,  =  S-w  + 1,  3,  7 ;  2>,  =  8tr  +  3,  7  ;  PS,  p^,  ...,  p„  all  =  S-w  ♦  7.  (186) 

These  prime-chains  have  the  property 

2^*- J  =  1  (mod  p.)»  •••»  ^^^1  (mod  j),),     22''. '>"'.  =  1  (mod  pj  =  8v  +  3.  "Z),  (19) 

SO  that  each  prime  pt  is  the  sub-Haupt-exponent  of  2  to  the  next  higher 
prime  j9^+i  as  modulus,  and 

Such  a  prime-chain  is  an  rir  series  (with  base  2)  to  the  highest  prime  p,  as  modulus ; 
and  every  ar  =  0  from  Patop^;  oj  =  2  or  1.  (19<») 

These  prime-chains  seem  to  give  rise  to  the  longest  trains  of  odd  Haupt- 
exponents  (^r  =  nr)  possible  with  prime  moduli  of  moderate  sizes. 

Ex. — The  longest  prime-chains  of  this  kind  (known  to  the  author)  are  the  foUowing  of  six 
terms  each  ;  thus  confirming  the  result  (14/)  that  long  runs  of  ar  »  0  are  unusual : — 

2879,  1439,  719,  369,  179,  89; 

2029439,     1014719,       537359,     253679,     126839,       63419; 
4068479,     2034239,     1017119,     508559,     254279,     127139. 

The  successive  sub-moduli  rj^  «Pi)  of  such  series  run  rapidly  down  to  1  ; 
thus  pi  =  89  has  only  11,  5,  1  to  complete  its  rjr  series,  [see  Table  I.  at 
the  end] . 

12a.  Other  Prime-Chains. — Prime-chains  may  also  be  formed  with 
any  power  of  2  in  the  scale  of  relation,  so  that  pz^i  =  2''.j).2+l ;  but 
such  chains  seldom  have  more  than. three  consecutive  primes.  These 
chains  have  the  same  property  as  (19)  above,  viz.,  that  each  prime  pz  is 
the  sub-Haupt-exponent  (n)  of  2  to  the  next  higher  prime  ^^-i-i  as  modulus ; 
but  the  a  is  usually  not  constant. 

18.  L.C.M.  of  Sub'Haupt  Expmient  Train  as  Modulus. — Let  q  be 
any  odd  number,  not  containing  any  repeated  prime  among  its  factors. 

Let  ^,  f2,  ...,  ^  be  the  sub-Haupt-exponent  train  of  base  2,  to  mod  g, 
where  p  is  such  that  ^  =  2'*' ;  i/p  =  1.     Let 

vFpiq)  =  L.C.M.  of  g,  fi,  ^,  ...,  ^,  ...,  fp,  [x  <  p], 
^P-«(?)  =  L.C.M.  of  i'xf  ^+1,  ...,  ^. 
Hence  Tsr^iq)  =  L.C.M.  of.^-j,  fp-i,  ^  ; 

TJiiq)  =  L.C.M.  of  ^_i,  ^ ;  tstqC?)  =  ^. 
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Now,  take  m  =  TTpiq)  as  the  modulus  ;  here  m  may  be  even. 

And  let  ii,  ^2»  •••»  ir  be  the  sub-Haupt-exponent  train  of  base  2  to 

mod  m,  where  r  is  such  that  ^r  =  2*s  i/r  =  1. 

Then,  forming  the  sub-Haupt-exponents  in  succession,  it  will  be  found 

that 

^i  =  '^p-\{q)j  ^s  =  '^p-2{q\  ....  ^'  =  '^0'xiq),  ...,  ^-1  ='«r,(2),  ...,^=  Tro(2)  =  f ^  -  2*X  (30) 

Hence  ^r  =  2"^  =  ^p,  so  that  r  =  p,  and  Or  =  Op.  (20a) 

These  results  (20),  (20a)  are  remarkably  simple. 

J5«.— Take  3  =  47  ;  then  fl  =  23,    ^  =  11,    ^5=2.5,    fi  =  4 ;    p  =  4  ; 

w  =  TTp  (47)  =  4  .  6 .  11 .  23  .  47  ; 
and  ^1  =  4.6.11.83,    ^,  =  4.6.11,     ^  =  4 . 6,    ^  =  4;    r  =  4. 

14.  Power  Moduli,  (g*). — When  the  modulus  m  =  g",  (g  odd),  the  sub- 
Haupt-exponent  train  usually  contains  more  than  n  terms. 

Let  Hi  ^,  ...,  fp,  (fi,  ^a,  ...,  ir)  be  the  sub-Haupt-exponent  trains  of 
base  2  to  mod  q  and  g*  respectively,  where  p,  r  are  such  that 

i;  =  2\     i;;=l;       ^.=  2%     i;.  =  l. 

14a.  Case  i.  {q  =  Fy  or /J. — When  the  modulus  m  is  a  power  of  a 
Fermat's  number  (F^)  or  of  a  Format's  factor*  (/J,  the  results  take  a 
simple  form. 

Here  q  =  F,  or/, ;  giving  (Art.  11)  ii  =  2''+\  a[  =  v+h  P  =  1,  (21a) 
and     m  =  q"^  =  Fy  or  /T ;    giving 

^l  =  2''+^g~-^  ^2  =  2•'+^(7'*-^  ...,  fn-i  =  2''+^g,  ^.  =  2"+^  (216) 

Here  r  =  n;  and  this  is  the  only  case  in  which  r  =  n.  (21c) 

14b.  Casb  ii. — q  an  odd  prime,  or  product  of  odd  primes  (none 
repeated),  with  the  condition 

The  sub-moduli  (g,  rj[,  j/J,  ...,  i/p-i)  of  q  to  be  mutually  prime.  (22) 

Let    X(iS)  =  L.C.M.  of  ^i,  ^-i,  ...,  ^J,  ^i,  (beginning  with  iX 
7sr  (f;)  =  L.C.M.  of  ^,  ^-1,  ...,  ^,  (ending  with  ^). 

The  condition  (22)  involves  that  the  odd  factors  of  all  the  different  ^ 
are  mutually  prime,  so  that  X(^,  tsr(^)  are  easily  calculated,  and 

MO  =  ^(iQ. 


*  /.e.,  a  factor  of  a  Fermat'a  Number  (F„). 
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Hence  it  will  be  found  that  m  =  g"  gives  (when  n>  p) 

ii^iiq""'.  ^a  =  X(^2)9*-',  ...,  up  to  ^p  =  X(^g*-^  [if  n>p],  {28a) 
after  which,  ^p+,  =  \(Q  y"-^"*,  where  X(^  is  constant,  {iin>p+x],  (286) 
until  X  =  n— /5,  giving  ^^  =  X(^  =  rsrOi),  [g  has  disappeared],  (28c) 

after  which  ^,  ^,  ...,  drop  oflF  step  by  step,  so  that 

ending  with  ^n+p-i  =  ^^(^  =  ^  =  2"'.  i/n+p-i ;  and  r  =  n+p— 1.      (28«) 

The  slight  modification  needed  in  the  above  when  n  =  or  <  p  is  easily 
made ;  for  q  disappears  from  it  always  at  the  n-th  step,  t.e.,  from  ^n»  and 
the  remaining  steps  (^»+i,  ...)  are  the  same  as  above,  and  finally 
r  =  n+p— 1  always. 

15.  Table  of  Sub-Haupt-Exponent  Trains^  Hr). — Table  I.,  at  end 
of  this  paper,  gives  the  complete  trains  of  successive  Haupt-exponents  (^r) 
of  the  bases  g  =  2,  8,  5  to  argument  r  =  1,  2,  8,  ...  for  the  various 
moduli  (m)  stated  below : 


Mod. 


Bases. 


Bases. 


p=^  ■  3  to  108  2  to  101 

p'  =  9  to  125  4  to  126 

w  =    29  primes*  >  103     10,  10*,  10» 


Base  5. 


2  to  103 
4  to  128 


Each  train  is  complete  only  up  to  the  value  ir  just  >  1 ;   the  next 
entry,  which  would  be  ir+i  =  1  in  every  case,  is  omitted  (to  save  space). 


Chapter  II. — On  Hyper-Even  Numbers  (-E?r,  h). 
16.  Hyper-Even  Numbers   (Er.n)' — It  is  pro- 


2- 


r  times 
(26) 


posed  to  attach  this  name  to  the  number  (Er,  n)      Em  =  2^ 

figured  in  the  margin,  where  the  exponent  2  is 

repeated  exponentially  r  times,  and  the  uppermost  exponent  2  is  itself 

raised  to  the  ?i^th  power. 

The  number  will  be  styled  a  Hyper-evepi  number  of  order  r  and  degree  n 
(r,  n  may  =  0).  The  symbol  -Br, »  will  be  used  by  preference  to  the 
full  symbol,  as  it  saves  the  difficulty  of  printing  (and  reading)  the  heavy 


*  These  are  selected  primes,  and  include  three  Mersenne's  primes  M  =  (2^^— 1),  (2^' —  1), 
(2»-l). 

R   2 
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exponentials ;   and  note  that  hereby 

Eo.  n  =  2",        £i.  n  =  2^^^.  \        £2.  n  =  2'^'- ",  (26a) 

and,  generally,  -Er+i,«  =  2*^''" ;  (266) 

so  that  each  number  Er+i,n  has  for  its  exponent   the  number  Er,n  of 
same  degree  (?i)  and  next  lower  order  (r). 

To  further  relieve  the  notation,  a  single  suffix  symbol  will  often  be 
used  in  the  simpler  cases  (when  one  suffix  is  constant) 

En   =    Si,,,  En   =   E,,n,  Pr   =    ^V.  0-  (26c) 

A  few  of  the  actual  values  of  -B,.,  „  are  here  recorded  : 

n  =    0,  1,            2,          3,          4,  5,  6,  7,  ...,  Abbreviation. 

^o.»=    1,  2,            4,          8,         16,  32.  64,  128,  ..  ,                   2" 

Ei,n=    2,  4,           16,  256,  65536,  2«,  2«,  2»»  ...,                  E„ 

E'2,u=    4,  16,  65536,  2««,  2»»»,  2:«»«',  2«*M6*,  ..,  ...,                  E» 

-B3.H  =  16,  66536,  2«**«^,  ...,         ...,  ...,  ..,  ...,  ..., 

•  •  •  •  •  • 

E^,o  =1,        2.  4,         16,      66536,      2«««,  ...,  P„ 

And  it  is  seen  at  once  that 

^11,  n  =  2"  is  a  simple  geometrical  progression  of  ratio  =  2.  (37tf) 

In  J5Ji,  n  each  term  is  the  square  of  the  preceding,  Eh*\  =  EI.  (276) 

In  Ei^  n  each  exponent  is  the  square  of  the  preceding.  (27c) 

En,  0  =  Pu  is  a  special  series,  being  reaUy  the  zero  column  of  all  the  series.  (27<i) 

This  last  form  (PJ  will  be  studied  under  the  title  of  perfectly  even  numbers 
in  Art.  38  et  seq. 

17.  Residues  of  Hyper-Even  Numbers, — The  actual  numbers  (£r,  n)  rise 
so  rapidly  with  increase  of  r,  u  as  to  be  too  difficult*  for  direct  treatment ; 
but  their  residues  {Rr.id  to  various  moduli  can  be  readily  dealt  with. 
The  residue-systems  (2?^, «)  of  the  several  series  of  hyper-even  numbers 
Er,n  0'  constant,  ?^  =  0,  1,  2,  ...)  form  series  of  considerable  interest. 
The  investigation  of  their  properties  forms  the  subject  of  Art.  18  to  87. 

2?r,  n  denotes  the  residue  of  Er,  n  to  mod  w,  (28) 

and,  to  relieve  the  notation,  a  single  suffix  will  be  used  in  the  simpler 
cases  (when  one  suffix  is  constant),  as  in  (26c) — 

2?«,  Rrt,  Rr  denote  the  residues  of  En,  E«,  Pr  to  modm.         (28a) 


♦  Thus    E.J,  4  «^s.  2  =  -B«,o  -  2fi»^  -  200853  ...  166736  (has  19729  figures), 
.      -El* 2  =  -Bs,  4  =-B«.  0  =  2^0  =  about  {2^0^''^2^ 
which  has  about  6.10**^  figures  (a  number  inconceivably  great). 


I 
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These  residue-systems  {Br,  J  ai*e,  in  the  sequel,  all  formed  to  odd  moduli 
(m),  and  will  be  found  to  consist  in  general  of  two  parts  :  one  unique  and 
one  recurrent  (forming  a  cycle). 

[Note  that  the  residue-systems  of  2"  previously  considered  (Art.  4,  11)  have  no  unique 
jperiod  when  the  modulus  is  odd.] 

The  modulus  (w),  being  odd,  has  its  qq  =  0  ;  so  that  the  sub-modulus  W 
and  sub-Haupt-exponent  (^i)  are  here  identical  with  the  modulus  (m  =  f;o) 
and  Haupt-exponent  (fi)  respectively  (Art.  8). 

Chapter  II.a. — Residues  (i?»)  op  Hyper-Evens  op  pirst  order  (-&»)• 

18.  Notation. — In  this  simple  case,  a  simple  notation  suffices  to  save 
the  difficulty  of  use  of  double  exponentials. 

2**  =  ^^,        2^  =  H,         2'  =  -Y,         2/'  =  K;  (29a) 

JS„  =  2^      Eh  =  2",       -Bx  =  2^       -B^  =  2^' ;  (296) 

Gn  =  En— I ;   Fn  =  E^+ly  (a  Fermat's  number) ;   fn  a  factor  of  Fn ; 

(29c) 
jB^  =  residue  of  En  to  any  modulus  m,  [m  odd].  (29eZ) 

18a.  Notation  Results. — 
En^,  =  El,  En^,  =  El^,  =  Et E,^r  =  E^:  =  E^  =  E^'^ ;   (30a) 

Gn  =   Gn-l-Fn^i  =  Gn-2  •-Fm-2  • -F,i_i  =   ...   ^=  Fq.Fi.F.2  ...  -F»-l.      (306) 

19.  Besidu£'System.  —  The  residues  (jB^)  of  the  successive  numbers 
En  to  any  odd  modulus  (m) — taking  n  =  0,  1,  2,  3,  ... — form  a  series 
of  some  interest.     It  will  be  found  to  consist  in  general  of  two  parts : 

1°.  a  unique  portion  of  say  h'  terms  (7i„,  i?,,  i?j,  ...,  Rh)  ;  [h'  =h  +  l,  h'  may  -  0].      (31a) 
2".  A  recurring  cycle  of  say  k  terms  (Rh^x^  Rh*2i  ..  ,  Rh*k) ;  [k  <  1].  (316) 

20.  Period-Lengths  (h\  k). — Let  x  be  any  number  <(  1,  but  J>  k ; 
•then  the  terms  ^a+x,  Eh+x-^-ky  ...,  Ek+x+ik  are  all  to  have  the  sajne  residue 

{RK+x)f  by  (316),  so  that  the  lengths  (A'  =  A  +  1,  A:)  of  the  two  portions  of 
the  series  are  defined  by  the  relation 

Ek+x+sk  =  Ek+x,  (mod  m),  for  all  values  of  s,  [x  ^  A;].  (82) 

Now  2*^'  =  HX,  2*^  =  iC*  =  iifS  (for  shortness), 

2^^^^^^  =  HXK' =  HXKZ, 

and  the  congruence  (32)  becomes 

E^^x^sk-En^x  =  2''-^'^'^-2''-^  =  0,  (mod  m) ; 
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therefore  2^'^^^^"^^—!  =  0,  (mod  m),  since  m  is  odd. 

Therefore  2^^<'^'^-^>  =  1  =  2^%  (mod  m) ; 

therefore 

HX(ir2-l)  =  0  (mod  fi  =  2*».i;i) ;    or  =  2''»a>i  .(2*^i;i),  [i/i  od(f].  (88) 

The  even  factors  on  either  side  of  this  equation  must  be  equal ;   hence 

2''^'  =  HX  =  0  (mod  2*0,  whence  h+x  =  Mi+ai  or  <  a^.      (84) 

Here  h  should  be  the  least  integer  satisfying  this  inequality  for  all  values 
of  X  <  1 ;   this  involves  /,-  =  a+  i  =  „^.  (84„) 

The  odd  parts  on  either  side  of  the  equation  (83)  must  also  be  equal; 
^®°^^  2*^-1  =  ^2-1  =  0  (mod  i/i). 

As  this  is  to  be  true  for  all  values  of  8,  this  involves 

2^—1  =  0  (mod  i/i), 

and  k  should  be  the  least  value  satisfying  this ;    so  that 

k  =  ^2,  (the  Haupt-exponent  of  2  to  mod  iji).  (85) 

Hence  the  lengths  (h\  k)  of  the  unique  portion  and  cycle  are  definitely 
given  by  (34a),  (35). 

20a.  Simple  Cases. — The  lengths  {]i\  k)  can  be  stated  in  some  cases, 
when  the  modulus  is  a  prime  (m  =p),  without  a  knowledge  of  i^. 

p  =  8w-l  gives  (2/p)2  =  +  1,  and  h'  =  oj  =  0.  (36a) 

;,  =  8w  +  3  gives  (2/p),  =  - 1,  and  /i'  =  ^  =  1.  (366) 

2^  =  8w  +  5  gives  (2//;)2  =  -1,  and  ;i'  =  o,  =  2.  (36c) 
p  =  8w  +  l  =  2*.«  +  l  gives  {'llph  =  + 1,  and  h'  =  oj  :|>  Ja. 

Here  (2lp)^,  (2/p)8,  (2p)i^  -  -  1,  ...,  give  h'  =  o,  ===  Jx,  JA,  |x,  ...,  respectively.  (37a) 

Also,  without  knowing  the  value  of  ^2»  ^^  i^  seen  at  once  that 

k  J>  totient  of  tjv  and  <(  1.  (88) 

21.  Co-periodic  Moduli. — Since  the  quantities  aj,  i/i,  ^^  are  the  same 
for  all  odd  moduli  (m)  which  yield  the  same  Haupt-exponent  (ii)  with 
base  2,  (Art.  7,  8,  11),  it  follows  that  all  such  moduli  have  the  same 
period-lengths  (A,  k)  in  their  En  residue-systems.  This  will  be  the  case 
for  all  the  specific*  factors  of  any  number  of  form  (2^—1),  and  also 
for  any  product  of  the  same,  (Art.  7,  11). 


•  See  footnote  t  of  Art.  7. 
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^jc.— (2»"-l)  has  its  A.P.P.  -  {7^-^1)1(2^^  +  1)  =  6  .  101 .  8101 .  368601. 

Omitting  6,    as    being   a    factor   of    (d'  +  l),      (i  >-' 100  -  2'.5^    for  each   of  the    factors 
101,8101,  ...;    and  the  period-lengths  of  their  E^  residue-systems  are  alike,    viz.,    a  »  2, 

21a.  Concyclic  Moduli. — All  odd  moduli  (m)  whose  Haupt-exponents  (^i) 
for  base  2  are  terms  of  the  series  ii  =  i/i,  2j7i,  4i;i,  ...,  ^T^.fii,  [jni  odd,  the 
same  for  all],  will  thus  have  the  same  i^*  so  that  the  cycles  in  their  En 
residue-systems  will  be  all  of  same  length  (k  =  ^2).  This  will  be  the  case 
for  all  the  specific  factors  of  the  whole  series  of  numbers  of  form  (2*'^^  — 1) 
which  have  their  ^i  =  2*^i;i,  [fji  the  same  for  all],  and  also  for  any 
product  of  the  same. 

Ex. — Take  r  =  1,  tji  ->  7,  giving  (2  »  3 ;  it  will  be  seen  (below)  that  all  the  factors  of  the 
A.P.F.*  of  each  member  (2'>  — 1)  have  the  same  length  of  cycle  ^  -  8.  [For  shortness*  sake, 
p  is  here  used  to  denote  a  large  prime.] 

4i  -      7  ,  2.7  ';         4.7      8.7         16.7  82.7; 

A.P.F.  of  (2'.  -  1)      127       43'    29.113         p,  6163.1)      499 .  2689,  Ac. ; 

;t',fc-0,3      1,3,  2,3      3,3  1         4,3!  6,3. 

22.  Cycle  when  Bx+y  =  -B,. — From  Art.  20  it  is  seen  that  the  equality 
of  two  residues  {Bx+y  =  Bx)  shows  at  once  the  existence  of  a  cycle  of 
length  k  =  y  (or  a  sub-factor  of  y). 

22a.  Cycle  when  B,+y  =  ^Br. — Since  jRx+y+i  =  B^+y,  and  iix+i  =  ii?, 
the  existence  of  jBx+y  =  — i?x  involves  jRx+y+i  =  i2x+i,  and  therefore 
(Art.  22)  shows  the  existence  of  a  cycle  of  length  k  =  y.  Also,  (supposing 
y  a  minimum),  jB^+i  is  in  one  cycle,  and  Bx+y+i  is  in  the  next  cycle,  and 
Bx^y  is  also  in  the  former  cycle.  Hence,  since  Bx+y^Bx,  it  follows  that 
Bx  must  be  the  last  term  of  the  non-periodic  portion,  and  Bx+y  the  last 
term  of  the  cycle.     Hence 

h^x,    oi  = /i' -  ;i  +  l -X  +  1,    y=fc;      Rs^Rk,    Rr.^^Rh^k.  (39) 

The  property  Bh+k  =  —  iJ*  is  of  great  generality.     Thus 

R,^f^—R,  only  when  ai  -  0,  i.e.,  when  ^i  is  odd,  (40a 

Rh*k  —  —Rh  always  when  a^  >  0,  i.e.,  when  ^i  is  even.  (406) 

And,  in  this  case,  Rh  >-  Ek  when  Ek  <  m.  (40c) 

The  results  may  be  shown  in  greater  detail  when  vi  =  p  (an  odd  prime), 
viz., 

Rr*v^  —  Rrf  when  p  -  8w— 1,  or  -  8w  +  l,  with  |i  «  w,  (41a) 

Rh 

Rk. 

Rh 


lr*v^  —  Rrf  when  p  -  8w— 1,  or  -  8w  +  l,  with  |i  «  w,  (41a) 

In^k  -  -Rk  -  -2,  when  p  -  8w  +  3,  or  -  2^  .  ^j  +  1,  with  {,  -  2iji,  (416) 

h^k^-Rh^  —4,  when  p  »  8tr •«- 6,  or  -  2* .  tji  + 1,  with   {,  -  4ifi,  (41c) 

Ik.k  -  -Rh  =  -Eh,  when  p  -  2» .  tjj  + 1,  with  {  -  2*. .  iji,  [ai  -  fc  + 1,  Ek  <  p].  (41d) 


•  See  footnote  •  of  Art.  7. 
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28.  Fermafs  and  Mersenne*s  Numbers  and  Factors^  (Fa,  /»,  Mq,  m,j). — 

Fn  =  2^+1,  IN  =  2*],  a  Fermat's  Number  ;  /»  a  factor  of  F^. 

Mq  =  2^—1,  [q  prime],  a  Mersenne's  Number ;  niq  a  factor  of  Mq. 

It  will  be  seen  at  once  (Art.  11)  that  these  two  kinds  of  numbers  (Fk,  M^ 
— when  in  use  as  moduli  (m) — give  their  En  residue-systems  in  strong 
contrast. 

i.  FemuU*8  Numbers  (Fn)  smd  factors  (f„)  give 

V  —  n  + 1  (a  max.)t     fe  «  1  (a  tnin.),     ii„  =  —  1,     J?« » i  =  + 1,  always.         (42a) 

Rt  —  2^,  [X  =  2'] ,  up  to  X  -  n,  when  m  =  Fnis  prime,  (426) 
ii.  Mersenne^s  Numbers  {Mg)  &nd  factors  (m,)  give 

/i'  «  0  (a  min,)f    ^  =  |j  the  Uaupt-exponent  of  q  (a  max,),  (43a) 

R,  «  2*  (some  power  of  2)  always,  when  m  «  JM,  is  prime,  (436) 

24.  Property  of  ii  =  2*^8. — The  residues  Bj,,  Bh+u  Bk+2  are  in  this 
case  very  simply  connected. 

Here  iji  =  8  gives  ft  =  ^^  =  2 ; 

so  that  the  cycle  has  only  two  terms  (Bk+u  -Rji+a)-         (44) 
Hence  Bh+i  =  Bh+u  whence  Eh+s—Ek+i  =  0  (mod  m). 

Now  jBa+8  = -Ba+1,  so  that  Ffc+i(-Bfc+i  — 1)  =  0,  (modw);   therefore 

fJ+1-1  =  (£fc+i-l).(J5'+i+£A+i  +  l)  =  0,     (mod  m)      (45) 

and  Fji +1  —  1^0,  (as  this  is  a  property  only  of  a  Fermat's  number  or 
factor) ;   therefore 

El+i+Ek+i+l  =  0,     whence     Eh+.+Em  +  I  =  0. 
Hence  the  sum  of  the  cycle  terms 

BK+i+Bk+2  =  —  l     (mod  m).  (45a) 

And,  since  Eh+i  =  E'l  equation  (45)  gives  Et-1  =  {EI''1){EI+1)=  0 

3  •  •  •  •     •  3 

and  Eh—1  ^  0,  since  h  is  the  least  quantity  giving  Eh+\  —  l  =  0  ;  there- 

^^""^  El+ 1  =  (Ek+ 1)  (£:A-£:fc+ 1)  =  0. 


Also  Eh-\-l  ^0,    (as  this  is  a  property  only  of  a  Fermat's  number  or 
factor) ;    therefore 

eI'-Ek+I  =  0,     whence     £^+1—^^+1  =  0. 

Hence  Bh^Bh+i  =  1,  [here  B^  is  the  last  non-recurring  term].  (456) 

The  results  (45a,  b)  together  give 

Bh+BK+2  =  0.  (45c) 
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Note  that  the  three  relations  (45a,  b,  c)  between  Rk,  Bh+u  Rh^2  are 
peculiar  to  (prime)  moduli  whose  Haupt-exponent  ii  =  2''> .  8. 

Ex.— See  oases  of  p  -  13,  97,  193,  241,  673  in  Tables  II.,  III. 

25.  Case  of  B  =  (+p±,  1)I/jl. — An  interesting  problem  arises  in  find- 
ing the  values  of  x  which  give,  (when  the  modulus  p  is*  prime), 

i^x  =  (±i?±l)/2^    where    L  =  2^.  (46) 

Here  ^'^  =  B,  =  {±p  ±1)I2\    (modi?), 

2X+L  =  (±p±l)  =  ±i^    (mod  p),  (47) 

The  two  cases,  wherein  the  residue  is  +  1,  require  separate  treatment. 

25a.  Case  i.—  2-^'+^-  =  + 1,  (mod  p).  (48) 

Here      2'+ 2'  =  X+L  =  m.^^  =  m.2*'.J7i,  [tji  odd,  ai  may  =  0]. 
Therefore  2*-' + 1  =  w .  2*i-' .  m- 

Here  m.2**~'  must  be  odd,  and  I  <(  ai.  (48a) 

Hence  2'"'  =  —  1,  (mod  i/i), 

whence     jj— Z  =  JA;,   [A;  evefi,  and  i;i  =  prime,  or  a  power  of  such],     (486) 
giving  x  =  ^k+l,      i?,  =  (±p+l)/2^  (48c) 

25b.  Case  ii.—  2-^+ ''  =  - 1 ,  (mod  p) .  (49) 

Here       2'+2^  =  X+L  =  m.^ii  =  w.2*»-^j7i,   [^i  even,  m  odd]. 
Therefore  2^-^+1  =  w.2*»-'-^i;i. 

Here  w  .2*^"'"^  must  be  odd,  and  Z  <  (aj-  1).  (49a) 

Hence  2'"'  =  —  1,  (mod  m)y 

and         X— Z  =  JA,   [k  even,  and  i/i  =  prime,  or  a  power  of  such],      (496) 
giving  x  =  ^k+l,       i?,  =  (±i)-l)/2^  (49c) 

25c.  Conditions  for  above. — The  conditions  necessary  for  above  are 
Cases  i.  and  ii. — k  =  e,  and  iji  =  odd  prime,  or  power  of  such.  (50a) 
Case  ii. — Add  ^i  =  e.  (506) 


*  The  case  of  a  composite  modulus  would  be  more  complicated ;  so  is  not  here  treated. 


Lt.-Col.  All&n  Cunninoh&h 


[Jan.  10, 


25d.  Exceptional  Cases   (ft  =  1).  —  If    the    modulus  be   a  Fermat's 
number  F„  =  E,+l,  (prime  or  composite) ;  then  ft  =  I  always  (Art.  28), 


-fi^=-l  =-(F,— D/S";    x  =  7(  +  l  givea  R,  =  +  l={Fn—l)l2''. 

(50c) 

26e.  Results. — Here  follows  a  table  showing  the  results,  i.e.  the  values 

of  X,  Ri,  reduced  from  the  above  (4Hc),  (49c)  for  each  of  the  principal 

forms  of  p  (=  8cr+l,  S,  5,  7),    with    numerical  examples  of  p,   moat  of 

which  can  be  readily  verified  from  Che  Table  II.  at  the  end  of  this  paper. 

[Here  Q  denoteK  either  nn  (odd)  prime  (g)  or  a  jmicer  of  such  (q').) 


CoDditions  for  p. 

Trial. 

Results. 

rmotp. 

_          Examples  of  p. 

t,  "    •, .,  * 

m    I  ^     X            B, 

J.-1 

0,  «.  ■ 

1.  0    it,           J(p  +  1) 

7,  23,  81 

lw-1 

0.  y,  . 

2.   1  lifc+l.       i(P*l) 

7,  33,  31 

>«-I 

0.  0.  . 

1,1     ifc+I.       I(i'     1(111,19,  59,67,88,  Ml 

•  +  3 

1.  «,  . 

8-+t 

(2/p),  =+1  0.  e. . 

1.   0    U,         ~l(},     1^.73,89,333 

8-  +  I 

(iM,.»i   0.  Q.  . 

a,    1  ,ifc+l,   ~U,>     1)    73,89,288 

}»  +  3     i 

1,  e, ' 

1,   0 

k,            *(p-l)    11,  19.  69,  67,  83,  351 

4-  +  1     1 

a,  «.  . 

1,   1 

k*l,      l(p-l)    18,37,83,101,897 

8»  +  l       (2/pl,--l 

2,  tf,  . 

1.    1 

ft  +  I,      i(p-l)l«,  137,  167 

6-+1       (a/p). --1 

8.  0,  « 

1,  a 

fc  +  a,     A(P-li    311.  101,  433 

2m*  I 

(Vp).--i 

s.  «.  . 

1,  a 

k*2,     A<P-1) 

363 

25f.  Mersenms  Numbers,  (M./). — These  numbers,  which  are  of  form 
M.,  =  2^' — 1,  [q  a  prime],  give  the  simplest  illustration  of  above  results  : 
thus,  whether  prime  or  composite,  they  give  when  used  aa  moduli,  (Art.  23), 
a  =  0,  £i  =  I)!  =  (^  (a  prime) ;  ft  =  Haupt-exponent  of  2  to  mod  q,  (51) 
ftnd  fi,   =i(Jlf,  +  l).   i(Jlf,*l).  A('V.*1).  ■.■.up'o(^f  +  l)/3M3*  <  Jtf,  +  1]  I 

when         }^-ik.  ik  +  1,  ifc*2,        ...,  Jft  +  I  1 

Ex.—M„  -2"-l  -  3047  =  23.89:  -  =  0;  (,  -g  -11;  fe-lO; 
end  if.-    1024,      S12,    138,     8;     [i.e..  lu  far  aa  I  =  3,  Z.  -  8,  S'^  -  366), 

when  I  =  6.  6,        7,     8. 


(61a) 


26.  Table  of  Residues  (JJ„)  o/E,.— Tables  II.,  III.  at  the  end  of  this 
paper  give  the  complete  residue-systems  (Rn)  of  E^  up  to  the  end  of  the 
first  cycle,  to  argument  n,  i.e.  from  n  =  0  to  n  ^  h-\-k,  for  the  moduli  (m) 
as  follows : — 

Table    U.     ih  -  p  =  3  to  101  ;    m  -  p-  -  9  to  81 . 

Table  HI.     )»  -  p  >  100,  but  <  1000  (20  solooted  primon)  ;   jb  -  10  and  100 ; 

m  '  8191  (ft  Heraenne's  prime) ;  m  •  6700417,  a  fMtor  ol  Fi  -  (9>*  1. 1). 
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The  moduli  (m)  are  printed  in  bold  type  in  upper  left  corner ;  the 
small  figures  enclosed  in  parentheses  on  the  right  of  the  same  line  are  the 
values  of  ^i,  ^2  brought  from  Table  I. : 

Ex,—p  -  118  ...  (28,  3)  means  that  p  -  113  has  |i  -  28,   ^j  =  8, 

and  it  will  be  seen  that  in  every  case  the  number  of  terms  (k)  in  the 
cycle  is  A:  =  ^j. 

The  two  parts  of  the  residue  system  are  printed  differently  : — 

Unique  period  {R^to  Ru)  in  usual  type;  Cycle  (Rh*\  to  Rh^k)^  enclosed  in  parentheses, 
with  the  positive  residues  in  old-face  type  (30),  and  the  negative  residues  in  usual  type  (i). 

Ex. — p  »  118  has  two  unique  terms  2,  4  ;  and  a  three-term  cycle  (16,  30,  i). 

Also,  to  save  space  in  printing,  negative  residues  are  printed  (44,  in 
usual  type)  whenever  the  positive  residue  jB«  >  ^m,  excepting  when 
m  =  10,  100,  ... . 

Chapter  II.b. — Residues  (R„)  of  Hyper-Evens  of  Second  Order,  (E»). 

27.  Notation. — The  following  notation  is  introduced  to  relieve  the 
heavy  exponentials 

E„  =  2*^-,     [En  =  2^  N  =  2",  as  before]  ;  (52) 

R^  =  residue  of  (E»  to  mod  7;^),   [m  odd] ;  (52a) 

r„  =  residue  of  En  =  2^^  to  mod  ^1.  (526) 

27a.  Connexion  of  En,  En  ;  B*,  Bn. — Since  E«  =  2*^" ; 

therefore  Eo  =  -Bi,    Ei  =  E^,    Ej  =  £4,    Eg  =  £«,    ...,   E„  =  A\ ;  (58) 

therefore  Bq  =  Bu   Bi  =  Bg*    Bg  =  JB4,    Be  =  JBg,    ...,    B«  =  JBy.  (58a) 

Hence  the  residues  Bn  will  be  all  found  among  the  system  of  i2„.  (586) 

28.  Successive  Besidues  B»+i,  Bn ;  r^+i,  r». — By  the  notation 

Bn+i  =  En+i  =  2^"-i  =  2<'^">.    (mod  m),  (54) 

rn+i  =  En+i  =  El  =  rl    (mod  ^1).  (54a) 

Hence  B„+i  =  2''''*' =  2<^'>,    (mod  m).  (546) 

Hence — in  computing  the  residues  Bh — the  exponents  (En)  of  2  in  the  En 
series  may  be  replaced  by  the  residues  Vn  of  E^  to  mod  ^1 ;  and  each 
reduced  exponent  (as  rn+i)  is  the  square  of  the  preceding  reduced  exponent 
(rn)  to  mod  ^1.  This  is  perhaps  the  most  convenient  way  of  computing 
the  B,t  series. 
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29.  Besidue-Sijstem.s  (R„). — The  properties  of  this  residue-system  (R«) 
are  much  the  same  as  those  of  the  system  of  i2»  already  studied  (Art.  19, 
et  seq.).  It  will  suffice  to  state  these  without  fresh  proof.  The  Bu  system 
for  any  odd  modulus  (w)  consists  in  general  of  two  parts. 

1°.  A  non-periodic  part  of  h'  ^  h-^1  terms  (B^,  Bi,  ...,  Ra)  [h'  may  «  01.  (^^Sa) 

r,  A  cijcie  of  k  terms  (B*.i.  Bfc.2,    ..,  B*.*)  [k  <  11.  (556) 

Also,  inutatis  mutandisy  the  results  as  to  co-periodic  and  concyclic 
moduli,  (Art.  21,  21a);  as  to  cycles  defined  by  R,+y  =  ±Rr»  (Art.  22,  22a), 
and  as  to  Fermat's  and  Mersenne*s  numbers  and  factors  as  moduli 
(Art.  28)  apply  for  the  most  part  here. 

It  is  manifest  also  that  all  the  members  of  the  cycle  B^^+i  to  Bj^+l  must 
be  contained  in  the  cycle  of  i^n ;  but  the  converse  is  not  true,  for  some 
members  of  the  cycle  of  Rn,  usually  fall  in  the  unique  part  of  the 
Bn-system. 

[Ex. — Compare  Tables  11.,  III.  with  Table  IV.,  passim.] 

80.  Period-Lengths,  (A-i,  h^. — Treating  this  case  as  in  Art.  20,  it  will 
be  found — after  a  double  application  of  that  process — that 

Aj  =  ^3  (the  Haupt-exponent  of  2  to  mod  ly^),  (56a) 

]u  =  the  minimum  given  by  2*  <(  qj,  and  h'  <^  o^.  (566) 

Here  ^i,  fj,  f 3  ;  nu  n^\  "i>  ^  have  the  meanings  obtained  by  writing  g  =  2 
in  the  notation  of  (11a)  to  (18),  Art.  9. 

81.  Case  o/Br^y  =  —  B,. — Reasoning  as  in  Art.  22a  leads  to 

J-  =  A,  =z  /jo— 1,  and  <  o^,  y  =  A*3  =  ^3.  (57) 

Simple  Cases  (w  =  p), — Referring  to  Art.  22a,  it  will  be  seen  that  here, 
Bx^y  =^  -  B.,  when  p  =  8CT+8,  7,  (58a) 

B,^y  =  —  Br  reiiuires  p  =  8t!r+5  ;  or  =  Star+l  with    fi  =  4ir, 

(along  with  other  conditions).  (586) 

Ex.  (see  Table  n*.).— B,.i  =  -B^.  when  p  =  5,  17.  193,  241.  ...  ; 

B,..  =     Br.  when  /)  =  29.  113.  353.  433,  .... 

82.  ra6/«'  of  Residues  B»  of  E..— Table  IV.  at  the  end  of  this  paper 
gives  the  complete  residue-systems  B,»  of  E^  up  to  the  end  of  the  first 
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cycle,  to  argument  n,  i.e.  from  n  =  0  to  n  =  A+A:  for  the  moduli  (m)  as 
follows : — 

m  »  2^  a-  3  to  101 ;  m  ^p*  »  9  to  1Q5 ;  m  -  2>  >  101,  but  <  1000  (20  selected  primes). 
m  »  8191  and  131071  (Mersexme^s  primes) ;        m  =*  65537  (a  Fermat's  prime), 
m  -  6700417  a  factor  of  Fj  -  (2«+ 1) ;  w  -  10.  100,  1000. 

For  details  of  the  typography,  see  Art.  26.  The  small-type  figures  at  the 
end  of  the  modulus  line  are  the  values  of  i^,  and  it  will  be  seen  that  in 
every  case  the  number  of  terms  {k^  in  the  cycle  is  k^  =  fa- 


Besidues  (jRr,  n)  of  Hyper-Evens  of  Higher  Orders,  (Er,  J. 

83.  Notation. — By  aid  of  the  double  suffix  notation  of  Art.  16,  17, 
q.v.,  many  of  the  above  results  for  the  simpler  cases  of  En  (or  J&i,  J  and  E* 
(or  JEo,  h)  may  be  readily  extended  to  the  higher  power  orders  (Er,  n). 

84.  Besidue-System  {Br,n)- — Considering  the  r-th  order  series  (-Br, ») , 
it  is  manifest  that  its  residue-system  {Br,  n)  to  any  odd  modulus  (m)  will 
have  similar  properties  to  those  already  proved  for  the  simpler  cases  of 
Ei^  n,  E2,  n-  It  will  suffice  to  state  some  of  these  without  fresh  formal 
proof.  The  Br,  n-system  for  any  odd  modulus  (m)  will  consist  in  general 
of  two  parts, 

1**.  A  non-periodic  part  of  ^  =  fer  +  1  terms  {Rr, ot  i^r,  1,  -ftr.a,    ..,  Rr,k)  [h'  may  —  0].  (59a) 
2\  A  cycle  of  /c^  terms  (i?r,**i,  Rr,k*if  ...,  Rr.k*it)  [kr  ^  1].  (596) 

Also,  mutatis  mutandis,  the  results  as  to  co-periodic  and  concyclic 
moduli  (Art.  21,  21a)  ;  as  to  cycle  lengths  (ir)  defined  by  Br,y^=  -io.  Br^xy 
(Art.  22,  22a),  and  as  to  Fermat's  and  Mersenne's  numbers  and  factors, 
(Art.  28),  apply  to  a  great  extent  here  also.  It  is  manifest  also  that  all 
the  members  of  the  cycle  Br,h^\  to  i2r,  a+ji  must  be  contained  ivithiti  the 
cycles  of  all  lower  power  orders  (JEr-x, ») ;  but  the  converse  is  not  true. 


85.  Period-Lengths,  (K,  K).  —  By  an  extension  of  the  reasoning  of 
Art.  20,  80,  in  the  case  of  £7i, »,  Ei,  n,  it  will  be  seen  that  the  lengths 
(hr,  kr)  of  the  two  parts  of  the  Br,  n  series  may  be  determined  from  the 
sub-modulus  (i/r)  and  sub-Haupt-exponent  Hr)  trains  of  Art.  9.     Thus 

l*^.  Unique  Part. — The  length  K  =  Ar+1  is  determined  by  a  train  of 
r  inequalities ;  thus  K  should  be  the  minimum  satisfying 

(60a) 
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The  values  of  £?r,v  rise  so  rapidly  with  increase  of  r,  (whilst  the  a  remain 
small),  that  the  last  two  or  three  of  these  inequalities  (viz.,  those  on  the 
right)  will — if  satisfied — usually  involve  the  rest,  (so  that  K  is  readily 
found). 

2°.  Cycle-Lengthy  (kr). — Here 

kr  =  ^r+i  =  Haupt-exponent  of  2  to  mod  i/r.  (606) 

86.  Ultimate  Cycle  {k^  =  1). — It  was  shown  (Art.  10)  that  for  every 
odd  modulus  {m)  there  is  a  value  of  r  giving  ijr  =  1.  Now,  let  p  be  jbhe 
least  such  vahie ;   then 

^p  =  J^p+i  =  ...  =  J7p+x  =  1>    and    fp+i  =  tp+2  =  ...  =  Cp+x+i  =  1> 

(for  all  values  of  x).  (61a) 

Hence  also        Ap  =  Ap+i  =  ...  =  A;p+,  =  1,  (for  all  values  of  x).  (616) 

Thus  the  residue-system  of  the  £p.  x  series  and  of  all  higher  order  series 
has  a  cycle  of  only  one  term,  i,e,  has  a  constant  term,  and  this  term  has 
the  same  (numerical)  value  in  all  those  series,  t.6., 

-Bp+x,  h'^  =  iip.  h'  (for  all  values  of  x),  (62) 

although  the  length  of  the  unique  portion  {Kj)  may  differ  therein. 

87.  Disappearance  of  Unique  Period  (K  =  0). — Let  p  be  the  lea^t 
value  giving  fip  =  1,  ^p+i  =  1,  as  in  Art.  86.  Then  the  non-recurring 
part  of  the  B^^ «  system  is  of  length  Ap  defined  by  writing  r  =  p  in  (60a). 
In  passing  to  series  of  higher  order  (r  =  />+^)»  the  cycle  remains  of  only 
one  term  (Art.  36),  whilst  the  length  of  the  unique  portion  Qii)  decreases 
on  the  whole  (though  there  may  be  fluctuations),  until  finally  it  vanishes, 

h'r  =  0,    when    1  <  ar-i,    2  <  ar-J,    2^  <  Or-s,    2*  <  ar-4,  ...,  P*  <  ar-x-1, 

(68) 

so  that  the  residue-system  (i2r,  n)  is  hereby  reduced  to  the  constant  tenn 
with  the  above  stated  value 

B  ^  =  Br,o  (for  all  values  of  n),  (64) 

and  the  same  is  true  of  all  series  of  higher  order  (r+x). 

Chapter  II.  c. — Residues  (Br)  op  Perfectly  Even  Numbers  (Pr). 

88.  Definition  and  Notation. — The  term  perfectly  even  number,  of 
order  r,  is  here  used  to  denote  the  number  (Pr)  defined  by 

Po  =  l,    Pl=2^    P2  =  2^    ...,    Pr+i  =  2^,  (65) 
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so  that  Po  =  1,  Pi  =  2,  Pa  =  4,  Pg  =  16,  P^  =  65586,  Ps  =  2*^,  ... . 

Also  B^  denotes  the  residue  of  Pr  to  any  odd  modulus  (m). 

Thus  these  numbers  (Pr)  form  the  series  of  zero  degree  {ft  =  0)  among 
the  series  Er,n  defined  in  Art.  16,  i.e., 

Pr  =  Er^  0,     and     Rr  =  Br^  o»  (66) 

but  the  present  (simpler)  notation  is  introduced  to  simplify  the  symbolic 
work. 


89.  Besidiie- System,  (Rr). — From  Art.  84-37,  it  is  manifest  that  the 
residue-system  (Br)  consists  always  of  two  parts, 

r.  A  non-periodic  part  of  say  /i'  -  ^  + 1  terms  (Bq,  Bi,  B,,  ...,  Ba),  [V  >  0].  (67a) 

2^.  A  constant  term  (or  cycle  of  one  term)  Ba',  repeating  ad  inf,  (676) 

The  results  of  Art.  84  require  some  modification  for  the  present  case. 
Thus  all  moduli  (m)  alike  give  a  cycle  of  one  term  :  and  all  moduli,  which 
have  the  same  Haupt-exponent  ii  (see  Art.  7,  11),  have  the  non-periodic 
part  of  their  Pr  residue-system  of  same  length  h',  (cf.  Art.  84).  And  the 
equation  Ry  =  ±  Rx»  (y^x),  shows  that  Ry  is  the  constant  term. 

In  this  last  case  of  R^  =  —  Rr,  it  is  clear  also  (since  the  cycle  contains 
only  one  term)  that 

h*=  h-i-l  »  least  value  of  y,  Rp  >•  Rk'  is  the  constant  term.  (68) 


40.  Beduction  of  Besidttes. — The  numbers  Pn  rise  so  rapidly  (when 
n  >>  4)  that  it  is  important  to  show  a  practical  way  of  computing  the 
residues  Rn  when  n  is  not  small.  This  is  done  by  a  systematic  reduction 
of  the  successive  large  exponents  {Pn-:i  in  the  series 

by  help  of  the  sub-Haupt-exponent  train  ^x,  ^x-i,  ...,  i^*  ii  (A^^^-  9)»  "sed 
as  reducing  moduli  by  the  process  of  Art.  6  repeatedly  applied. 

Let  Bns  denote  the  least  residue  of  P„-x  to  mod  ^x,  (x  J>  n).  (70) 

Then  BUx+i  =  P«-«+i  =  2^-  (mod  ^^-i),  (71) 

and,  by  Art.  6,  Bn-x  may  be  substituted  for  Pn-x  in  the  above,  (since  ^j  is 
the  sub-Haupt-exponent  of  ix-i) ;  hence 

BU+i  =  2^'-'  (mod  ^,-i).  (71a) 
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Similarly  K-x+i  =  2*»-">  (mod  ^,-2),  (716) 

B'n-^^y  =  2*'-">-  (mod  ir.,),  (71c) 


E'n-i     =  ^^'-*  (mod  i^,        b;_i  =  2"--«  (mod  ^1).  (71d) 

Lastly,     B\  =  2  "-*  (mod  ^o  =  ^''^)»    so  that  Bn  =  the  required  B,».    (71e) 

:  To  apply  the  above,  it  is  only  necessary  to  take  x,  such  that  Pn-x  niay 
be  so  small  that  the  starting  residue  B'n-x  niay  be  readily  calculable. 
Hereby  Bn-x  <ix<  ix-u  so  that  the  next  residue  Bn^x+i  is  also  readily 
calculable.  And  similarly  each  reduced  exponent  is  so  small  that  each 
residue  may  be  calculated  in  succession. 

41.  Position  (r)  of  Constant  Term  (Rr). — This  might  be  worked  out 
direct  from  the  definition  Br+x  =  Br  by  a  process  similar  to  that  used  in 
Art.  20,  30 :  but  this  is  now  unnecessary,  as  it  may  be  taken  from  the 
results  of  Art.  86,  87,  which  practically  embody  it. 

Step  i. — Let  p  be  the  least  value  giving  ri^,  =  1,  fp+i  =  1,  (as  in 
Art.  86).  This  determines  the  numerical  value  of  this  constant  term 
as  =  Bp^h'  of  the  series  E^^  „,  and  also  fixes  a  limit  p  J>  the  required  r. 

Step  ii. — Determine  the  value  of  r  (<tp)  defining  the  Er,n  series  in 
which   AJ.  =  0  (as  in  Art.  87),  by  the  conditions 

1   <   0,.l,      2    <   ar-2,     23<«^.3,     2^   <   ar-4,        ..,     Px^Or-,-!-  (72) 

In  practice  a  few  of  these  conditions  (on  the  left)  suffice  to  involve  the 
rest,  as  Px  increases  rapidly  with  x,  (when  x  >  4),  whilst  the  a  remain 
small,  so  that  r  is  readily  found.  This  is  clearly  the  value  of  r  required, 
giving  (in  the  Pr  series), 

Br+x  =  Br,  for  all  values  of  x.  (78) 

42.  Value  of  Constant  Temi  (Br). — The  actual  value  of  the  constant 
term  Br  may  now  be  found  by  the  general  process  of  Art.  40,  substituting 
the  value  of  r,  (found  from  Art.  41)  for  the  general  symbol  n  (of  Art.  40). 
This  substitution  (of  r  for  n)  carries  the  following  important  consequences. 

1°.  The  reduced  residues  Rr-m  are  the  actual  constant  residiies  in  the  Pn  series  to  the 
several  moduli  {,.  (7ia) 

2°.  The  subscripts  (r—x)  are  the  values  of  tlie  general  sijmbol  r  defining  the  position  of  the 
constant  term  to  those  moduli  ({,),  (746) 
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as  will  be  more  clear  from  the  following  scheme  : — 

Modulus:     |,,        |,.i,       ...,      |,_y,      ...,    ej,      iu      ^o='*»- 
Value  of  r:  r— ar,  r— i  +  l,  ...,  r—x*yt  ...,  r— 2,  r— 1,   r. 

Constant  Residues  :    iK-rt    i^'-r^.!,       ..,     R'r-r*vy  •»    iC-ii    Kr-1»     ^r  =«  Rr. 

Number  P:  P,..,,  Pr-,*i,    ...,   P.-,.,.,    ...,  Pr-i,  Pr-i,  Pr. 

It  will  be  seen  that  the  subscripts  (r)  of  iJ'  and  P  increase  by  1  at  each 
step  as  the  sub-Haupt-exponents  rise  from  fj.  to  ^o»  ending  with  ^o  =  m. 

The  process  is  applied  as  follows : — 

Step  i. — Find  r  by  the  process  of  Art.  41. 

Step  ii. — Take  x  such  that  Pn-x  is  so  small  that  the  residue  Rn.z  of  Pn-c  to  mod  (r  is 
readily  calculated. 

Step  iii.,  Ac. — Gompute  the  reduced  residues  Rh.x*u  -.t  Rr-^i  Rrto  the  moduli 

in  succession  by  the  process  of  Art.  40.     The  last  residue  Rr  is  the  required  Br,  the  constant 
residue  of  Pr,  Pr*i,     .to  mod  ?>*. 

Example. — Take  in  «  2879.     This  has  been  chosen  as  a  somewhat  difficult  example,  in- 
volving proceeding  to  the  lOth  order  (Pjo) . 

Step  i.     To  find  r. — The  train  of  sub-Haupt-exponents  ((,)  is  (see  Table  I.) 

a;  -       0,        1,       2,      3,       4,  5,     6,       7,    8,  9, 

ir  *  2879,  1489,  719,  869,  179,  2.89,  11,  2.5,  2*,  1. 

Since  {,  —  2^'.t}„  the  limiting  t}^  »  1,  gives  p  *•  8,  a^  =  2. 

On  trying  r  =-  p  +  1,  2,  ...  or  r  =  9,  10,  ...,    r  =  9  is  found  too  small.    But   r  =  10  givei 

(since  |,  -  2*'.  ij,)  or-i  =  a,  =  0,  or-a  =  a«  =»  2,  or-s  -  07  =■  1,  ... ;    and  these  values  satisfy 
all  the  conditions  (72) ;  therefore  r  =  10. 

Step  ii. — ^Taking  a:  -  7  gives  r-x  -  3,  £,  «  ^^  «  10 ;   P^.,  «  Pj  -  16. 
Hence  R^.,  -  22^  =  P,  =  6  (mod  {7  -  10). 

[It  is  here  easy  to  confirm  (by  actual  trial)  that  its  —  6  is  really  the  constant  term  to 
mod  10,  and  must  therefore  lead  to  the  constant  terms  with  all  the  successive  moduli.  Except 
for  the  advantage  of  easy  confirmation  of  the  constant  term  at  the  start,  the  start  might  have 
been  equally  well  made  by  taking  a;  ->  6,  which  gives  Pr-«  <-  P4  »  65536,  an  easy  number  to 
start  with.] 

Step  iii. — ^The  remaining  steps  are  now  simple  : — 

Rr-r,i  =  «!  =  2^a  =  2«    -        9  (mod  u  -  11)» 

Ri  =  2^*  -  2»    =  156  (mod  ^  =  2-89), 

bJ  =  2^*  =  2»*«  =  82  (mod  ^4  -  179), 

l?:  «  2^«  -  2«  -  164  (mod  |s  =  359), 

Ri  -  2^7  =  2»«  =  507  (mod  |,  =  719), 

i?;  -  2^8  =  2W  =  95  (mod  {,  -  1439), 
Br  =  Rio  -  2^9  =  2«  -  1025  (mod  «o  -  wi  -  2879). 

48.  FervvaVs,  Jouhin'Sy  and  Mersenne's  Numbers,  and  Factors. — When 
the  modulus  (m)  is  one  of   these  numbers,  or  one  of  their  factors,  the 

SEE.    2.      VOL.    5.       NO.    960.  8 
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position  (defined  by  r)  and  value  (Rr)  of  the  constant  term  of  their  Pr 
Residue-system  is  readily  found.  Both  r  and  Br  usually  turn  out  to  be 
small  numbers,  even  for  large  values  of  such  moduli. 

48a.  Fermafs  Numbers,  (F»). — Here  Fn  =  En+1, 

and  (Art.  11),  fj  =  2'*+\  a^  =  n+1,  vi  =  1 ;  a^,  og,  04,  ...,  all  =  0.     (75) 

Hence  r  is  found  by  making  ar^x-i  =  «!  in  (72),  whence  x  =  r— 2,  and 
the  only  condition  to  be  satisfied  is 

Pr.2<a,  =  {n+1).  (76) 

After  the  first  four  numbers  {Fq  to  Fg),  the  value  of  r,  thus  found,  rises 
very  slowly,  as  shown  below 

n  =  0,  1,  2,  3  ;  4  to  15  ;  16  to  65585  ;  65636  to  (2«»«-l), 
r  =  2,  3,  4,  4  ;         5,  6,  7, 

and  Rr  =  +  1,  always,  (but  Br-i  =^  —  1,  except  as  below).  (77) 

43b.  Joubin's  Numbers,  (Jj. — These  are  defined  by  Jn  =  Pa+1 ;  they 
are  interesting  from  the  supposition  which  has  been  made*  that  they  are 
(possibly)  all  prime.  It  is  easy  to  see  that  with  these  numbers,  (being  a 
special  class  of  Fermat's  numbers), 

En  =  —  1,    and    Rn+i  =  +  1,  always  ;  so  that  r  =  ;i+l.        (78) 

48c.  Mersenne's  Numbers,  (M^). — Here  ilf^  =  (2''— 1),  [q  prime],  and 
ii  =  q. 

Let  Br,  Rr'  be  the  constant  terrn^  in  the  residue-systems  of  the  Pn  series 
for  the  moduli  M,,,  q  respectively,  the  subscripts  r,  r'  defining  their  posi- 
tions, (Art.  41).  Then — by  the  last  paragraph  of  Art.  42— it  follows 
(since  q  =  ii)  that 

r=r'+l,    and    Br  =  2^''^'  (mod  M,).  (79) 

Here  q  is  usually  so  small  that  the  values  of  r',  Br'  are  readily  found 


♦  The  earliest  reference  the  author  has  been  able  to  find  to  these  numbers  is  in  a  **  Note  ** 
at  the  end  of  M.  Joubin's  Mimoirc  stir  les  FacUurs  nmn^iques,  Havre,  1831 ;  M.  Joubin 
there  suggests  that  these  were  possibly  the  numbers  really  meant  by  Format  in  his  celebrated 
theorem  as  to  primes.  Lucas  mentions  these  numbers,  as  supposed  to  be  aU  prime,  in  his 
tUcriaiions  mathimaiiques,  t.  ii.,  1888,  p.  235,  and  again  in  his  TJUcrie  des  Nombres,  t.  i., 
1891,  p.  355,  but  without  quoting  authority. 
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directly,  (as  in  Table  V.),  after  which  the  values  of  r,  Rr  are  given  by  (79); 
or,  in  any  case,  /,  Br^,  r,  Rr  can  be  readily  found  by  the  processes  of 
Art.  41,  42.  The  following  abstract  shows  the  values  of  r,  R,.  to  argument 
g  for  every  modulus  M,j  up  to  g  =  101. 

3  «  2,  8,  5,  7,    11,  13,  17,  19,  28,  29,  81,    37,  41,  48, 

r  «  2,  3,  4,  4,      5,    4,    5,    5,    6,    5,    5,      5,    5,    5, 

Br  -  1,  2,  2,  4,  512,    8,    2,  82,  64,  2«,    4,  512,  2»«,  16, 

q  -  47,  58,  59,  61,  67,  71,  78,  79,  83,  89,  97,  101, 
r  =    7,    6,    6,    5,    6,  5,    5,    5,    6,    6,    5,      6, 
Er  -  2»7,  2«,  2«,  2",  2»7,  8, 2*»,  2«,  2»,  2«7,  2«S  278. 

Interesting  cases  of  the  above  arise  when  the  exponent  q  of  the  Mersenne's 
number  {M,j)  used  as  modulus  is  itself  either  a  Format's  number  (Fj,  or 
a  Mersenne's  number  (ilf  J,  as  shown  below. 

48d.  Case  of  q  =  F^, — Here  F^  =  Ey+1,  a  Format's   number,   and 
w  =  Af ,/  =  2*^—1,  where  q  ^=  F^  may  be  prime  or  composite. 

Here,  by  Art.  48a,     J?^  =  +  1,  (mod  FJ),  always. 

Hence,  by  (79),  r  =  /+!,  and  Rr  =  2  (mod  Af,^,  q  =  -F^),  always.  (80) 

43b.  Mersenne's  Chain,  —  An  interesting  series  of  moduli  is  an  ex- 
ponential chain  of  Mersenne's  numbers  formed  as  follows  : — 

where  the  leading  modulus  3/o,  „  is  a  Format's  number  (FJ,  and  the  rest 
are  Mersenne's  numbers,  formed  so  that  each  one  is  the  exponent  in  the 
succeeding  one.  Here,  if  Rr'  be  the  constant  term  in  the  residue-system 
of  the  Pn  series  for  the  leading  modulus  (F„),  the  subscript  r'  marking  its 
position,  it  follows  from  Art.  42,  48a-d,  that  the  following  scheme  shows 
the  values  of  r,  Rr  for  the  moduli  Afo, y,  ...,  Aft,  „  for  any  value  of  v  what- 
ever, (noting  that  Br-  =  1), 

m  =  F^j   Ml,,,    Mx^y    M3,p,     3fi, ,,   ...,    3f,,„, 

r  =   r*,  r'  +  l,  r'  +  2,  r'4  3,    1^  +  4,   ...,  r'^x,  (82a) 

Br=    1,         2,  4,        16,65536,...,    P^,  (826) 

and  it  is  now  seen  that — 

The  P„  series  itself  forms  the  series  of  the  constant  terms  in  its  own  residue-system  to 
every  such  chain  of  moduli.  (83) 

Note  that  herein  Fy  may  be  prime  or  composite,  but  that  the  rest  of 
the  members  of  the  chain  (so  far  as  used  above)  should  be  all  prime. 

The  abstract  below  shows  the  values  of  r,  Rr  for  the  first  four  such 
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chains,  given  by  Fy  =  3,  6,  17,  257,  {v  =  0,  1,  2,  8),  carried  in  each  case 
just  beyond  the  limit  of  known  primes,  (so  that  the  r,  Br  of  the  last  term 
in  each  case  is  doubtful). 


Af,,,  =  3,  7,127,  (2»»7-i),  If,  „ 

5,31,  (2^>-l),  Ma,, 

17,  181071,  Afs,2 

267,  (2«7-l) 

r  =  2,  3,      4,         5,           6 

3,    4,       5,           6 

4,       6,         6 

4,          5 

Br  =  1,  2,      4,       16,      65536 

1,    2,       4,         16 

1,       2,         4 

1,          2 

43f.  Femiafs,  Joubiris,  and  Mersenne's  Factors. — From  Art.  7,  9,  11, 
28  it  is  seen  that  factors  of  F»,  '/„,  M,i  have  in  general  the  same  Haupt- 
exponent  (^j)  as  Fn,  Jn,  M,^  themselves  ;  and  have  therefore  also  the  same 
train  of  ir,  oin  ir  with  Fn,  Jh,  M,^  (Art.  10).  The  value  of  r  which  fixes  the 
position  of  the  constant  term  Br  in  the  residue-system  of  the  Pn  series 
will  therefore  be  the  same  for  the  factors  of  Fn,  Jn,  M,^  as  for  the  jP»,  «/"«, 
M,i  themselves. 

Hence  the  constant  term  Br  =  +  1  for  all  factors  (/n)  of  F»  and  J„ 
(Art.  43a,  b)  ;  but  the  Br  of  factors  of  M,^  usually  differ  (when  reduced  to 
''  least  residue  *'  form)  from  each  other,  and  also  from  the  Br  of  Mq  itself. 

Example,— ^hen  g  =  11,  3f,  =  2»-l  =  2047  =  23  .  89. 

Here  r  -  5  for  each  of  the  moduli  23,  89,  2047. 

This  gives  Rr  ~  2*  (mod  2047),  and  also  to  mod  23  and  89  ;    but,  when  reduced  to  lecut 

residue  form,  this  gives  R,  =  2»  =  6  (mod  23),  and  =  29  =  67  (mod  89). 

44.  Table  of  Residues  of  Pr. — Table  V.,  at  end  of  this  paper,  gives  the 
complete  Residue-system  Br  of  Py,  up  to  (and  including)  the  constant  term, 
to  argument  r,  for  the  moduli  {m)  as  follows : — 

VI  =  J)  =  3  to  101 ;     wi  =  2>*  =  9  to  125  ; 

m  =  p  >  101,  but  <  1000  (23  selected  primes)  ; 

m  =  8191,  131071,  524287  (Mersenno's  primes) ; 

m  =  65537  (a  Fermat's  prime) ;     m  =  6700417  a  factor  of  (2»*+ 1) ; 

m  =  10.  100,  1000,  10000,  100000,  1000000. 

The  constant  term  (the  last  term  in  each  case)  is — for  sake  of  distinction 
— enclosed  in  parentheses,  in  old-face  type  when  positive^  and  in  usual 
type  when  negative  :   thus  j;  =  23   has  its  constant  term  B  =  (6). 

To  save  space  in  printing,  the  group  of  three  or  four  terms  common 
to  many  of  the  moduli  is  (not  printed  but)  indicated  by  a  sign,  (*  or  +> 
as  follows  : — 

^nd,  Srd,  ..  ,  rows. — The*  indicates  the  omission  of  r  =  0,  1,  2  for  every  modulus  (/?,/>*,  m). 

Rr  =  1,  2,  4 
3rrf,  6thf  ...,  roivs. — The  t  indicates  the  omission  of  r  =  0,  1,  2,  3  for  every  modulus  (porwt). 

R.  =  1,  2,  4,  16 

Special  short  tables,  giving  only  the  constant  term  (Br)  and  the  sub- 
script (;•)  (defining  its  position)  will  be  found  in  Art.  43c,  48e. 
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Chapter  II.d. — On  Hyper-Kxponential  Numbers,  (JTr,  n). 

45.  Hyper 'Exponential  Numbers,  {Hr^n)» — It  .g") 

is  proposed  to  attach  this  name  to  the  number  o'      j^^^^^ 

(Hr^n)  figured  in  the  margin,    the  exponent  q  >■*''     "^ 

being  repeated  (exponentially)  r  times. 

The  leading  properties  of  their  residue-systems  (Br,n),  for  any 
modulus  {7n)  prime  to  q,  are  quite  similar  to  those  detailed  for  hyper-even 
numbers,  in  that  they  consist  of  a  unique  part  and  a  cycle,  the  lengths  of 
which,  (say  h\  k),  depend  in  the  same  way  on  the  sub-moduli  M  and  sub- 
Haupt-exponents  Hr)  of  the  base  q  defined  in  Art.  8,  9,  10,  so  that 

i'l  of  Hi^  n  =  iat     *2  of  Ho,  n  =  ^3,    and  so  on,  (86a) 

Ai,  /(to,  ...,  depend  on  inequalities  similar  to  (84a),  (5&b),  (60a).    (85a) 

In  the  case  of  odd  base-numbers  (q  odd),  the  hyper-exponentials  (Hi,  J  of 
first  order  have  the  following  important  property,  (c/.  Art.  22a). 

If  B,=  '-Br,  then  p  =  4^+1,  and  k  =  2(y—x),  (86) 

and  the  cycle  begins  with  Bh',  and  consists  of  two  half-cycles  alike  in  all 
respects  except  that  the  equal  terms  are  of  opposite  sign,  i.e., 

By  =  —B,y  if  y—x  =  P,  X  <  h+1.  (86a) 

All  these  properties  (of  Hi^ «)  are  suflBciently  illustrated  in  Tables  VI.,  VII. 
at  the  end  of  this  paper. 

45a.  Tables  of  Besidues  (iii,  „)  of  Hi^  n- — Tables  VI.,  VII.,  at  the  end  of 
this  paper,  give  the  complete  residue-systems  (J?i,„)  of  fl"!,  n,  with  base 
g  =  8,  5,  up  to  the  end  of  the  first  cycle,  to  argument  n,  i.e.  from  /t  =  0 
to  n  =  h-\-k,  for  the  moduli  {m)  as  follows  : — 

Table  VI.  :  5  -  3,  Jfi.  „  -  3^  where  iV  -  3«  ;  m  =  p  =  2  to  97,    jp'  =  25,  49 ;  4  to  128  ; 

m  =  10,  100. 

Table  Vn. :  g  -  6,  Jfi,  „  =  5\  where  iV  =  5" ;  m^p^lio  101,  p*  =  9  to  81 ;  4  to  128. 

For  details  of  the  typography,  see  Art.  26. 


Chapter  III. — Residuacity  of  Fermat's  Numbers,  (jP„). 

46.  2-ic  Belation  of  p  to  Fn> — Let  Fn  =  E^+l,  a  Format's  number. 
Then  the  2-ic  relation  of  p  to  F^,  i.e.  the  value  of  (pjF^^,  is  given  by 

and  therefore  depends  only  on  the  residue  (iij  of  En  to  mod  p. 
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This  shows  that  the  whole  system  of  Fermat's  numbers  (FJ,  from 
n  =  0  upwards,  can,  in  respect  to  their  2-ic  relations  to  a  given  prime  ip), 
be  arranged  similarly  to  the  residue-system  (Bn) ;   [see  Art.  19]. 

1".  A  unique  set  of  {h  + 1)  numbers  (F„  to  F*),  whose  2-ic  relations  (p/Fn)  are  unique ;  (88a) 

2^  A  cycle  of  k  numbers  in  a  cycle  (F*^i,  F*+2,  ...,  to  i'\»*),  such  that  the  2-ic  relation 
recurs ;  for,  taking  x  "j^  k^ 

\Fk^r.mk/i  \  P  It  \         p  Ji  \Fk^Ji  ^ 

[In  the  above  results  it  does  not  matter  whether  p  or  Fh  is  prime  or  composite.] 

Examples. — The  tables  (Nos.  II.,  III.)  herewith,  giving  the  values  of 
Bn,  enable  the  2-ic  relation  of  any  prime  (p)  therein  to  the  whole  system 
of  Fermat's  numbers  to  be  readily  inferred  :  and,  by  compounding  these 
results   the   relation  can  also  be  inferred   for   many   composite   moduli 

{pIF„)2  =  -1,  when  p  "3,5,7;  6,  10,  12,  14,  20,  ...  .  (89a) 

(p/F..)a  =  -1  [if  n  =  f] ;   =  + 1  [if  H  =  «]»  when  p  =  11,  31,  ...  .  (896) 

{plFn)2  =  +1,  when  p  =  2,  18,  15,  21,  ...  ;  241 (89c) 

{p/Fn)2  =  + 1,  when  p  =  F„,  [if  m  and  n  >  IJ.  (89d) 

The  condition  p  <  F^  is  also  required  in  many  of  the  above  results. 


47.  2-ic  Forms  Fn^ — Every  Fermat's  number  F„  =  En+h  (when  >  5), 
is  expressible  algebraically  in  the  2-ic  forms  :   [see  Notation,  Art.  18]. 

Fn  =  a^+b^ 

=  I'+El.i 
therefore 
a  =  +l,  h  =  En-i 


=  c'+2d* 

=  e''-2P                        (90) 

=  G„_i+2B„_2 

=  J5t-i-2SL» ;          (90a) 

c*  =  —  G„_i,  d  =  En-i 

e  =  +Fn-u  t  =  En-t.    (906) 

48.  4-ic  Belations  of  p  to  Fn- — The  4-ic  relation  of  any  prime  (p)  to  any 
Fermat's  prime  (FJ,  i.e.  the  value  of  {p/FJ^,  is  known  to  depend  only  on 
the  value  of  the  ratio  b:a  {mod  p),  i.e.  on  the  residue  of  b  =  En-iimodp), 
[since  a  =  1].  This  shows  that  the  whole  set  of  Fermat's  numbers 
(Fn  <i[,  5),  from  r  =  1  upwards,  can — in  respect  to  their  4-ic  relations  to 


•  The  odd  number  G«-i  =  (jB„_i  — 1),  being  of  form  (47— 1),  the  number  c  is  to  be  reckoned 
negative  (according  to  the  usual  convention  of  signs),  so  that  c  =  -Gn-i  =  —(Eh-i  —  I)  (and, 
in  using  the  tabulated  residues  from  Tables  II.,  in.  in  this  connexion,  note  that  they  are 
always  the  residues  of  +JEh,  -^  E^.i,  ...)• 
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a  given  prime  {p), — be  arranged  similarly  to  the  system  of  Art.  46  (but 
starting  from  Fi). 

V,  A  unique  set  of  {h  +  1)  numbers  {Fi  to^A^i),  whose  4-ic  relations  (p/i^n)4  are  unique; 
followed  by —  (91a) 

a**.  A  cycle  of  k  numbers  in  a  cycle  (jPa*i»  Fk^s,    ..,  Fh*k~}),  such  that  the  4-ic  relation 

recurs ;  for,  taking  x  "^  k, 

iplFk^Ur^mk)*  =  (l>//*^U,)4.  (916) 

49.  S'ic  Relations  of  p  to  Fn- — The  4-ic  relation  of  any  prime  (p)  to 
any  Fermat's  prime  (Fn),  i-e.  the  value  of  {pIF^dgj  is  known  to  depend  only 
on  the  mutual  relations  of  the  residues  of  a,  b,  c,  d  (mod  p) ;  i.e.  on  the 
residues  of  En-u  En-2  (mod  p).  This  shows  that  the  whole  set  of 
Fermat's  numbers  (F^  >  5),  from  n  =  2  upwards,  can — in  respect  to 
their  8-ic  relations  to  a  given  prime  {p), — be  arranged  similarly  to  the 
system  of  Art.  46,  48,  (but  starting  from  F^. 

1°.  A  unique  set  of  (^  +  1)  numbers  (F^  to  Fh^2)t  whose  8-ic  relations  {jpIFh)%  are  unique; 

(92a) 
foUowed  by — 

2^.  A  cycle  of  k  numbers  in  a  cycle  (Fk^z^  Fh^i^  ...,  Fa^a^s),  such  that  the  8-ic  relation 

recurs ;  for,  taking  x  I^  /(, 

(p/i^A.2+*+«.*)t  =  (p/2^a+j*t)8.  (926) 

50.  2-ic,  4-ic,  and  8-ic  Belatiofis  of  p  to  F». — From  Art.  46  to  49  it 
appears  that  the  2-ic  relations  of  any  odd  prime  {p)  to  any  Fermat's 
number  (FJi  and  also  the  4-ic  and  8-ic  relations  of  any  odd  prime  p 
to  any  Fermat's  prime  {Fn  >  5),  recur  (when  n  >  A)  in  cycles  of  k  terms 
(A,  k  being  as  in  Art.  19) ;  so  that,  writing  n  in  form 

n  =  k.t+v,  whence  n  =  v  (mod  k),  (98) 

the  question  of 

{p!Fh)2  =  =F1,  (p/FhU  =  =F1,  {p/Fi,)9  -  =Fl,  depends  (when  n>h)  on  the  value  of  y ;     (94) 

and  can  therefore  be  determined  for  all  values  of  n  (>  h)  by  recording  it 
for  each  prime  (p)  for  one  cycle  of  n  =  kt+v,  [i/  =  0  to  A— 1]. 

The  table  on  next  page  shows  the  values  of  n  =  kt-\-v  {n  >  1)  which 
give 

(Pl^\h    =  =^  1 »  (l>/^  »)4*  =  =F  1 »  for  all  odd  primes  p<50  [here  /i  >  1] . 
(p/'F'njst  =  =Fl  for  all  odd  primes  p  >  48,  except  p  =  19,  37. 


*  The  values  of  {p/Fn)4  are  reduced  up  to  j)  =  29  from  general  formulsB  up  to  that  limit 
in  P^re  Th.  Pepin's  M^moire  aur  la  riciprociU  relative  aitx  risidiis  dee  puiseancesy  Rome,  1878. 
Those  for  p  >  29  are  reduced  from  general  formulae  in  the  MS.  papers  of  the  late  C.  £. 
Biokmore,  deduced  by  him  from  Pepin's  general  formulse. 

t  The  values  of  (pjF^^  are  reduced  from  general  formulae  in  the  MS.  papers  of  the  late 
C.  E.  Bickmore,  deduced  by  him  from  the  law  of  8-ic  reciprocity  given  by  Herr  F. 
Goldscheider  in  his  memoir  Dae  RedprocUdtegeeetx  der  achten  Potenereete,  Berlin,  1889. 


264 


Lt.-Col.  Allan  Cunningham. 


[Jan.  10, 


p 

3,6,7 

(l'/l^-)s  =  - 1 

iplF,),  =  + 1 

(p/F,.)4  =  - 1 

• 

iplF..),  -  + 1 

• 

(l)/F4.  =  -l 

(1>/^h),  =  +1 

• 

n>l 

• 

11 

ff 

W 

At+1 

4^-1 

4«-l 

• 

13 

• 

n>l 

w 

c 

• 

♦          i 

17 

• 

>2 

• 

>2 

>8 

3 

19 

6«-r0,  8 

6^±1,  2 

6^^2 

et±i 

28 

lOU  1,  2,  4,  6,  7,  9      10^  +  0,  3,  6,  8 

lot  +  0,5 

10«  +  8,  8 

lOi  +  3 

10^  +  8 

29 

St±l 

8/ 

8/ 

• 

• 

• 

31 

c                i                u 

Of 

• 

1 

• 

• 

37 

6/  +  0,  2,  3,  5      '           6^-^1,4 

et^A 

6/  +  1 

41 

>1 

• 

• 

• 

• 

43 

8«  +  0,  1                        8^  +  2 

8^  +  2 

« 

• 

• 

47 

11«  + 1,8,4,6,6,7 

IIUO,  2,  8,  9,10 

11^  +  0,  9, 10 

lit +2,  8 

1 

51.  Haupt-Exponents  of  Fn+x,  Gn+x,  ...  to  mod  jF»,  G„,  .... — There 
are  ten  cases — shown  in  the  scheme  below — in  which  a  base  g'  (=  a  certain 
jP„  or  Gy)  has  an  ujiusually  sviall  Haupt-exponent  (^')  to  the  modulus  m 
(=  some  Fn,  fn  or  GJ  specified  ;  and  the  theorems  are  true  whether  the 
modulus  {vi)  be  prime  or  composite. 


Case     1.       2.      8.       4.        5.        6.  7.        8.        9.      10.   x 

3  ^  ^Hi   Fh^-xi    Ont    (?H»    ^H^rt  Fn*x't  Fnt        -^m,      O^t      G„      I 

m  =  0„f     Gnt     F„f     /rt,      F„f         fn     ;  Fn^lt  /h*I>   Fu*\t  /m-I 

{'  =  N,      N,    22^,    2N,   2N,  2N  ;  SN,  QN,    SN, 


^  8.V  J 


(96) 


Noting  that,  as  /n  denotes  a  factor  of  Fn,  therefore 

g**'  =  —  1,  and  </f  =  + 1  (mod  Fh)  involve  the  same  to  mod  /„, 

SO  that  the  theorems,  if  proved  for  Fn  (as  modulus),  need  not  be  separately 
proved  for  fn  (as  modulus). 

Now         2'^  -  +  1  (mod  G„),  and  2^  -  -1,  and  2»>'  -  f  1  (mod  F^  and  /«). 

Hence 

Fn      =  E„    +1-2  (mod  G.,) ;  therefore  F;!     -  + 1  (mod  Gh).  (96a) 

Fn*,  =  JS?M*,+  1  =^  2  (mod  Gn) ;  therefore  Fn\t  =  +  1  (mod  G„).  (966) 

On      =  £„    -1  ==  2  (mod  Fn) ;  therefore  GJ!     ~  -1  (mod  Fn  and/«).  (96c) 

F„4.,  =  En^x  +  1  ^  2  (mod  F„) ;  therefore  Fn^r  =  -1  (mod  Fn  and/„).  (96d) 

This  proves  the  first  six  theorems  as  to  i' ;   note  that  in  contrast  with 
above 

Gm4,  ~  0  (mod  Gn  ;  and  mod  F„  and  /„). 

Again,  since 

Fn.l  =  En.l  +  l  =   A'J  +  l   -    {(i^«-l)2+l2}    =    {(Gh  +  1)2+1-}, 

and  ^  +  4«  {(F,.-l)«  +  r''}{(F..+ 1)«+1*}  -0  (mod  F„^,), 

and  Gl4-4  =  {(G,.-l)-  +  l«}{(G„  +  l)=-'+ 1-^}  -0  (modF..,). 

Therefore  Ft  and  GJ  -^  ■■  4  =  -2=  (mod  f„+i).  (96«) 

Therefore  Ft^  =  C^,?  -  ^  2-*^  -  -1  (mod  Fn.\  and/„^i).  (96/) 

This  proves  the  last  four  theorems  as  to  f'. 
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61a.  Maximum  Residue-indices  (v)  in  above. — When  the  modulus  (jP» 
or  F»+i)  in  the  above  theorems,  (Nos.  8,  5,  7,  9  of  Art.  51)  is  apri7?ie,  then 
the  maximum  residue-index  (i/),  [see  the  definition  of  (la)  of  Art.  2]  is 
given  by  (la).     Thus 

(g)    =  +  l.and    (%^),  =  -l.    give    ,=  a;=2.v»-,  (97«) 

Thus  the  maximum  residue-index  in  the  above  cases  is  always  a  high 
number  when  n  >•  4 ;  and  as  to  a  lesser  residue-index  (i/')  common  to 
the  whole  of  the  series  W  <  v), 

(QnlFn)ii  =  +1,  and  (F»^,/n)i«  =  +1,  always,  [n  <  8]  ;  (97c) 

(GJFn^ih  =  +1»  and  (F„/F„.i)8  =  -e  1,  always,  [n  <  2].  (91d) 

52.  4'ic  a7id  Q-ic  Relations  of  F„,  ...  to  Fn+x' — It  is  proposed  here 
to  discuss  the  4-ic  and  8-ic  relations  of  Fn  and  of  its  factors  (/»)  to  the 
prime  modulus  Fn+x*  It  has  been  already  shown  (Art.  46)  that  Fq  =  3, 
and  jFi  =  5  (given  by  n  =  0, 1)  are  primitive  roots  of  every  prime  Fn^%t 
and  it  has  also  been  shown  (Art.  51a)  that 

{FnlFn^i)^  =  +  1,     {GJFn^ds  =  +  h    always,  [n  >  1,  F,+i  prime].  (98) 

These  cases  may  therefore  be  excluded,  so  that  it  suffices  to  assume  in 
what  follows — 

n>h    x>h         n+x  >  2,         Fn  >  5,    F„+,  >  17.        (99) 

As  explained  in  Art.  48,  49  the  4-ic  and  8-ic  relations  of  any  prime 
base  5  =  F„  =  8ic+l  to  the  prime  modulus  p  =  F^+x  =  8iBr+l  depend 
on  the  residues  of  the  (a,  b),  (c,  d)  of  the  2-ic  partitions  of  Fn^^  to  the 
smaller  modulus  q  =z  F,,, 

PiOW  2  2  2  2 

Fn+x  =  aa+jc+bn+x  =  c»+^H-2dn+x  (100a) 

=  1+^Ux-i  =  G'+x-i  +  2£Lx-2.  (1006) 

Here  an^x  =  +  1  always,  (100c) 

b«+x  =      En+x-i  =  +  1,  (mod  Fn,  and  mod  each/,,),  [n  >  1,  ^  >  1] 

(lOOd) 

Cn+x*  =  —  (£»+x-i— 1)  =  0,  (mod  Fn,  and  mod  each  /n),  [n>  1,  a;  >  1] 

(lOOe) 

52a.  4-ic  Relations  of  Fn,  ...  to  Fn+x* — The  4-ic  relation  of  a  prufce 


*  See  the  footnote  *  to  Art.  47  as  to  the  sign  of  c. 
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base  q  =  Fn  or  /„  =  16icH-l  to  a  prime  modulus  p  =  Fn+x  =  16isr+l  is 
given  by* 

\Fn+xfi       Van^T— b„+x.t/ 

njL{\^>^        / 2A** 

=  residue  of  (^     =  (-2" j     =  +  ^ 

(mod  q  =  Fn  or /J,  [n  >  1,  a:  >  1] ; 
therefore 

/^^,andX«\  ^  +  1, 

[when  ?i  >  1,  and  a;  >  1 ;  and  F»+r  and  F»  or  /»  are  prime],  (101) 
and,  by  (98)  this  is  also  true  when  x  =  1 ;   hence,  more  generally — 

/Fr,md/n\  =^i^  [^hen  F^+x  and  Fn  or  fn  are  prime ;  and  n  >  1,  a:  <  1]. 
^    ^^^^     ^'  (101a) 

52b.  8'ic  Relations. — The  8-ic  relations  of  a  prime  base  y  =  F»  or 
f^  =  8/c+l  to  Q.  prime  modulus  p  =  Fn+x  =  Sisr+l  is  given  byt 

Wn+:r/8  \a„+x— b„+x.»/  \c„^^_d„+,  V  — 2' 

=  residue  of  (i±-*)".  (-1)«  =  (1)'  =  - 1, 

(mod  Fj  =  17,  when  n  =  2,  a;  >  1) 

and         =  residue  of  (i±^) ^ .  (- 1)^  =  (^) *'  =  +  1, 

(mod  Fn  >  17,  and/„,  when  n  >  2,  x  >  1). 
Hence  /J^j  =  17\   _  _  j^     [»i  =  2,  x  >  1],  (102a) 


(^^^)   =-1,     [«  =  2,  x>l], 
/JVandLAX        _^  j^     [F,>17,  «.>2,  x>l]. 


(1026) 


*  This  form  of  the  4-ic  criterion  (which  is  especially  convenient  in  the  present  case)  is 
given  in  P6re  Th.  Pepin's  Mivwire  sur  la  riciyrociU  relative  auxrisidtis  des  puissances^  Rome, 
1878,  Art.  32. 

t  This  form  of  the  8-ic  criterion  (which  is  especially  convenient  in  the  present  case)  was 
deduced  by  the  late  Mr.  Chas.  E.  Bickmore  from  the  law  of  8-ic  reciprocity  given  by  Herr  F. 
Goldscheider  in  his  memoir  Das  Redprocitatsgesetz  der  achten  Potensreste,  Berlin,  1889 ;  it 
has  not,  however,  yet  appeared  in  print. 
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58.  8-ic  Belations  of  G»  to  jPn+». — It  has  been  shown,  [Art.  61a,  (97c)] 
(G«W^»+»)8  =  +  1  always,  [when  n+a:  <  3,  Fn+xiyrime]. 
Also  Gn+x  =  Gn.(jP'«.-Fn+i.-P'n+2...-Fn+T-i)  =  Gn.n(jF)  suppose ;  therefore 

(^■)  =  (f=-)  •  (I®)  = + ' 

and  [n(F}/F»+,]8  =  +  1,  since  every  (FnJFn+.)s  = +  h  by  (1026), 
[z  <  X,  71  <t;  8]  ;   therefore 

(#=-)  =  +  1.   [«<8].  ao8) 

Also,  when  w  =  8,  then 

/G^\    ^  /G,.F,\    ^(G,\     (JV\    =  +  1^ 

But  (Fa/jPn+^^g  =  —  1,  [see  (102a)];  therefore  {GJFn^r)  =  —  1*.  (108a) 
Thus*  (15/F,+,)8  =  -  1,  and  {VJlF^^x\  =  -  1,  [7^+-c  >  8].  [1086] 

68a.  4-ic  Belations  of  Gn  to  Fn+r- — The  above  results  for  the  8-ic 
relations  of  G»  to  F^+x  prove  also  that 

(GnlFn^r)  =  +  1,  [«  <  2,  n+x  <  8],  (104a) 

except  the  last  result  (1086),  which  here  becomes 

{UlFn^r)i  =  + 1,     (17/Fn+.)4  =  +1,  [n+x  <  8].  (1046) 

54.  Formula  for  (FnlFn+z)p* — The  2-ic,  4-ic,  and  8-ic  criteria  for  jP„ 
with  respect  to  the  modulus  Fn+x  may  be  included  in  the  single  form 

(FulF^.r),  =  «^^''"^>/*'  [v  =  2,  4,  8  ;  X >  1 ;  Fn^r  prime] .  (106) 

Even  the  cases  of  n  =  0, 1,  i,e,  of  Fq  =  8,  F^  =  5,  are  included  in  the 
above.  This  simple  form  is  known  to  be  true  at  present  only  as  far  as 
1/  =  8 ;  but  it  seems  probable  f  that  it  applies  also  when  n  =  16  (and 
perhaps  higher).     For,  the  author  has  found  reason  to  believe  X  that 

^  ^(^fV)  =0  (mod  q)  is  the  criterion  of  (qlp)^  =  T 1,  when  p  —  x^-^y^^  then  it  is  also  the 
criterion  of  (qlp)\%  =  =Fl,  when  p  =  ac**  + j^.  (106) 

*  This  result  could  also — hut  with  much  more  trouble — be  deduced  direct  from  the  law 
of  8-ic  reciprocity. 

t  It  seems  impossible  to  test  this  by  nvmierical  trial  at  present,  as  there  are  no  knounv 
primes  F^^a(>  F^  available. 

I  It  has  been  found  true  for  (^  =  S,  5,  7  in  the  very  few  cases  in  which  numerical 
verification  is  possible  with  such  primes :  a  similar  connexion  between  (2/p)  ig  and  (2/p)^  has 
also  been  verified  to  some  extent. 
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Table  I. — Successive  Sub-Haupt-Expmients  (^r)  of  Bases  y  =  2,  8,  5. 
Base  q  =  2;  ^^  =  2*^  fjr,  2^'**  =  +  1  (mod  i/r) ;   ^  a  min.,  a  a  max.,  tj  odd. 


p 

r 

P 

r 


r 


V 

r 


P 

r 
r 


8  6!7   111   18   17  19 


1  1 


1,2   1,2   1,2;  1   1,2,3 


28     20     81 

1,  2,8,  1,2,3  1,2 


3,2  10,4  »2,2;  8  i8,  6,  2.  II,  10,4128,  3,  2  5,4 


87 

1,2,3 
36, 6,  2 


41   48 

1,2  1,2,3 
20,  4  14,  3,  2 


47 

1,  2,  3,4 


58 

1,  2,3 


23,  II,  10,4,52,  12,  2 


69 

1.  2,3,4 
58,28,3,2 


61 

1,2 


87 

1,  2,3 


71     78 
1,  2,3   1,2,3 


60,  4  66,  10,  4,35,  12,  21  9,6,2 


79 

1.  2,3 
39»  12,2 


88 

1.  2,8 
82,  20,  4 


P     89 


97   101 


108  !  118 


1,  2,  3   1,2,   1,  2,  3  I   1,2  I   1,2,  3 
11,10,4  48,  2  I  100,  20,  4  102,  8  28,3,2 


127 


1,2,3 
7»3.2 


187 

1,2 
68,8 


161 

1,2 

IS»4 


157 
1,  2,3 
52i  12,  2 


179 

1,  2,  3,4 
178,  II,  10,4 


198  1 288 


241 


1,2|   1,  2,3,4   1,2 
96,  2  29,  28,  3,  2   24,  2 


251     1257  281 

1,  2,3:   1   1,  2,  8 
50,  20,  4  I  16   70,  12,  2 


288 

1,  2,  3,  4,5 
94,23,  II,  10,4 


858 

1,  2,3 
88,  10,  4 


859  897     1 401 

1,   2,  3,  4,5    1,  2,  3 1   1,  2,3 
179,  178,  II,  10,4   44,  10,  4;  200,20,  4 


488 

1,2,3 
72,6,  2 


677 

641 

1,2,3 

1 

144,  6,  2 

64 

678  '  719 


760 


P 

r         1,2   1,   2,   3,  4,  6,6   1,2 

|r    48,  2  359,  1 79,  I  78,  1 1 ,  10,  4  I  364,  2 


929 

1,  2,3,4 
464,  28,  3,  2 


2879 

1,   2,   3,   4,   5,  6,  7,8 
I439»  719.  359»  179.178,  II,  10,4 


8191 

1,  2,3 
i3»  12,  2 


181071 1 624287 


1,2 
i7,  8 


1,  2,3,4 
19,  18,6,2 


9   25   27 

1,2  1,2  1,2,3 
6,  2  20,4  18,  6,  2 


49 

1,2,3 
21,  6,  2 


81      1 121 

1,  2,3,4   1,  2,3 
54,  18,  6,  2  no,  20,4 


125 

1,  2,3 
100,  20, 4 


>(r*\   


Base  g  =  3 ;  ^^  =  3°^  tjr,  9       =  +  1  (mod  rjr);   ^  a  min.,  a  a  max.,  j;  =^  Si. 


p 

r 


2 

1 
I 


7111 


18 


17 


1,211 
4,  2  6 


1,2,3   1 

5.4.  2  I  3 


19 1 28 


1,2,3,  1 
i6,  4,  2  I  i8 


1,2,3,4 
II, 5.4.2 


29 

81 

87 

1,2 

1.2,8 

1 

28,6 

30,  4.  2 

18 

P  47         58   69     61 

r   1,  2, 3,4,5  i  1,2:  1,  2,  3:  1,2,3 

^  23,  11,5,  4,  2  ;  52,61  29,  28,  6  I  10,4,  2 


67      '71 

1,2,3,41  1,  2,3 
22,5,4,2135,  12,  2 


78 

1,2 
12,  2 


41   48 

1,2.  1,2 
8,  2  42, 6 

79   88 


1,2.  1,2,3 
78,3^41,8,  2 


P     89 

r       1,  2,3,4 

^r   88,  10,  4,  2 


07 


101 


1,2,3!   1,  2,3,4 

48,  4,  2i  100,  20,  4,  2 


P' 

r 


25 

1,2,3 
20,  4,  2 


40 

1,2 
42,  6 


121 

1,  2,3,4 
55,  20,  4,  2 


125 

4 

8 

16 

82 

64 

1,  2,  3,  4 

1 

1 

1,2 

1.2 

1,2,3 

100,  20,  4,  2 

2 

2 

4.  2 

8,2 

16,  4,  2 

m 

r 


10   I  100 

1,  2    1,  2,  3 
4,  2  I  20,  4,  2 


1000 

1,  2,3,4 
50,  20,  4,  2 


1907.]        On  htpbr-bvbn  numbers  and  on  Fbbmat's  numbers. 
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Table  I. — continued. 
Base  g  =  5 ;  ^^  =  5*\  Vr,  5  '**  =  +  1  (mod  j/r) ;  $  a  min.,  a  a  max.,  17  ^  5i. 


p 

2 

8 

7 

r 

1 

1 

1,2 

^ 

I 

2 

6,2 

11   18117      I  19 
li    1      1,2'    1,2,  3 


28 


29 


1,  2      1,  2,  3 


5  I    4  I  16,  4  j    9,  6,  2  <  22,  5  ;  14,  6,  2 


81 

1,2 


87  I  41 

1,2,3'    1,2 


48 

1,2,3 


3,  2      36,  6,  2  :  20,  4     42,  6,  2 


p 

47 

58 

r 

1,    2.3 

1,2 

Ir 

46,  22,  5 

52»4 

59 


61 


67      I  71  i  78 


79      188 


89 


1,    2,3,4      1,2 
29,  14,  6,  2;  30,  2 


1,2 
22,  5 


1,  2,  3  I    1,  2  ,    1,    2,  3      1,  2 


72,  6.  2    39,  4    82,  20,  4  !  44,  5 


P    >  97  101 '  108 

r        1,  2,  3  i      1        1,    2,  3 

|r    I  96,  8,  2  I     25      102,   16,  4 


P" 

9        27 

49 

81 

121 

4 :  8  >  16 '  82      1  64        128 

r 

1,2 

1,2,3 

1,2,3 

1.    2,3,4 

1,2 

11      1  1    1,  2      12        1,  2,  3 

Ir       6,2 

18,  6,  2 

42,  6,  2  !  54,  18,  6,  2     55,  5 

I    2     4     8,  2     16,  4      32,  8,  2 

Table  II. — Residues  Bn  of  En,  (mod  p,  p"). 

■  [£»  =  2^  iv  =  2*.] 


p 

n 
R 


8;  (2,  I) 

0,  1 

1,  (I) 

5 ;  (4,  i)  7 ;  (3,  2) 
0,   1,  2    0,    1 
2,   1,(0(2,    3) 

llU  =  (io,  4) 
.  0,    1.2,3,4 

1  2,  (4,  5.  3,  2) 

18;  (12,  2) 
0,1,  2,3 
2,  4,  (3,  i) 

17;  (8,  I) 
0,1,2,   3 
2,  4,  I,  (i) 

19;  1  =  (18,  6) 
0,  1,2,3,4,5,6 
2,  (4, 3.  9,  S»  6, 2) 

p 

n 
R  i 


28;  e  =  (ii,  10)  i29;       (28,3)     81;     (5,4) 

0,1,2,3,4,    5,6,    7,8,9;    0,1,     2,3,4        0,1,    2,3 
(2,  4,  7,  3,  9,  II,  6, 10,  8,  5)      2,  4,  (13,  5,  i)  |  (2,  4,  IS,  8) 


87 ;  ^  =  (36,  6) 

0,1,     2,3,4,5,    6,7 
2,  4,  (16,  3,  9,  7,  12,  i) 


P 
n 

R 


41 ;        £  =  (20,  4)    48 ;      (14.  3)  1  47 ;  ^  =  (23,  1 1) 

0,  1,     2,    3,    4,  6  I    0,    1,    2,  3       0,  1,    2,    3,    4,  5,    6,    7,  8,    9,  10 
2,  4,  (16,  10,  18,  i)  I    2,  (4,  16,  2)  I  (2,  4,  16,  21,  18,  5,  22,  14,  8,  17,    7) 


P 
n 

R 

P 
n 

R 

P 
n 

R 


58  ;  I  =  (52,  12) 

0,  1,     2,  3,    4,    5,    6,    7,    8,  9,  10,  11,  12,  13 
2,  4,  (16,  9.  25,  II,  15,  13,  10,  8,  17,  24,    7,    I) 


59       61 ;      ^  =  (60,  4) 

I  0,  1,     2,    3,    4,  6 
infra    2,  4,  (16,  12,  22,  i) 


59  ;  ^  =  (58,  28) 

0,  1,  2,  3,  4,5,6,  7,  8,  9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27.28 
2,(4,16,20,13,8,5,25,24,15,19,    7,10,18,29,15,11,    3,   9,22,12,26,27,21,28,17,6,23,2) 


61        67;  ^  =  (66,  10)  !  71 ;  ^  -  (35»  ") 

0,    1.    2,    8,    4,    6,    6,    7,    8,    9,  10  |    0,  1,    2,    3, 4, 6,    6,    7,    8,    9, 10,  11 
supra  ■    2,  (4,  16,  12,  10,  33,  17,  21,  28,  20,    2)-  (2,  4,  16,  28,  3,  9,  10,  29,  II,  21,  15,  12) 


P     78; 


n 
R 


^  =  (9.6)    79; 


i=  (39,   i2) 


0,'l,    2,    8,    4,'5  :    0,'l,    2.    3,    4,    5,    6,7,    8,    9,  lo!  11 
(2,  4,  16,  36,  18,  ^2)  I  (2,  4,  16,  19,  34,  29,  28,  6,  36,  32,    3.    9) 


P   '88; 


^  =  (82,  20) 


n   i    0,    1.    2,  3,    4,  6,    6,    7,    8,    9,  10,  11,  12,  13,  14,  15,  16,  17,  18,  19,  20 
R  •■    2,  (4,  16,  7,  3i,  6,  36,  32,  28,  37,  41,  21,  26,  12,  22,  H,  30,  13,    3,    9.    2) 
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p 

n 
R 

P 
n 

R 


Table  II. — continued. 


89;  ^-(11,  lo) 

0,  1,    2,    3,    4,    5,    6,    7,  8,    9 


97;  ^-(48,2) 

0,  1,    2,    8,     4,    5 


(2,  4,  16,  n,  32.  i?,  55,  39,  8.  25)  j    2,  4,  16,  55.  (35,  35)  *. 


101 ;  I  -  (100,  20) 

0,1,     2,    3,    4,    5,    C,    7,    8,    9,10,11,12,18,14,16,16,17,18,19.20,21 
2,  4,  (16,  77,  T5,  35,  22,  21,  37,  io,    5,  25,  19,  «,  31,  iO,  23,  24,  30,   9,20,    i)  i 


n 
R 

P' 
n 

R 


9 ;  (6.  2) 
0,   1,2 
2,  (4,  2) 


26;       ^=(20,  4)  I  27;  I  =  (18,  6) 

0,  1,   2,  8,    4,  5    .    0,    1,    2,    8,  4,  6,  6 
2,4.(9,6,  II,  i)      2,  (4,11,  13,  7,5,2) 


49;  ^-(21,6) 

0.   1,    2,    3,    4,    6,6 
2,(4,  16,  II,  23,10,5) 


81;  ^-(54*  18) 

0.    1.    2,    3,  4,    5,    C,    7,    8.    9,  10,  11.  12,  18.  14,  15,  16,  17.  18 
2.  (4,  16,  13.  7,  32,  29,  5T,  II,  40,  20.    5,  25.  23,  38.  li,  34,  22,    2) 


Table  III. — Residues  Bn  of  -B»,  (mod  p). 

[En  =  2^  N  =  2";| 


P 

n 
R 


118 ;  ^  =  (28,  3) 

0,1,  2.  3.4 
2,  4,  (16,  30,  I) 


127;  (7,  3) 
0,1,  2 
(2,  4,  16) 


187:  I  =  (68.  8)   151;   (15,4) 

0,1,  2,  3,  4,  5,  6,  7,  8,9  1   0,  1,  2,  3 
2,  4,  (16, 18,  so,  34,  60,  38,  63,  i)  I  (2,  4,  16,  i5) 


P 
n 

R 

P 
n 

R 

P 
n 

R 


157;  ^  =  (52,12) 

0,1,  2,  3,  4,  6,  6,  7,  8,  9,10,11,12,18 
2, 4,  (16, 58,  67,  M,  14,  39,  50,  46,  75,  27,  58,  I) 


198  ;  f  =  (96,  2) 
0,1,  2,  3,  4,  6,  6 
2,  4,  16,  63,  8i,  (85,  84) 


288 ;  (  -  (29,  28) 

0,1,  2,  3,  4,5,  6,  7,  8,  9,10,11,  12,13,  14,15,  16,17,18,19,20,  21,22,23,24,26,26,27 

(2,4,i6,23,63,8,64,98,5i,38,46,i9,I05,7i,II0,58,io2, 81, 37, 29, 91,107, 32,92, 7fl,  49, 71, 85) 

241 ;      (24,  2) 
0,1,  2,  3,  4 
2,  4.  16,  (15,  16) 


P   P61; 

n 

R 


I  c  (so,  20) 


0.  1,  2,  3,  4,   6,  6,  7,  8,  9,  10,  11,  12,  13,  14,  15,  16,  17,  18,  19,  20) 
2,  (4,  16,  5,  25,  123,  69,  8,  64,  80,  125,  63,  17,  50,  10,  100, 10,  94,  51,  91,  2) 


P 
n 

R 

P 
n 

ft 

P 
n 

R 

P 
n 

R 


267;    (16,1) 
0,1,  2,3,  4 
2,  4,  16,  I,  (I) 


281: 


^  =  (70,  12) 


0,  1,  2,  3,  4,  5,   6,  7,  8,  9,  10,  11,  12 
2,  (4,  16,  25,  63,  35,  lOI,  85,  81,  08,  50,  29,  5) 


887; 


{  =  (21,  6) 


0,1,  2,  8,  4,  5 
(2,4,16,81,  is8,26) 


868 :  ^  =  (88,  10) 

0,  1,  2,  8,   4,  5,   6,  7,   8,   9,  10,  11,  12 
2,  4,  16,  (97,  155,  58,  166,  22,  131,  136,  140,  168,  16) 


897  ;  ^  =  (44,  10) 

0,  1,   2,   3,  4,   5,  6,   7,   8,  9,  10,  11 
2,  4,  (16,  141,  31,  167,  99,  124,  107,  61,  126,  I) 


401 ;  ^  =  (200,  20) 

0,1,  2,   3,   4,   5,  6,  7,  8,  9,  10.11,12,  13,14,  15,16,17,  18,19,  20,21.22 
2,  4, 16.  (TI5,  17^.  116,  63,  41,  77,  86,  178,  58,  25, 177,  51,  195,  70,  88,  125, 14,  196,80, 16) 
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Table  III. — contimied. 


p 

n 
R 


488;  l  =  (72»6) 

ai.  2,   3,   4,  6,   6,   7,  8 
2,  4,  16,  (T77,  153,  27, 137,  ISO,  16) 


677;  ^=(144,6) 

0,1,  2,   3,   4,   6,   6,  7,   8,   9 

1,  4, 16,  266,  (515,  287, 135,  5T,  T55,  555) 


P 
n 

R 


P 
n 

R 


641;         e  =  (64.i) 
0,  1,  2,   8,   4,  5,  6 
2,  4,  16,  256.  164,  I,  (i) 


678  ;       e  =  (48.  2)  769  ;  ^  =  (364,  2) 

0,1,  2,   3,   4,   6   0,1,  2,  3,   4,  6,  6,   7,   8 
2,  4,  16,  266,  (255,  555)   2, 4, 16, 266, 171. 19,  361,  (360, 361) 


m 
n 
R 


8191;  ^  =  (13,12) 

0,  1,  2,   3,  4.  6,   6,   7,   8,  9,   10,  11 
(2,  4.  16,  256,  8.  64,  4096,  2048,  512,  32,  1024,  128) 


6700417;      ^  =  (64,1) 
0,1,  2,   3,    4,6,  6 
2,  4,  16,  266,  66636,  I,  (i) 


10;  (4,  I) 
0,1,  2 
2,  4,  (6) 


100  ;     I  =  (20,  4) 
0,1,  2,  3,  4,  6 
2,  4,  (16,  56.  36.  96) 


Table  IV. — Residues  B»  of  E*,  (mod  p), 

[E,  =  ^\  En  =  2^  JV^  =  2^] 


p 

n 
R 


p 

n 
R 


P 
n 

R 


P 
n 

R 


11;  (I) 

0,1,  2 


18;  (I) 
0.  1 


4,6.(5)1  4,(3) 


17;  (I) 
0,1,  2 

4,  I,  (I) 


19 ;   (2) 
0,  1,2 
4,  (3,  5) 


28;     (4) 
0,  1,2,3,4 

4,  (7,  9,  8,  6) 


29 ;    (2) 
0,  1,2 
4,  (13,  i) 


81;   (I) 
0,  1.  2 
4,  15,  (2) 


87 ;  (2) 
0,  1,2 
4,  (16,  9) 


48;  (2)  I  47;  (10) 

0,  1   0.  1.  2,  3,  4,  6,  6,  7,  8,  9 

(4,  16)  I  (4,  16,  18,  8,  5.  7,  17,  14.  21,  55) 


68;       (2) 
0,  1,  2,  3 
4,  16,  (55,  10) 


69;         (3) 
0,  1,  2,  3,  4 
4,  16.  (T3,  5i,  H) 


61;  (I) 
0,  1,  2 
4,  16.  (22) 


67 ;  (4) 
0,  1,  2,  3,  4 
4,  (16.  10,55,  17) 


71 ;      (2) 
0,  1,  2,  8 

4, 16,  (3,  n) 


78;    (2) 
0,  1.  2 
4,  (16,  T5) 


79 ;       (2) 
0,  1,  2,  3 
4,  16,  (3i,  36) 


88 ;  (4)  I  89 ;        (4) 

0,  1,  2,  3,  4,  6  '  0,  1,  2,3,  4 
4,  16,  (53,  28,  30,  26)   4,  (16,  32.  8,  55) 


97;  (I) 
0,  1,  2 
4.  16,  (35) 


101 ;         (4) 
0,  1.  2,  3,  4,  6 
4,  16.  (I3,  37,  55,  19) 


P' 
n 

R 

P 
n 

R 


9;  (I) 
0,  1 


26;   (I) 
0.1,  2 


4.  (5)  I  4,5,(11) 


27;   (2) 
0,  1.2 
4,  (H,  7) 


49;    (2)81;  (6) 

0.  1,  2   0,  1,2,  3,  4,  5,  6 
4,(16,23)  4,  (16,7.  n,  34,  55,  55) 


126 ;  (4) 

0,1.  2,  3,  4,  5 
4,5,(36,61,13,55) 


118 ;   (2) 
0.  1,2 
4,  (16,  3) 


127  ;  (2) 

0,  1 

(4.  16) 


187;      (I) 
0,  1,  2,  3 
4,  16,  60.  (55) 


161 ;   (I) 
0,  1,  2 
4,  16,  (2) 


167:  (2)1198;  (I)  I 
0,  1,  2,  3  0,  1,  2,  3  , 
4,  16,  (67,  35)   4,  16,  83,  (84)  • 


P 
n 

R 


288;  (3) 

0.  1,  2,  3,   4 
4,  16,  (63,  51,  102) 


241;    (i) 

0»  1»  2 
4,  16,  (15) 


261 ;  (4) 

0,  1,  2,  8.  4,  6 
4,  16,  (25,  64,  35,  37) 


267;    (I) 
0,  1,  2 
4,  16,  (i) 


281 ;      (2) 
0,  1,  2,  3 
4, 16,  (63,  8T) 


P 
n 

R 


887 ;     (2)  ,  858 ;  (4) 

0,  1,   2  i  0,  1,   2,   3,   4,  5 
4,  (16,  158)  I   4,  16,  (155,  131,  155,  15) 


897 ;  (4) 

0.  1,  2,   3,  4 

4,(16,31,157,99): 


272 


Lt.-Col.  Allan  Cunningham 


[Jan.  10, 


Table  IV.  —  continued. 


V 
n 

R 

P 
n 

R 

P 
n 

R 

m 
n 
R 


401 ;  (4) 

0,  1,   2,  3,  4,  5 
4,  16,  (173,  77,  75,  25) 


488;       (2)1677;        (2)  641;       (i) 
0,  1,   2,  3  '   0,  1.   2,   8    0,  1,   2,  3 
4,  16,  (153,  IS)  I   4,  16,  (5i5, 155)   4,  16,  164,  (i) 


678;     (i)'769;        (2) 
0,  1,   2    0.  1,   2,   3 
4,  16,  (255)   4,  16.  171,  (SSI) 


8191 ;      (2) 
0,  1,  2,   3 


181071 ; 

0,  1, 


(I) 
2,  3 


4,  16,  (8,512)   4,  16,55555,  (2) 


66587;  (i)  16700417;  (1)  i 
0,  1,  2,  8  '  0,  1,  2,  3  ' 
4,  16,  T,  (i)   4,  16,  66636,  (1)  \ 


10;  (I) 
0,  1 

4,(6) 


100;    (I)  1000;  (4) 

0,  1,  2    0,  1,   2,   3,   4,   5 
4,  16,  (36)   4,  16.  (536,  936,  73^>,  336) 


Table  V. — Residues  (Rr)  of  Perfectly  Even  Numbers^  {P^,  (mod^  andp') 


Pq=1,  Pi  =  2,  P2  =  4,  Ps-ie,  P4  =  66536,  ...,  Pr+l  =  2^^ 


The*meansij^;::Jl;2: 


Thetmeanslj^yiJl^'J^^ 


P     8 

r  0,1,  2 

R  1,1,(1) 


0, 1, 2,  3 

1,2,1,(1) 


7      11 

0, 1, 2,  3   0,  1,  2,  3,  4 
1,2,3,(2)  1,2,4,6,(5) 


18 

0,  1,  2,  3 

1,  2,  4,  (3) 


17         19 

0,  1,  2,  8,  4   0,  1,  2,  3.  4 

1,2,4,1,(1)  1,2,4,5,(5) 


P   '28  29 

r  ;  0,1,2,3,4,  6  •,  8,  4 

R   1,  2,  4,  7,  9,  (6)   15,  (i) 


81     87    |41     148 
•,  3,  4  ♦,  3,  4  ,♦,  3,  4  •,  3,  4 
15,(2)   16,(9)1  16.(i8)i  16,(4) 


47  58 

♦,  3,  4,6,  6  ♦,  8,  4 
16,  18,  5,  (17)   16,  (35) 


p 

59 

61 

67        71 

78 

79 

88 

89 

( 

17 

101 

r 

•,  3,  4,  6 

•,  8.  4 

•,  3,  4,  5  it,  4 

t,  4  t,  4 

t,  4,  5 

t,  4,  5  ' 

h,  4.t,  4,  5' 

R 

16,I5,(n)j  16,(22] 

16,10,(17).  (3) 

(15)  (5i) 

5i,  (30)   82,  (55) 

1 

(55)  T5,(55)j 

P' 

9 

25     .27 

49      81 

121 

125 

r 

•,  8 

•,8, 

4  ♦,  3,  4  ^ 

%  3,   4  i  •,  3,  4,  6 

•,  3,  4,  5 

•,  3,  4,   5 

R 

(5) 

5,(1 

I) 

n, 

(7) 

16,  {21)  j   16,  7.  (34) 

16,  75,  (76) 

16,36,(111) 

P    118 

127  1 

L87 

151 

157 

179 

198 

288 

241 

251 

r    t,  4 

t,  4  1 

h,  4,  5 

t,4 

t,  4 

t,  4,  5,  6 

t,  4,  6 

t,  4,   6 

+' Ji 

^^   *'  A 

R    a) 

(4) 

50,  (S5) 

(2) 

(67) 

1 

22,  55,  (82) 

8i,  (84) 

63,  (102) 

(IS) 

26.(15) 

p 

257 

281 

8^7   i  85^ 

859 

897 

401 

488 

677 

r 

t,  4 

t,  4  t.   4,t,  4,   5 

t,  4,   6,  6,   7 

t,  4,  6 

t,   4,  5 

t,   4 

t,   4 

R 

(I) 

(63) 

(158)   122,(166) 

l{il,107,66,(i64) 

81,(99) 

173,  (70) 

(153) 

(2i5) 

P    641     61 

r8 

719 

769 

8191 

65587 

181071 

r 

t,   4.  5  t, 

4 

t,   4,   5,   6,   7,   8 

t,   4,   5 

t,  4 

t,4,  6 

t, 4,  6 

R 

154 
5242C 

Ui) 

(255) 

107,  624,  267,  153,  (212) 

1 

.71 

,  (^61) 

(8) 

1,(1] 

1   555 

85,(2) 

P 

17 

6700417 

r 

t,    4,  S 

'  t,    4,  5 

R  1   65536,  (32 

1 

)   65536, { I ) 

) 
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Table  V. — continued. 


m  i  10 


r  ;•  3 


100    1000 

+   4  't.   4. 


10000 

+,   4, 


6, 


R  I   (6)  ;   (36)   636,  (736)  j   5536,  6736,  (8736) 


100000 

t,    4,    5,    6,     7 
65536,  56736,  28736,  (48736) 


m 

r 


1000000 

+-    4, 


5, 


6, 


7, 


8 


E  ;   65536,  156736,  428736,  748736,  (948736) 


Table  VI. — Besidues  (Bn)  of  Hn  tood  p,  p',  or  m). 


V 

n 


2;(i,i)i5:  (4,  2)  7;  (6,1) 
0     I  0,  1    0,  1 
(I)     (5,  2)    3,  (T) 


11:  (5,4) 
0,  1,  2,  3 

(3»  5»  4^  ^ 


18;  (3, 1) 
0,  1 

3,(1) 


17:  (16,4) 
0,  1,  2,  3 
(3.  7.  3,  7) 


19;  (18,  I)  I 
0,1,  2 
3,8,  (T) 


V   '23;  (  =  (11,5) 
n   ,  0,  1,  2,  3,  4 
R.    (3,4,5,15,  12) 


20 ;    {  =  (28,  6) 
0,1,2,  3,  4,  5 


81 ;  I  =  (30,  4) 
0,  1,2,3,  4 


(3,5,5,  10,  14,  TT)  1 3,  (i,  5,  8,  is) 


87;  (18,  I) 
3,  T5,  (T) 


41 ;  (8, 2) 

(3,^) 


V 
n 


48;       ^=(42,6)147;  ^  =  (23,11) 

0,   1,  2,  3,  4,  5,  6  1  0,  1,  2,  3,  4,  5,  6,  7,  8,  9,  10 


58 ;    I  =  (52,  6) 

0,  1,  2,3,  4,  5 

(3,  5S,  20,  3,  26,  20) 


R„     3,  (15,  TT,  2,  8,  i,  21)  I  (3,  55,  To,  TH,  12,  TT,  IS,  9,  55,  6, 15) 

I  I 

60  :  I  =  (29,  28)  I 

0,  1,_2,  3,  4,  5,  6,  7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,26,26,27! 

(3,27,23,15,13,29,22,28,4,5,  7,TT,26,  5,20,5i,l8,  9,21,  5,  8,19,15,12,17,16,25,15)' 


V 
n 


p     61;  (10,4)  87;   ^=(22,5) 
n      0,  1,  2,3)  0,  1,  2,  3,  4 

Rn ;  (3,  27,  55,  IF)  I  (3,  27,  T5,  55,  TJ) 


p 

n 
V 

n 

Rn 

n 

Rn 


71;  {  =  (35.12) 

0,  1,  2,  3,  4,  5,  6,  _7,  fi,  9,  10,  11 
(3,  27,  16,  55,  2.  8,  15,  33,  TT,  18,  10,  6) 


78; 

(12 

^2) 

0, 

1, 

2 

3, 

(27, 

57) 

79 ;    (78,  3) 

0,  2,  3,  4 

1,  (27,  12,  T5) 


88 ;         ^  =  (41,  8)  !  80  ;  {  =  (88,  10)  97 ;     (48,  4) 

0,  1,  2,  3,  4,  5,  6,  7   0,  1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11   0,  1,  2,  3,  4  , 

(3,  27,  12,  T5,  28,  40,  7,  1 1)  3,  27,  (17,  18,  35,  35,  5,  T7,  Ts,  42,  40,  9)  3,  (27,  5,  57,  8)! 


4   8 
0   0 

(I)  (3) 


16 


82 


0,  1   0,  1 
(3.6)  (3,5) 


64;   (16,  4):  128;         I  =  (32,  8)  i 
0,  1,  2,  3  I  0,  1,  2,  3,  4,  6,  6.  7  : 

(3,  27,  59,  5)  ,  (3,  27,  5U,  59,  61,  37,  35,  5) 


m 
n 

Rn 


26;  (20,4) 
0,1,2,  3 
(3,2,8,  12) 


49  ;  £  =  (42,  6) 
0,  1,  2,3,  4,  5,6 
3,  (55,  T5,  6,  20,  13,  8) 


10 ;  (4,  2)  100  ;   (20,  4) 

0,  1    I  0,  I,  2,  3 

(3.  7'     (3.  27,  Si,  87) 
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Table  VII. — Residues  (iZJ  ofHn  (mod  p  or  />*). 


p 

n 

Bn 


2;(M) 

0 

(I) 


8;  (2,  I)    7;  (6,  2).  11;  (5,  I) 


0 
(T) 


0,1 

!  (5,  3) 


0,1 
(5.1) 


18;  (4,  I)    17;  (16,4) 


0 
(5) 


0,  1.  2,  8 
(5»  3,  5,  3) 


19;    f  =  (9,6) 

0,  1,  2,  8,  4,  6 

(5,  9,  5.  4,  5,  6) 


P 
n 

P 

n 

Rn 

p 

n 
R. 


28;  I  =  (22,5) 

0,1,    2,8,    4 

(5,3,  10,  i,  II) 


29;  ^  =  (14,6)   81;  (8,2) 
0, 1,   2, 3, 4, 5      0,  1 
(5»  7, 13,6,4,9)    (5,5) 


87 ;        £  =  (36,  6) 

0,    1,    2,    3,   4,5 

(5,17,18.15,13,5) 


41;  (20, 1)48;        ^-  (42,6) 


0,   1 


0,    1.    2,    8,4,   6 


6»  (9)        (5,  li,  20, 17,3,15) 


47  ;  {  =  (46,  22) 

0,    1,   2,   3,   4,5,6,7,   8,   9,10,11,12,13,14,15,16,17,18,19,20.21 

(5,23,22,T5,Ii,3,5,S.I7, 13,  7,19,  2,15,  i,  io,T5,  S,  51. 11, 15,  20) 


w ;    (52»  4) 

0,  1,    2,    8 

(5,5,21,55) 


59; 


^  =  (29,  14) 


0,  1,    2,    3,    4,    5,  6,    7,    8,    9,  10,  11,  12,  13 
(5,  5,  27,  IT,  19,  T3,  S.  12,  29,  5i,  16,  28,    9,  T5) 


61;  (30,  2),  67;  I  »=  (22,  5)  I  71 ;  (5,  i) 


0,     1,    2      0,    1,  2,    3,  4 
5,  (14,  T3)  (5,  5i,  U,  55,  8) 


0,  1 
5,(1) 


P 
n 

Rh 


78;  {=(72,6)    79;       (39,4) 

0,    1,    2,    3,    4,    5    ,  0,    1,    2,    3 

(5,  Ti,  33,  55,  28,  U)   (5,  5S,  1 1,  55) 


J>    88;  ^  =  (82.20)  .80;       4  =  (44,5) 

n     0,    1,   2,    3,    4,   5,^,   7,    8,    9,10,11,12,13,14,15,16,17,18,19       0,    1.    2,    3,    4 
R„  (5,55,53,25,11,31,39.38,55,27,33.55.18,15,15,  8,17,24, 19, iO)    (s,  10,  55.  5T,  20) 


P 
n 

Rn 

n 

Rn 


97;  {=(96.8)    101;  (25,1) 

0,    1,    2,    3.  4,    5.  _6,    7      0,  1,  2 
(5,21.  13,55,5,51,  13,23)    5,5,(1) 


4 

0 

(I) 


8      16 

0      0 

(5) ;  (5) 


82 

0,    1 

(5.  H) 


64;        (16,4) 
0,    1 
(5,  n,  57,  21) 


128; 


(  =  (32,  8) 
0,    1,    2,    3,    4,    5,    6,    7 

(5.  53.  37.  55,55.  n,  57,  21) 


n 
R. 


0;(6,2)27;      {  =  (18,  6)81;  ^  =  (54.  18) 

0,1  0,1,    2,    3,4,5      0,    1.    2,    3,    4,5,   G,    7,   8,    9,10,11,12,13.14,15,16,17 

(1,  2)       (5,  7, 15,  1 1,  i,  2)  (v  53.  T3,  1 1. 23, 2.  ^2. 20, 14.  T5, 51, 55, 55,  7,  i5. 38,  i,  29) 


p*     49 ;         {  =  (42.  6) 

n       0,    1,    2,    3,4,5 

Rn     (5,  TT,  12,  10,  5,  i) 
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ON  THE   UNIFORM  CONVERGENCE   OF   FOURIER'S   SERIES 

By  E.  W.  HoBsoN. 

[Received  and  Bead  January  10th,  1907.]* 

The  definition  of  an  integral  introduced  by  Lebesgue  has  led  to 
a  notable  increase  in  the  scope  of  Fourier's  series.  A  Fourier's  series 
corresponding  to  a  function  f{x)  defined  in  the  interval  (— -tt,  tt)  may  be 
said  to  exist,  whenever  the  coefficients  have  a  definite  meaning,  in- 
dependently of  any  question  as  to  the  convergence  of  the  series.  A  large 
class  of  functions  are  integrable  in  accordance  with  Lebesgue's  definition 
which  are  not  integrable  in  accordance  with  the  definition  of  Riemann. 
For  such  functions  the  Fourier's  coefficients  exist,  if  the  integrals  by 
which  they  are  expressed  are  interpreted  as  Lebesgue's  integrals.  In- 
vestigations relating  to  this  extended  class  of  Fourier's  series  have  been 
carried  out  by  Lebesgue.*  Every  summable  limited  function  has  a  Lebesgue 
integral,  and  also  some  summable  functions  which  are  not  limited. 
The  latter  integrals  are  always  absolutely  convergent,  in  the  sense  that 
the  absolute  values  of  the  functions  are  also  integrable.  I  have  elsewhere 
shewn  that  the  Lebesgue  definition  of  such  an  integral  is  in  agreement 
with  the  older  definitions  in  cases  when  those  definitions  are  all  applicable. 
The  only  integrals  which  are  not  covered  by  Lebesgue's  definition  are 
those  which  are  non-absolutely  convergent  improper  integrals.  A  series 
in  which  the  coefficients  are  expressed  by  such  integrals,  Lebesgue  has 
proposed  to  call  ''generalized  Fourier's  series."  Very  little  is  known 
about  such  series,  and  they  will  not  be  referred  to  in  the  present  com- 
munication, which  is  concerned  with  the  class  of  Fourier's  series  in  which 
the  coefficients  are  expressed  by  Lebesgue  integrals,  the  function  employed 
being  either  limited  or  unlimited.  Many  of  the  older  investigations 
connected  with  the  theory  of  Fourier's  series  were  directed  to  obtaining 
sufficient  conditions  for  the  convergence  of  the  series  at  a  particular  point. 


*  His  inveBtigations  are  contained  in  two  memoirs :  "  Sur  lea  series  trigonometriquefl,**  in 
the  AnttaUi  Sc.  de  V Ecole  Normale^  Scr.  3,  Vol.  xx.,  1903  ;  and  *^  Sur  la  converg^oe  des  series 
de  Fourier,'*  Math,  AtttMlettf  Vol.  lxiy.,  1905  ;  also  in  the  work  Lefotu  sur  les  nci'ies  irigonometriques^ 
1906. 
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Later  investigations  were  concerned  with  conditions  that  the  series  might 
converge  uniformly  in  a  whole  interval  contained  in  the  interval  (— tt,  x). 
The  present  communication  is  concerned  with  the  latter  question,  the 
function  to  be  represented  being  taken  to  possess  a  Lebesgue  integral, 
but  not  necessarily  a  Riemann  integral,  in  the  interval  (— x,  tt).  A  theorem 
of  a  general  character  has  been  established  in  §  2,  and  the  detailed  results 
are  deduced  from  this  theorem.  It  seems  not  unlikely  that  this  theorem 
might  prove  useful  in  other  investigations  of  a  similar  character  in  which 
the  series  are  not  trigonometrical  ones,  but  involve  other  kinds  of  periodic 
functions. 


1.  The  following  theorem  relating  to  linear  sets  of  points  will  be 
required  : — 

Let  G  be  a  measurable  set  of  points  contained  in  an  interval  (a,  6), 
and  let  the  set  G  be  enclosed  in  the  interiors  of  linear  intervals  forming 
a  finite,  or  enumerabUj  infinite,  set  H  of  non-overlapping  intervals^  such 
that  fn(H) — m{G)  =  i|,  where  n  is  a  positive  number.  If  (c,  d)  be  any 
sub-interval  whatever,  contained  in  (a,  b),  and  if  Gi,  Hi  be  the  parts  of 
G  and  of  H  contained  in  (c,  d),  then 

m(Hi)-'m{Gi)  <  i|. 

The  term  "  measurable  **  is  here  used  in  the  sense  defined  by  Lebesgue, 
and  the  measure  of  a  set  G  is  denoted  by  m  (G). 

To  prove  the  theorem,  let  us  assume  that,  if  possible, 

m\lI^  —  m{G^  =  j|+a 

where  «  is  some  positive  number.  Let  the  points  of  Gj  be  enclosed  in 
the  interiors  of  non-overlapping  intervals  all  contained  in  ir,  rf),  and 
forming  a  set  AT^,  such  that  nwH^  <m\G^'\'\x\  this  is  possible,  since 
Gi  is  a  measurable  set.  We  have  then  m{H^  <  w(ffi^— 1|.  Now  consider 
the  set  of  intervals  H  which  consists,  in  {c,  d^,  of  the  set  H^,  and  in  the 
l^irts  of  1(1,  b^  not  interior  to  {c,  rf>  of  the  same  intervals  that  belong  to 
the  set  H. 

We  have  then 

m{H^  =  m\H^  —  myH^  +  n:yH,;^  <  wn/f'-jj  <  m{G). 

It  has  thus  been  shewn  that  the  set  G  can  l>e  enclosed  in  a  set  IT 
of  interx-als,  such  that  m{W  <  n:{G' :  but  this  is  impossible,  and  hence 
no  such  positive  numl>er  as  a  can  exist.     Therefore  m\Hi) — m{Gi)  ^  9. 
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2.  Let  f{x)  be  a  summable  function,  either  limited  or  unlimited, 
defined  for  the  interval  (— -tt,  tt).     In  case  f(x)  be  unlimited,  it  will  be 

assumed  to  be  such  that  the  absolutely  convergent  integral    I     f{x)dz 

exists  in  accordance  with  Lebesgue*s  definition.  The  Fourier's  series 
corresponding  to  f{x)  then  exists  in  the  sense  that  the  coefficients  in 
the  series  all  have  a  definite  meaning. 

Now  let  the  definition  of  f{x)  be  extended  so  as  to  apply  to  values 
of  x  lying  outside  the  interval  (— -tt,  tt).  This  extension  we  make  by 
taking  f{x)  to  be  a  periodic  function  of  x,  of  period  2-^,  except  that  /(tt), 
/(— tt)  may  have  different  values,  in  which  case  it  is  immaterial  what 
values  we  assign  to  /(2'7r),/(--2'7r),/(3'7r),/(--87r),  .... 
The  following  general  theorem  will  now  be  established  : — 

The  function  f(x)  being  of  tJie  character  above  described,  each  of  the 

Cfi  sin 

four  integrals  \  f{x  +  2z)x(^)        mzdz,  taken  through  any  interval  {a,  ^ 

J  a  cos 

such  thut  0  ^  a  <  )8  ^  Jtt,  converges  to  the  limit  zero,  as  the  integer 
m  is  increased  indefinitely,  uniformly  for  all  values  of  x  contained  in  the 
interval  (— t,  it)  ;  tlie  function  xW  being  any  function  with  limited  total 
fluctuation  (a  variation  bomee). 

More  generally,  sin  mz  or  co8  mz  may  be  replaced  by  <f>{mz),  where  <l>{z) 
is  any  limited  summable  function  of  which  the  integral,  taken  through 
any  finite  interval  whatever,  is  less,  in  absolute  magnitude,  than  some 
fixed  finite  number  independent  of  the  particular  interval. 

First,  it  will  be  assumed  that  f{x)  is  a  limited  function.     It  is  sufficient 

to  consider  the  case  of  the  integral   I  f{x-\'2z)x{z)mimzdz\  the  proof 

in  the  case  of  the  other  three  integrals  being  precisely  similar.  Also 
the  substitution  of  il>{mz)  for  sin  mz  makes  no  essential  difference  in 
the  proof. 

Let  U  and  L  denote  the  upper  and  the  lower  limits  of  /(a;+2<?),  for 
all  the  values  of  x  in  the  interval  (— t,  if),  and  for  all  values  of  2r  in  the 
interval  (a,  )8).     Let  the  interval  (L,  XJ)  be  divided  into  j?  portions 

wo»  ^l'»    V^l»  ^2/»  •••»  w^— 1>  ^qiy  •••>  v^p— 1>  ^p) 

where  Cq  =  L,  Cp=^  U,  and  c,^— c^_i  <  e,  for  every  value  of  q. 

Let  the  function  fi(x+2z)  be  defined  as  follows: — For  those  values 
of  x+2z  for  which  CQ^f{x+2zXci,  let  fi{x+2z)  =:  Cq  ;  for  those 
values  of  aj+2^  for  which   Ci^f{x+2zXc^,   let  /i(a:+2^)  =  Ci ;    and 
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generally  let  fi(x+2z)  =  r,_i  for  those  values  of  x+2z  for  which 

For  any  particular  value  of  x,  it  may,  for  example,  happen  that  there  are 
no  values  of  z  such  that  Cq  ^  /{x+^zX  Ci :   in  that  case  there  are  no 
values  of  z,  with  the  given  value  of  x,  for  which  fi{x-\-2z)  =  Cq. 
We  have 


I  /(x+2-8r)x(-?)  sinwzde— I    /i(x+a8r)  xW  Binw^rd;? 


€{fi—a)x 


where  x  is  the  upper  limit  of  \x(^)\  ^^  ^be  interval  (a,  /S) ;   and  this  holds 
for  all  values  of  x  and  of  vi. 


The  integral  j  /i(x+2^)x(^)sinm^rf^  is  equal  to 


'0  ^"^  Je  ^^^^  ®^ 


9=1 

2  c«  I    yU)  sinm^ef^ 


where  e,^  is  that  set  of  points  z  at  which  Cq  ^  f{x+2z)  <  c^-i;  this  set 
eq  depending  upon  the  value  of  x. 

In  the  interval  (— 27r,  2^)  of  the  variable  x,  let  jE?,;  be  that  set  of 
points  at  each  of  which  C;  ^/(x)  <  c,+i.  Let  the  set  Eq  be  enclosed 
in  a  finite,  or  enumerably  infinite,  set  Hq  of  non-overlapping  intervals 
such  that  m(Hq)—m{Eq)  =  ly.  For  any  fixed  value  of  x,  the  set  Cq  con- 
sists of  that  part  of  Eq  which  lies  in  the  interval  (x+2a,  x+213)  contained 
in  (—2^,  2^).  In  accordance  with  the  theorem  of  §  1,  the  set  of  intervals 
Fq  which  consists  of  that  part  of  Hq  which  lies  in  (x+2a,  x+213)  is  such 
that  m{F^—m{eq)  ^  i|.  It  is  to  be  observed  that  the  number  ^  is 
independent  of  the  value  of  x. 

We  have  also 


I    x(^)  sinm-^ti-e—  I    x^-^)  sinm^ef^ 


XI' 


Let  now  the   intervals  of  H.,  be  arranged  in  diminishing  order  of 

length,  and  let  them  be  denoted  by  y^,  yg,  y3, If  x+2a  or  x+2j8 

be  contained  inside  an  interval  of  fi,^  we  divide  that  interval  into  two 
parts  with  different  indices,  each  ending  at  x+2a  or  x+2fi. 

We  may  choose  r  so  that  m(jff,,)  — (yi+y2+...+yr)  <  i|.  Of  the 
intervals  y^,  y^,  ya,  ...,  let  those  which  fall  in  (a?+2a,  x+2fi)  be 
y«i»  y««»  y»»'  •••  where  Si  <  Sg  <  ^a  •••  5  *^d  let  s<  be  the  greatest  of  these 
indices  which  does  not  exceed  r.  We  have  then  y«,^,+y«,,a+-..  <  i,  and 
m(jP,;)— (y,i+y«,+...+y*,)  <  »; ;    or,   denoting  by  Dq  the   finite   set   of 


i 
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intervals   y«,»  y%»  ••.»  y*,,   we   have   m(Fq)—m{Dq)<9g.     The  number  of 
intervals  in  the  set  Dq  cannot  exceed  the  number  r,  which  is  independent 
of  the  value  of  x. 
We  now  have 


I    x('^)  si^^-^rd^—  I    x(^)^^ 


sin  mzdz 


nx- 


The  function  x(^)  being  a  function  with  limited  total  fluctuation  in  the 
interval  (a,  )8),  it  may  be  expressed  as  the  difference  X\{z)—x^(z)  of  two 
functions  Xi(^)»  X9(^)>  ^^^^  ^^  which  is  monotone  throughout  the  interval 
(a,  P). 

The  integral  I  x{z)%mmzdz,  taken  through  an  interval  Ou,  X),  may  by 
means  of  the  second  mean-value  theorem  be  expressed  as 

Xi(At)  I  sin  inzdz+xx^)]  sinw-grdzr— -xa(M)  )   sin mzdz—x^i}i)\   sinmzdz 
where  ^,  ^  are  two  numbers  in  the  interval  Ou,  X).     We  thus  see  that 


11 


xW  sinmzdz 


-  (X1+X2) 


where  xi»  Xa  ^^®  ^^®  upper  limits  of  XiC-^^)*  Xi^^)  in  («» i8),  the  interval  Ou,  X) 
being  supposed  to  be  contained  in  (a,  p). 
We  have  now 


11, 


xU)  sinmzdz 


-|(xi+x«)<<^(xi+x«)»- 


where  t  is  the  number  of  intervals  in  Dq^  and  cannot  exceed  the  number  n 
Combining  the  inequalities  which  have  been  obtained,  we  find  that 


I 


/(a:+2^)  x(^)  sinmzdz 


•(^-a)X+(2x.+  fx');2c, 


where  x'=  X1+X2  '>  ^^^  ^^^^  holds  for  every  value  of  x  in  (— -tt,  x).  Let 
us  now  choose  arbitrarily  a  positive  number  ^ ;  we  can  then  choose  e  so 
so  that  e()8--a)x  <  K*     Having  fixed  e  accordingly,  and  consequently  the 


«     H-V 


numbers  Co,  Ci,  ...,  c„   we  next  choose  n  so  that    2x'7  2  c,;  <  J^  ;    the 
number  r  is  then  fixed.     We  can  now  choose  a  value  77^  of  m  such  that 


—  X     ^   <^'i 


«?> 


for  m  >  7;ii. 
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It  has  now  been  shewn  that,   having  given  a  positive  number  (, 
arbitrarily  small,  a  number  m^  can  be  so  determined  that 

/(a?+2z)  x(^)  sin  mzdz 


I 


^ 


for  m  ^  ^1,  and  for  all  values  of  x  in  the  interval  (— x,  x).     Ii  has 
therefore  been  shewn  that,  when  /(x)  is  a  limited  snmmable  function. 

/(a?+2z)xU)  siniiwrf-? 


converges  to  the  limit  zero,  as  m  is  indefinitely  increased,  uniformly  for 
all  values  of  x  in  the  inter\'al  (— x,  x),  and  consequently  also  for  all 
values  of  X  in  any  interval  (a,  b)  contained  in  (— x,  x). 

Next,  let  f(x)  be  no  longer  limited,  but  still  integrable  in  accordance 
with  Lebesgue's  definition. 

If  ^  be  an  arbitrarily  small  positive  number,  a  positive  number  N 
can  }>e  so  determined  that 


i 


\fix)\dx<Ulx^ 


the  integral  being  taken  over  that  set  of  points  Kn  in  the  interval 
(--2x,  2x),  for  each  of  which  \f(x)\  >  N.  If  ky  be  that  part  of  Ky 
which  lies  in  the  interval  (x+2a,  x+2^,  for  any  fixed  value  of  ;r 
belonging  to  the  interval  (— x,  x),  we  have,  a  fortiori, 


[ 


\f{x)\dx<  Ulx- 

Let  the  function  /s(a;+2^)  be  defined  by  the  specifications 

Ux+2z)  =/(x+2^),     if  1/(2^+22:)  I  <  N, 

and  Mx+'lz)  =  0,  if  \f{x+^)\  >  N. 

Thus  f2{x+2z)  vanishes  at  all  the  points  of  the  set  ks,  and  it  is  a  limited 
summable  function. 
We  have  now 


i: 


/{x+ 2z)  X  W  sin  ^^^  dz 


=  J    /(x+2z)  xU)  sin  mzdz+  \  /^(x+^z)  xi^)  sin  mzdz. 


By  the  first  part  of  the  theorem,  we  see  that  a  value  m^  of  m  can  be 

determined  so  that      i  r^ 

/2('^+2^)x('2^)8inm^d8r   <  if, 

•'a 

for  m  >  %,  and  for  all  values  of  x  in  (—x,  x). 
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Also 


1     f{x+2z)x(^)  sin  nizdz 

Jfc.v 


K;  ' 


hence  we  have  shewn  that 


ii: 


f{x+ 2z)  X  (^)  sin  mz  dz 


?. 


provided   m  ^  Wj,   for  all  values  of  x  in  (— tt,  it).     The  theorem  has 
therefore  been  completely  established. 

3.  Some  particular  cases  of  the   general  theorem  established  in  §  2 
will  now  be  considered. 

(1)  If  we  consider  only  the  single  point  x  =  0,  we  see  that,  for  a  =  0, 
fi  =  J-TT,  and  taking  x^^)  =  h  the  integrals 

both  converge  to  the  limit  zero  as  m  is  indefinitely  increased.     Changing 
f{2z)  into  f{z),  we  see  that,  it  m  =  2n, 


I 


f(z)       nzdz 
_,  "^  ^    cos 


converges  to  zero  as  n  is  indefinitely  increased.     The  following  theorem, 
which  has  been  proved  by  Lebesgue,  is  therefore  obtained : — 

If  fix)  be  any  sumviable  function,  which,  if  unlimited,  still  possesses 
a  Lebesgue  integral,  tlie  coefficients  in  tlie  corresponding  Fourier's  sei-ies 
converge  to  zero  as  tJte  integer  n  is  indefinitely  increased. 

(2)  It  is  well  known  that  the  condition  of  convergence  of  a  Fourier's 
series  at  a  point  x  where  f{x)  has  an  ordinary  discontinuity,  or  is 
continuous,  is  that 


i 


*'[/(x+2^)+/(a:-.22r)-/(a;+0)-/(j--0)]  ?^?^^e^^ 

should  converge  to  zero,  as  the  odd  integer  m  is  indefinitely  increased. 

Let  )3  =  Jtt,  and  let  x(^)  =  cosec^,  which  is  of  limited  fluctuation 
in  the  interval  (a,  ^^tt),  if  0  <  a.  We  see  then  that,  if  (a,  b)  be  an 
interval  for  x  in  which  f(x)  is  limited,  and  be  also  such  that  fia—0), 
/(6+0)  are  finite,  then 


1. 


**  [/{x+2z)+f{x-2z)-f{x+0)-f{x-0)-]  ^^  dz 


converges  uniformly  to  zero  in  the  interval  (a,  b)  of  x. 


282  Dr.  E.  W.  Hobson  [Jan.  10, 

For,  by  the  theorem,  the  two  integrals 

J^'^  8in  -8r  J.  "^  Sin  z 

converge  uniformly  to  zero  in  (— -tt,  tt)  and  therefore  in  (a,  6) ;   also 

l/(x+0)+/(x-0)| 

is  less  for  all  values  of  x  in  (a,  b)  than  some  fixed  finite  number,  and 
dz  converges  to  the  limit  zero.     We  therefore  see  that,  in  order 


**  sin  VIZ 


sinz 

that  a  Fourier's  series  may  converge  uniformly  in  an  interval  (a,  b)  con- 
tained in  (— T,  tt),  it  is  sufficient  that  the  function  be  continuous  in  (a,  b), 
including  the  end-points,  and  that,  for  any  arbitrarily  small  value  of  the 
positive  number  a,  the  integral 


£ 


sinm^ 


0  sin  z 

should  converge  to  the  limit  zero,  as  m  is  indefinitely  increased,  uniformly 
for  all  values  of  x  in  (a,  b). 

In  this  integral,  the  only  functional  values  of  fix)  that  are  involved 
are  those  in  the  interval  (a^a^  6+ a),  provided  the  values  of  x  in  the 
integrand  are  confined  to  those  in  the  interval  (a,  6).  It  thus  appears 
that  the  question  whether  the  Fourier's  series  converges  uniformly  in 
(a,  b)  depends  only  upon  the  nature  of  the  function  in  the  interval 
(a— a,  b+a)  which  contains  (a,  b) ;  and  the  number  a  is  arbitrarily  small. 
We  have  therefore  obtained  the  following  theorem : — 

If  (a,  b)  be  any  interval  contained  in  (— -tt,  tt),  such  that  f(x)  is 
continiums  in  (a,  i),  including  the  end-points  a  and  b,  then  the  answer  to 
the  question  whether  the  Fourier's  series  converges  uniformly  in  (a,  6), 
or  not,  depends  only  upon  the  nature  of  the  function  f{x)  in  an  interval 
(a\  V)  which  hichides  (a,  b)  in  its  interior  and  exceeds  it  in  length  by 
an  arbitrarily  small  number.  The  function  f{x)  may  be  of  any  character 
in  the  part  of  (— -tt,  tt)  outside  (a',  6'),  subject  only  to  its  having  a 
Lebesgue  integral  in  ( — t,  tt). 

This  theorem  contains,  for  the  theory  of  uniform  convergence,  the 
parallel  to  the  theorem  relating  to  the  convergence  of  the  series  at  a  single 
point,  viz.,  that  the  convergence  or  non-convergence  of  the  series  at 
a  single  point  depends  only  on  the  nature  of  the  function  in  an  arbitrarily 
small  neighbourhood  of  that  point ;  being  independent  of  the  nature  of 
the  function  outside  that  neighbourhood,  subject  only  to  the  existence 
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of  the  coefficients  of  the  series.  This  latter  theorem  was  proved  by 
Riemann,  for  the  case  of  functions  satisfying  his  condition  of  integrability, 
and  has  been  proved  by  Lebesgue  for  the  case  of  all  summable  functions 
which  are  integrable  in  accordance  with  his  definition  of  integrability. 
This  theorem  of  Lebesgue  is  the  particular  case  of  the  theorem  here 
given,  which  arises  when  the  interval  (a,  b)  is  reduced  to  a  single  point  x. 

(S)  It  is  known  that,  if  a  function  be  of  limited  total  fluctuation  in 
(— -TT,  tt),  then  the  corresponding  Fourier's  series  is  uniformly  convergent 
in  any  interval  (a,  b)  which  does  not  contain,  either  in  its  interior  or  at 
its  ends,  any  point  of  discontinuity  of  the  function.  By  applying  the 
theorem  obtained  in  (2),  we  now  obtain  the  following  theorem  : — 

TJie  function  f{x)  being  summable ,  and,  if  unlimited,  also  integrable y 
in  accordance  with  Lebesgue's  definition  ;  if  (a',  V)  be  any  interval 
contained  in  (— -tt,  it),  such  that  f{x)  is  of  limited  total  fluctuation  in 
(a\  V),  then  the  Fourier's  series  corresponding  to  f(x)  converges  uniformly 
in  any  interval  (a,  6),  contained  in  (a',  6')>  «7kf  such  that  f{x)  is  con- 
tinuous in  (a,  b)y  including  the  end-points. 

(4)  Let  the  function  x^^)  ^^  defined  by 

X(0)  =  0     and     x('^)  =  — ~-T^ 


z       sin^ 
for  2r  >  0  ;   also  let  a  =  0,  )8  =  ^t  <  ^tt  ;  then  we  see  that 

r  [/(x+ar)+/(x-2^)-2/(x)]  (^  -  J-)  sin  mzdz 
Jo  \  z       sm  z/ 

converges  uniformly  to  zero,  as  m  is  indefinitely  increased,  in  any  interval 
(a,  b)  in  which  f{x)  is  limited.     It  thus  appears  that,  if 


I 


"  [/(;c+a?)+/(x-2^)-2/(x)]  2iE£if  dz 
0  sm  z 


converges  uniformly  in  (a,  i),  so  also  does 


i 


sm  mz 


[/(i:+2^)+/(x-2^)-2/(x)]  5i^i^  dz. 
0  z 

Therefore,  the  condition  of  uniform  convergence  of  the  series  in  an 
interval  (a,  6),  in  which  the  function  is  continuouSy  including  the  end- 
points  a  and  b,  is  that 


I 


**  sm  mz 


\J(x+iz)+f{x^2z)^2f{x)']  2iii^  dz 
0  z 

should  converge  tmiformly  to  zero  in  the  interval. 
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The  number  fx  may  be  taken  to  be  arbitrarily  small ;    in  fact,  in 
accordance  with  the  theorem  of  §  2,  if  0  <  ^ij  <  yn,  the  integral 


z 

converges  to  zero,  as  m  is  indefinitely  increased,  uniformly  in  (a,  6). 


4.  We  proceed  to  investigate  sufficient  conditions  for  the  uniform 
convergence  of  the  Fourier's  series  in  an  interval  (a,  h)  in  which  the 
function  f{x)  is  continuous. 

Writing  F{z)  =/(a:+2^)+/(«c— 2?)— 2/(a:),  we  express  the  integral 

^'^  F{z) 


sin  vizdz 
0      z 


m  the  form        \       +1       +1       +...+ I  — ^-^smm^ra^ 

LJo  J2ir/1H         Jsir/w  Janr/mJ       ^ 

where  r  is  an  integer  such  that   0  ^  m <  — . 

mm 

We  assume  that  (a,  b)  is  contained  in  an  interval  {a\  b')  in  which 
f(x)  is  limited ;  if  then  we  choose  /jl  to  be  less  than  the  smaller  of  the 
numbers  i(a— -a'),  i(i'— 6),  we  see  that  F{z)  is  limited  for  all  values  of 
z  in  (0,  jj)  and  for  all  values  of  a;  in  (a,  6).     We  have  now 

I       F(2r) dz    <m  \       I -F(^) I dz 

<  27r  X  upper  limit  of  |  F(z)  \  in  the  interval  (o,  —  j . 

Since  a  continuous  function  is  uniformly  continuous,  the  two  functions 
f{x+2z)—f(x),f{x—2z)—f{x)  converge  to  zero,  as  z  converges  to  zero, 
uniformly  for  all  values  of  x  in  (a,  6). 

It  follows  that  I  p,/m  sin  m^  ,      ^ 

I       F{z) dz    <  fi^ 

where  pjm  converges  to  zero,  as  m  is  indefinitely   increased,   and   is   in- 
dependent of  the  value  of  x. 
Next,  we  have 

I  j^      F{z)  2^^  dz  I  <  -^  X  upper  limit  of  1  F(^)  I  in  (^ ,  m) 


m 

_4_ 
m 

_27r 
m 


X  upper  limit  of  |  F(z)  \  in  (0,  /j)  <  tj'^ 
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where  n^  converges  to  zero,  as  m  is  indefinitely  increased,  independently 
of  the  value  of  x. 

The  remaining  part  of  the  integral  may  be  written  in  the  form 


£ 


wU^\     f(.+5^)     fU^ 

\       ml  \       ml    . A        m I 


m 


m 


z+ 


4w 
m 


F 


+ 


('+ 


2r— 2^ 

m 


)  -(^+^^)i . 


^+ 


2r— 27r 


z+ 


^    ■= ,-  sin  jnzdz, 

2r— Itt 


m 


which  is  less,  in  absolute  value,  than 

pfz+2ir\       p/z+S7r\  p/z+2r^2ir\       p/z+^r^lirX 

\    m    I  \    m    )    ,        .\        m        )  \        m        J 


i 


z+2Tr  z+Stt 

which  is  not  greater  than 


—    +...+ 


^H-2r— 2^ 


^+2r— i-TT 


dz, 


'=1    Jo 


Now 


^(d^)       p(: 


z+2s+lir 


m 


) 


z-^-^sir 


^+25+1^ 


dz. 


p  {z  +  2sir\       p  /z+2s+lTr\ 
\     m     /  \        m        J 


;?+2s7r 


^  +  25+1^ 


^(£H^)_^(: 


-2'  +  25H-l7r 


m 


) 


hence 


2+2s+lx 


+x 


\     m     J 


{z+2s'ir)(z+2s+lTr) 


F  (£±2£Z:)       F  i 


i+25+ix 


m 


) 


2r+2s7r 


z+^s+lir 


^/£+257r\        p/^+2g+l7r\ 
\     m     )  \        m        / 


(25+l)7r 


+ 


25(2.9  +  l)7r 


p/z+2s'ir\ 
\     m     ) 

We  now  see  that  the  part  of  the  integral  to  be  estimated  is,  in  absolute 
value,  less  than 

(y  +  y  +.-.+  2;:^)^+iXupper  limit  of  |F(^)|  in  (0,  /x) 
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where  A  is  the  greatest  of  the  numbers  I  f(^"*^^)- f(^"^^^^)| 
for  s  =  1,  2,  8,  ...,r— 1. 

The  upper  limit  of  \F{z)\  or  \f{x+2z)+f{x—2z)—2f{x)l.  for  the 
interval  (0,  lu)  of  z,  and  for  all  values  of  a;  in  (a,  b),  depends  upon  ^i,  and 
is  a  number  2u{jj),  which  may  be  made  as  small  as  we  please  by  taking 
JUL  sufficiently  small. 

Also 

(i+i+ •+273T)^<(i+i+i+-+^><^^'+><>«2'-)A 

where  Cr  is  a  number  between  0  and  1  which  converges  to  Mascheroni's 
constant.     Let  D,n  denote  the  greatest  value  of  the  fluctuation  of  f{x)  in 
a  sub-interval  of  length  irlm  contained  in  the  interval  (a—/uL,  6+m)»  ^or 
all  possible  positions  of  such  sub-interval ;   then  we  have  A  ^  Dm. 
It  has  now  been  proved  that,  for  0  <  ^t  <  ix, 


II 


0  1 


1n+>}'^+u(M)+D^  [a+log  ^+l0g  (yu-  ^)] 


where  6  is  such  that  0 <  0 <  1,  and  such  that  u—  =^  =  d—. 

m  m 

We  have  now  to  find  a  sufficient  condition  that  it  be  possible,  with 

u  fixed,  to  determine  a  value  m  of  m,  corresponding  to  an  arbitrarily 

prescribed  positive  number  f ,  such  that 


II 


"  F(.)  ?i2^  dz 


f. 


for  VI  ^  m,  and  for  all  values  of  x  in  (a,  h). 

If  jULi  be  a  number  such  that  0  <  /x^  <  )u,  we  can  choose  /jli  so  small 
that  u(juii)  <  Jf.  The  number  jjli  having  been  so  chosen,  we  can  now 
choose  a  value  JUi  of  m,  such  that 


II 


'*  „/  X  sin  TWisr  , 
F(z) dz 


Jf> 


for   7)1'^  nil,   and  for  all  values  of  x  in  (a,  b);   this  follows  from  the 
uniform  convergence  of  the  integral  to  the  limit  zero. 
We  then  have 

j>(,)  !i^  ^  I  <  g^4.,„+,;+i5„  i^Cr+log  f  +log  (mx-  ^) } . 
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the  numbers  i/^,  !)»«  ^i  now  having  the  values  which  correspond  to  pn 
instead  of  m-  We  can  now  choose  m,  so  that  i/m  <  i^,  for  m  ^  7719 ;  also, 
we  can  choose  m^  so  that  17^  <  Jf,  for  m  ^  m^.  Again,  since  Dm  con- 
verges to  zero,  as  m  is  indefinitely  increased,  we  can  so  determine  m  that 

-D„  jCr+log(Mi ^)  [  <  J^»  ^or  m'^m^.     Let  us  now  assume  that 

it  is  possible  to  so  choose  m^  that  Dm  log  m/x  <  ^^,  for  m  ^  ms.  Taking 
VI  to  be  the  greatest  of  the  numbers  77^,  m^,  m^,  m^^  m^,  we  now  have 


ij: 


x;, ,  V  Sin  mz  , 
F(^) dz 


f, 


for   m  ^  m.      Therefore,   with   the   assumption   made,  that  D^  log  w/tt 
converges  to  zero,  as  m  is  indefinitely  increased,  it  has  been  shewn  that 
the  convergence  of  the  Fourier's  series  in  (a,  b)  is  uniform. 
The  following  theorem  has  accordingly  been  established  : — 

It  is  a  sufficient  condition  for  the  uniform  convergence  of  the  Fourier's 
series  in  an  interval  (a,  6),  that  an  interval  (a\  V)  can  he  found  tvhich 
encloses  (a,  b)  in  its  interior ^  and  is  such  that,  if  F^  denote  the  fluctuation 
of  f{x)  m  any  sub-interval  of  length  ^  contained  in  (a',  6')»  -P^logiS  con- 
verges to  zero,  unifoi-mUj  for  all  sitch  sub-intervals,  as  j8  is  indefinitely 
diminished. 

The  condition  may  also  be  stated  in  the  form,  that  it  is  sufficient  that 
{/(2J+i8)— -/(x)}  log^  converge  uniformly  to  zero,  as  fi  is  indefinitely 
diminished,  for  all  values  of  x,  such  that  x  and  x-\-fi  are  in  the  interval 
{a',  V)  which  encloses  (a,  b). 

This  is  seen  by  referring  back  to  the  foregoing  proof,  where  the 
difference  of  functional  values  at  the  ends  of  an  interval  13  was  replaced 
by  the  fluctuation  in  that  interval. 

The  condition  is  satisfied  if  \f{x±l3)—f(x)\  ^  CjS*,  where  C  and  k 
are  positive  numbers,  for  all  values  of  fi  less  than  some  fixed  value  fii, 
for  every  value  of  x  such  that  x,  x±^  are  in  (a',  b'),  the  numbers  C  and 
k  being  independent  of  x. 

The  particular  cases  of  these  theorems  which  arise  when  (a,  b)  is 
reduced  to  a  single  point  are  known  sufficient  conditions  of  convergence 
of  the  series  at  a  single  point,  due  to  Lipschitz. 

The  function  f{x)  has  throughout  been  assumed  to  be  restricted  in  the 
whole  interval  (— -tt,  tt),  only  so  far  that  it  is  either  a  limited  summable 
function,  or  an  unlimited  summable  function  which  possesses  a  Lebesgue 
integral  in  (— t,  tt). 
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5.  Sufficient  conditions  for  the  uniform  convergence  of  the  series  in 
an  interval  (a,  b)  may  also  be  obtained  in  the  following  simple  manner : — 

If  0  <.  jULi  <,  JUL,  we  have 


1   — ^  sm f)izaz\^\\ 
Jo     ^  I       IJo 


F{z)^: ^^     .   ir  F{z)    . 


Binmzdz   + 


11, 


sin  mzdzl. 


dz   converges  to  the  limit  zero,  as  mi  is   in- 


Let  it  now  be  assumed  that,  for  every  value  of  x  in  (a,  b),  \ 

exists,  and  that   I      — ^ 

Jo  I    ^ 

definitely  diminished,  uniformly  for  all  values  of  x  in  (a,  b). 

We  have  then 

r  F{z)   .         ,1^  ri-F(^) 
\     — ^smw^a^  <1     ' 

Jo      ^  I       Jo 


F(z) 


dz 


dz. 


The  number  ^i^  can  now  be  chosen  so  small  that,  if  ^  be  an  arbitrarily 
fixed  positive  number,  the  inequality 

^'^^ '  F{z) 


r 

Jc 


dz<U 


is  satisfied  for  this  value  of  ^j,  and  for  every  value  of  x  in  (a,  b).     The 
number  ni  having  been  so  fixed,  we  can  fix  a  value  m^  of  m  such  that 


\    — —  ivamzaz 


u> 


for  VI  ^  rtiiy  and  for  every  value  of  x  in  (a,  6).     We  have  then 


I 


F{z)    .  , 

— —^  sm  mzaz 


0     z 


<^, 


for  VI  ^  Wi,  and  for  every  value  of  x  in  (a,  6). 

The  following  theorem  has  therefore  been  established  : — 

It  is  a  sufficient  condition  for  the  uniforvi  convergence  of  the  Faiirier's 
series  in  an  interval  (a,  b)  contained  in  an  interval  (a',  i')  m  which  f{x) 
is  limited  that 


Jo 


z 


dz 


should  exist  for  all  values  of  x  in  (a,  i),  and  converge  to  zero  as  /uli  is 
indefinitely  diviinished,  uniformly  for  all  values  of  x  in  (a,  6).  The 
condition  will  be  satisfied  if  the  two  integrals 


r 

Jo 


f{x+^z)-f{x) 
z 


dz, 


Jo  I 


-2z)-/(x) 


dz 


both  exist  and  are  uniformly  convergent. 


\ 
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In  particular,  the  series  is  uniformly  convergent  in  any  interval  (a,  b) 
in  which  one  of  the  four  derivatives,  and  therefore  each  of  the  other  three 
derivatives,  is  limited,  the  end-points  a  and  b  being  included.  A  special 
case  is  that  in  which  f{x)  has  a  limited  differential  coefficient  throughout 
(a,  6),  including  a  and  b. 

The  condition  is  satisfied  if  |/(a?±/8)— /(ir)|  <  C/8^,  for  all  values  of 
X  in  (a,  6),  and  for  all  values  of  /8  less  than  some  fixed  number;  where 
C  and  A:  are  fixed  positive  numbers  independent  of  x.  This  condition  is^ 
at  least  in  form,  slightly  simpler  than  the  similar  condition  given  in  §  4. 
If  (a,  b)  be  reduced  to  a  single  point,  it  at  once  becomes  the  known 
condition  of  convergence  at  x,  that  \f{x±p)—f{x)  \  <  Cfi^'. 
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ON  THE  PROJECTIVE  GEOMETRY  OF  A  BINARY  QUARTIC 

AND  ITS  HESSIAN 

By  E.  B.  Elliott. 

[ReoeiTed  and  Read  February  Uth,  1907.] 

1.  A  conic  drawn  through  the  origin  of  coordinates  x,  y  is  chosen ; 
and  a  quartic  in  x,  y  is  represented  by  the   quadrangle    PiPaPs-P4  ^^ 
points  in  which  the  conic  is  met  again  by  the  four  lines  of  which  w  =  0, 
the  result  of  equating  the  quartic 
to  zero,  is  the  equation.     Linear  q 

transformations  of  the  quartic 
are  obtained  by  taking  any  axes 
through  any  point  of  the  conic, 
retaining  the  same  quadrangle, 
and  also  by  any  projection  of  the 
figure.  Real  changes  of  origin 
and  axes,  and  real  projections, 
afford  schemes  of  linear  trans- 
formation with  real  coefficients. 

Let  CHK  be  the  harmonic  triangle  of  the  quadrangle.  The  sides  of 
this  are  real  if  Pi,  1\,  Pg,  P^  are  all  real  or  all  imaginary  in  conjugate 
pairs,  j.r.,  if  the  quartic  «  =  0  with  real  coefficients  has  all  its  roots 
real  or  all  imaginary.  The  sides  of  CHK  cut  the  conic  in  three  pairs 
of  points,  0  and  A,  D  and  7?,  and  a  pair  which  in  the  case  of  a  real 
CHK  are  imaginary,  given  by  the  equation  G  =  0,  where  G  is  the 
sextic  CO  variant  of  u. 

The  quadrangle  w  =  0  is  one  of  an  infinity  of  quadrangles  on  the 
<;onic  with  the  same  harmonic  triangle  CHK.  The  vertices  of  any  one 
are  the  points  representative  of  some  quartic  of  the  pencil  kU'\-\H  =  0, 
where  H  is  the  Hessian  of  u.  Given  the  triangle,  one  vertex  P  of  any 
quadrangle  of  the  pencil  determines  the  other  three  as  the  second  in- 
tersections of  PC,  PHj  PK  with  the  drawn  conic. 

To  specify  the  particular  quadrangle  which  gives  the  particular  quartic 
of  the  pencil  i/  =  0  itself  is  not  so  easy  as  the  algebraic  simplicity  of 
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H  in  respect  of  u  would  lead  us  to  expect,  and  I  am  not  aware  that  any 
writer  has  taken  the  trouble  to  overcome  the  small  difficulties  of  the 
specification  of  the  Hessian  by  linear  construction,  though  full  attention 
has  been  paid  to  the  expression  of  its  properties  in  the  language  of  polar 
pairs  and  triads.  One  difficulty  arises  from  the  fact  that,  if  the  roots  of 
u  =  0  are  all  real,  those  of  IT  =  0  are  all  imaginary — it  is  easy  to  see 
that  a  binary  quantic  of  any  order  with  only  real  and  unequal  roots  has 
a  Hessian,  a  sum  of  squares,  with  no  real  roots — so  that,  starting  from  a 
quadrangle  with  real  vertices  as  t^  =  0,  we  look  for  one  with  imaginary 
vertices  as  £r  =  0,  a  completed  real  exhibition  of  the  H  going  with  the 
u  being  thus  an  impossibility.  There  is  also  the  complication  that  be- 
tween quartics  u  and  Hessians  H  there  is  not  a  one  to  one  correspondence  : 
a  particular  u  has,  of  course,  one  Hessian  H,  but  of  t^'s  which  possess 
a  particular  H  there  are  two.     These  are  apolar  with  one  another. 

2.  Associate  with  each  quadrangle,  Le,,  each  quartic  of  the  pencil,  a 
point  M  on  OH  as  follows.  Take  P  one  vertex  of  the  quadrangle,  the 
other  three  being  where  PC,  PH,  PK  cut  the  conic  again.     Let  PH  meet 


KC  in  Q.  Join  OQ,  and  also  join  B,  the  point  where  OQ  cuts  the  conic 
again,  to  ^  by  a  line  meeting  HK  in  T.     QT  cuts  CH  in  the  point  M. 

Now,  take  F  the  harmonic  conjugate  of  H  with  regard  to  C  and  A. 
F  has  no  reference  to  any  particular  quadrangle  of  the  pencil. 

Let  Af,  M\  M"  be  the  points  of  CH  which  are  associated  as  above  with 
the  n-quadrangle,  the  it'-quadrangle  of  the  pencil,  taking  u'  apolar  with  u, 
and  the  J7-quadrangle  of  u,  respectively.  The  facts,  to  be  established 
presently  by  aid  of  a  canonical  projection,  are  as  follows. 

(i.)  OA,  FH,  MM^  are  pairs  of  an  involution. 

(ii.)  CH,  MM*,  OM"  are  pairs  of  another  involution. 

u  2 
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In  these  there  is  complete  symmetry  as  between  M  and  M' ;    the    H- 
quadrangle  is  that  of  u'  as  well  as  that  of  u, 

8.  This  association  by  means  of  harmonic  properties  and  involutions 
of  three  quartics  of  a  pencil  icu+XH,  with  the  same  G,  of  which  two  are 
apolar  and  the  third  their  common  Hessian,  is  general.  The  following 
statement  of  realities  of  geometrical  construction  applies  only  when  the 
harmonic  triangle  GHK  is  real,  and  so  has  no  reference  to  quartics  u  with 
two  roots  real  and  two  imaginary. 

The  above  construction  of  a  real  M  (or  Jlf'  or  ATO  from  a  real  P  (or  P* 
or  P")  is  linear.  To  construct  P  (or  P'  or  P^  from  a  given  real  M  (or  M' 
or  M")  we  may  join  points  of  HK  to  M  and  to  A ,  letting  the  connectors 
with  M  meet  CH  in  points  q,  and  the  connectors  with  A  meet  the  conic 
again  in  points  whose  connectors  with  0  meet  CH  in  points  q\  and  find, 
linearly  by  aid  of  the  drawn  conic,  either  double  point  Q  of  the  involution 
of  pairs  qq\  finally  joining  QH  to  meet  the  conic  in  P.  According  to  the 
position  of  M  on  CH,  Q  may  be  between  D  and  E,  or  real  and  outside 
the  segment  DE,  or  imaginary.  Only  in  one  of  the  two  former  cases  are 
the  points  P  real ;  in  the  other  they  are  imaginary  on  real  lines  through 
H ;  in  the  third  case  they  are  imaginary  on  imaginary  lines  through  iJ, 
but,  as  we  shall  see,  on  real  lines  through  K. 

Given  either  M  or  M\  we  are  told  by  (i.)  that  the  other  can  be  linearly 
constructed,  and  then  by  (ii.)  that  M"  can  be. 

Conversely,  given  Af",  M  and  Af'  constitute  the  common  pair  of  two 
involutions,  each  given  by  two  pairs,  and  can  be  linearly  constructed  by 
aid  of  the  drawn  conic.  We  shall  see  that  a  real  M^*  thus  determines  a 
real  M  and  M\ 

4.  To  justify  the  above  statements,  which  are  strictly  projective  in 
form,  we  have  to  prove  them  for  a  figure  canonically  simplified  by  any 
convenient  projection.  In  the  case,  on  which  we  are  fixing  attention,  of 
a  real  CHK  let  us  project  the  drawn  conic  into  a  circle  in  such  a  way 
that  HK,  the  side  of  CHK  which  does  not  meet  the  conic  in  real  points, 
goes  to  infinity.  This  is  a  real  projection.  We  also  choose  for  origin — 
which  may  be  anywhere  on  the  circle — an  end  0  of  the  diameter  OCA 
which  is  the  projection  of  the  side  CH,  and  for  axes  OA  and  the  tangent 
at  0.     The  linear  transformation  which  effects  all  this  is  a  real  one. 

We  are,  in  fact,  thus  led  to  the  usual  canonical  form  of  a  quartic. 

Slightly  departing  from    the  usual  notation,  we  write  for  the  canonical 

form  of  t^  =  0 

4xy  =  fjL  {x^+y^\  (1) 
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The  sextic  covariant  6  =  0  is 

xy  ix^-y')  =  0.  (2) 

Every  quartic  of  the  pencil  ku-\-\H  =  0  has  an  equation  of  the  form 
of  (1).     Take,  in  particular, 

4xy  =  m'  ix^+f)^  (3) 

for  that  quartic  t/'  =  0  of  the  pencil  which  is  apolar  with  u  =  0.  The 
condition  to  be  satisfied,  found  by  equating  to  zero  the  lineo-linear 
invariant  of  (1)  and  (3),  is 

(2At-l)(2At'-l)  =  -3.  (4) 

Using  this  relation,  we  at  once  find  that  the  Hessian  £r  =  0  of  t^  may  be 
written  ^^y  ^  _  ^^,  {x^+yY 

=  i(2-M-M')(:c'+2/V,  (5) 


the  symmetry  of  which  tells  us  that,  as  stated  earlier,  the  two  apolar 
quartics  have  the  same  Hessian. 

It  is  interesting  to  notice  incidentally  that  another  statement  of  these 
facts  is  that  the  quartic  equations  in  tan  6, 

cos  4©  =  cos  4a,       cos  46  =  cos  4/8,       cos  46  =  cos  4y, 

where     cos  4a  cos  4/8  =  —  3     and     cos  4a + cos  4/8+2  cos  4y  =  0, 

are  canonical  forms  oi  u  =  0,  i^'  =  0,  H  =  0  respectively,  arrived  at  by 
real  transformation,  when  u  =  0  has  only  real  or  only  imaginary  roots. 
It  is  here  clear  that  a  and  /8  cannot  be  both  real,  and  readily  shown  that 
if  one  of  the  two,  say  a,  is  real,  y  cannot  be,  except  in  the  extreme  cases 
of  cos  4a  =  cos  4y  =  +  1,  cos  4/8  =  +  8,  in  which  cases  u  and  H  are 
identical,  but  for  a  constant  factor,  and  perfect  squares. 

Returning  to  the  notation  of  (1)  to  (5),  the  conic  by  which  we  cut  the 
pencil  of  lines  is  the  circle  a  i    a «.  Oj;  (R) 

The  vertices  of  the  u-,  the  u'-,  and  the  JT-quadrangles  are  then  by  (1),  (3), 
and  (5)  respectively  on  the  line  pairs 

y^  =  At,     y^  =  At',     y*  =  —  M/^',    subject  to  (4).  (7) 

The  quadrangles  are  now  rectangles  symmetrical  about  the  lines  ^  =  0 
and  X  =  1.     One  vertex  or  side  of  a  rectangle  determines  it  completely. 

The  six  points  G  =  0  are  the  ends  of  the  rectangular  diameters  OCA, 
DOE  and  the  circular  points  at  infinity. 
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If  we  start  from  a  real  u-rectangle,  all  we  can  hope  for  in  the  way  of 
real  construction  is,  in  virtue  of  a  remark  made  above,  to  obtain  real  sides 
of  the  associated  t^'-  and  ^-rectangles,  whose  vertices  are  imaginary  except 
in  the  extreme  cases  of  /x  =  0,  1. 

Take  P  a  vertex  of  the  t^-rectangle,  and  let  a  side  y  =  v^/u  through 
it  meet  DE  in  Q.     Join  OQ,  and  let  QM  at  right  angles  to  it  meet  OA  in 

M ;  then  ^j^  ^  CQf'IOC  =  CQ'  =  fi, 


M 


^n-x 


so  that,  if  Fis  the  middle  point  of  CA,  FJlf  =  |i— },  in  sign  and  magnitude. 
If,  then,  M'  corresponds  to  vertices  P'  of  the  w'-rectangle,  just  as  M  does 
to  P,  we  have,  by  (4),  that 


V»C»f 


FM.FM'  =  -l=FO.FA, 
MF.FM'  =  FG^ 


so  that  MGM'  is  a  right  angle. 

The  constructions,  or  real  steps  towards  construction,  of  the  other 
three  from  a  given  one  of  P,  P',  M",  M*  are  most  naturally  performed 
by  drawing  circles.  But  the  effectiveness  of  methods  which  yield  on 
projection  the  general  linear  ones  expressed  in  §  §  2,  8  is  clear.  Given 
P,  and  so  (J,  a  parallel  through  Q  to  RA  cuts  OA  in  M ;  and  Af'  is  the 
conjugate  of  M  in  the  involution  of  which  F  is  centre  and  OA  a  pair 
[cf.  §  2,  (i.)] .  M'  stands  to  Q\  where  DE  (produced)  meets  a  y  =  ^fi' 
through  a  t^'-point  P',  just  as  M  does  to  Q,  i.e.,  OM'  subtends  a  right 
angle  at  Q\  Given  M  (or  M'),  Q  (or  Q')  is  either  double  point  of  the 
involution  on  DE  of  which  lines  through  M  (or  M*)  and  the  perpend- 
iculars to  them  through  0,  i.e.,  the  lines  from  0  to  the  points  where 
parallels  to  them  through  A  cut  the  circle,  determine  pairs. 

Again,  take  ISF  on  OA  (produced  if  necessary)  such  that 

CM"  =  -  mm', 
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Le.,  that  CO  .  CM"  =  CM .  CM\ 

so  that,  in  language  suitable  for  projection,  OJIT',  MM'  are  pairs  of  an 
involution  with  C  for  centre  [cf.  §  2,  (ii.)].  Af"  goes  with  a  Q"  (imaginary 
in  the  figure)  on  DE,  and  vertices  P*  of  the  ^-rectangle,  just  as  M  goes 
with  Q  and  P. 


5.  The  statements  of  §§2,  8  have  now  been  justified,  except  that 
there  remain  for  consideration  questions  of  reality  and  imaginariness. 

We  are  supposed  to  have  started  from  a  qnartic  w  =  0  with  real  co- 
efficients, and  have  seen  that  when  it  has  only  real  or  only  imaginary 
roots  a  real  linear  transformation  gives  it  the  form  4x^y^  =  ^t  (x^+y^^. 
In  these  cases  then  /x  is  real,  and  consequently  by  (4)  so  are  /x'  and 
— li^t'.  The  points  M,  M\  M"  are  real  points  on  OA.  Moreover,  any 
real  M  (or  Af' )  on  OA,  infinitely  produced,  determines  a  real  M'  (or  M) 
and  a  real  Jtf".  Conversely,  any  real  AT'  determines  a  real  M  and  Af' : 
for,  having  —mm'  real,  =  w  say,  (4)  tells  us  that  m+m'  =  2(1— m),  so 
that  (juL—fi'f  =  4  (1— w)*+4m  =  (1— 2y/0*+3,  and  consequently  jul—jul' 
as  well  as  /x+m'  is  real. 

As  Af  covers  the  whole  line  OA  produced,  proceeding  from  left  to 
right  and  starting  from  —  oo.  A/"'  also  covers  it  all  from  left  to  right, 
starting  from  F,  while  AT'  covers  it  twice  from  right  to  left.  We  have^ 
in  fact,  by  (4),  the  following  correspondence  of  parts  of  the  ranges  of 
/x,  m',  —mm'. 


MorM'... 

—  00  to— 1 

—  ItoO!    Otoi 

1 

4toi 

—  00  to  — 1 
00  to  1 

lto2 
—  ItoO 

2  to  00 

m'  orM-.- 

,  to  1 

2 

OD   to   1 

1  to  2     2  to  00 

1 

Otoi 

—  jUL^'  ... 

1  to  0  !o  to  —  00 

1 

ItoO 

! 

0  to  —00 

Half  the  table  gives  the  whole,  as  it  is  symmetrical  in  its  reference  to 
M,  m'.     If  -B  is  the  reflexion  of  Cin^,  we  may  also  express  it :  according  as 

M  or  Af'  is  to  the  left  of  0,  between  0  and  C,  or  between  C  and  F, 

A/'  or  Af  is  between  F  and  A,  between  A  and  B,  or  to  the  right  of  B^ 

and  AT'  is  to  the  right  of  A,  between  A  and  C,  or  to  the  left  of  C. 

The  speciality  of  the  separating  cases  —/mfji'  =  0,  1,  oo  will  be  noticed. 

Now,  if  by  m  we  mean  either  of  m»  m'»  -^/^i^'j  the  sides  y^  =  jul  of  the 
associated  rectangle  are  real  only  if  m  is  not  negative,  i.e.,  if  the  associated 
M  is  not  to  the  left  of  6',  and  the  vertices  of  the  rectangle  are  real  only  if 
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farther  fi  does  not  exceed  1,  Le.^  if  M  is  not  outside  the  segment  CA. 
If,  then,  the  u-  (or  the  u'-)  rectangle  is  one  of  distinct  real  vertices,  the 
u*'  (or  the  u-)  rectangle  has  imaginary  vertices,  which  lie  on  real  or  on 
imaginary  parallels  to  the  diameter  OA  according  as  M  (or  if')  is  between  G 
and  -For  between  F  and  A,  and  the  ff- rectangle  has  also  imaginary  vertices, 
on  imaginary  or  real  parallels  to  the  diameter  according  to  the  same 
circumstances;  and,  if  the  ff-rectangle  is  one  of  distinct  real  vertices, 
both  the  U'  and  the  w'-rectangles  have  distinct  imaginary  vertices,  those 
of  one  being  on  real  and  those  of  the  other  on  imaginary  parallels  to 
the  diameter.  In  the  special  separating  cases  of  —/x^t'  =  0,  1,  i.e.,  of 
ilT'  and  either  Jlf  or  ilf'  at  C  or  ^,  the  ff- rectangle  is  identical  with  one 
of  the  u-  and  w'-rectangles,  having  real  vertices  united  in  pairs.  In  the 
third  separating  case  of  —mm'  infinite,  the  ff-rectangle  is  also  identical 
with  one  of  the  w-  and  i^'-rectangles,  having  imaginary  vertices  united 
in  pairs. 

The  summary  of  results  as  to  reality  is  then  as  follows : — 

(i.)  If  the  roots  of  u  (or  of  u')  are  all  real,  the  roots  of  w'  (or  of  u)  are 
all  imaginary ;  and  so  are  those  of  ff,  except  that  when  u  (or  u')  is  the 
square  of  a  quadratic  with  real  roots  H  is  the  same  square  but  for  a  con- 
stant factor. 

(ii.)  If  the  roots  of  u  (or  of  u')  are  all  imaginary,  either  the  roots  of 
the  other  are  all  real  and  those  of  H  all  imaginary,  or  vice  versa,  except 
that  in  two  separating  cases  the  other  and  H  are  identical  and  squares  of 
quadratics  with  real  roots. 

(iii.)  If  the  roots  of  H  are  all  real  and  different,  those  of  both  u  and  u' 
are  imaginary ;  and,  if  those  of  H  are  real  and  equal  in  pairs,  those  of  one 
of  Uy  u'  are  the  same  equal  pairs  and  those  of  the  other  are  imaginary. 

(iv.)  If  the  roots  of  H  are  all  imaginary,  those  of  one  of  u,  u*  are  real 
and  those  of  the  other  imaginary ;  and  in  particular,  if  those  of  H  are 
imaginary  and  equal  in  pairs,  those  of  the  one  of  u,  u*  which  are  imaginar}- 
are  the  same  equal  pairs. 

6.  It  has  been  stated  (in  §  3)  that  in  a  case  when  the  vertices  of  one 
of  the  triangles  lie  on  imaginary  parallels  to  OA,  i.e.,  when  the  construc- 
tion of  Q  (ov  Q'  or  Q")  from  M  (or  Af'  or  M")  is  devoid  of  reality,  they 
lie  on  real  perpendiculars  to  OA.  This  is  clear;  for  the  points  of  the 
circle  which  lie  on  y^  =  jjl  also  lie  on  (x— 1)^  =  1— m«  The  intersections 
N  with  OA  of  the  required  perpendiculars  to  OA  are  then  given  by 

CN^^CA.MA^CA.  Cm, 

where  Avi  =  MC. 
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The  construction  of  the  real 
sides  of  the  quadrangle  in  the 
general  figure  of  §  2  may  then  be 
stated.  Find,  linearly,  m^  the 
harmonic  conjugate  of  M  with 
regard  to  FH,  and  then  find, 
linearly  by  aid  of  the  drawn  conic, 


M 


Nm 


the  double  points  of  the  involution  of  which    Am^  CH  are  pairs :    the 
connectors  of  these  with  K  are  the  real  sides  required. 

7.  The  canonical  projection  and  reference  of  the  above  do  not  apply 
when  u  is  a  fourth  power,  or  when  it  is  the  product  of  a  square  and  a 
non-square.  These  cases  are  so  simple  and  well  known  that  they  will  not 
be  dwelt  upon. 

Excluding  these  singular  cases,  it  has  been  observed  in  §  8  that  the 
association  in  projective  terms  of  three  allied  quartics  u,  u\  ff  of  a  pencil 
K^i+\H  with  a  given  G  is  general.  But  the  realities  of  construction 
detailed  above  have  no  applicability  in  cases  when  a  chosen  one  of  u,  u\ 
H  with  real  coefficients  has  two  real  and  two  imaginary  roots.  In  such 
cases  the  projection  adopted  above  is  imaginary,  or,  in  other  words,  the 
linear  transformation  by  which  it  is  effected  involves  imaginary  co- 
efficients. 

We  have  already  the  ground  for  asserting  that,  if  one  of  u,  u\  H  has 
two  real  and  two  imaginary  roots,  so  also  have  the  other  two.  For,  if 
either  had  not,  (i.)  to  (iv.)  above  would  tell  us  that  u  had  not. 

For  guidance  to  realities  of  construction  in  cases  of  two  real  and  two 
imaginary  roots  a  different  canonical  projection  and  reference  are  desirable, 
and  to  these  we  now  proceed. 


8.  In  a  case  when  «  =  0  has  two 
real  and  two  (conjugate)  imaginary 
roots,  two  vertices  Pi,  Pg  of  its  repre- 
sentative quadrangle  on  the  chosen 
conic  are  real,  and  the  other  two  are 
imaginary  on  a  real  line  CW.  One 
vertex  C,  and  one  side,  the  polar 
UVW  of  C,  of  the  harmonic  triangle 
are  real,  and  the  other  two  are  the 
imaginary  points  on  17F  where  it  is 
met  by  the  common  pair  of  harmonic  conjugates  of  CTJ,  CF'and  CPi,  CW. 
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The  best  canonical  projection  now  is  the  real  one  by  which  UVW  is 
sent  to  infinity,  and  the  angles  UCV,  PiCW  are  made  right  angles.  The 
conic  becomes  a  rectangular  hyperbola 
with  C  for  centre.  Take  the  transverse 
axis,  and  0  one  of  its  ends,  for  axis  of 
X  and  origin.  The  equation  of  the 
hyperbola,  say 

(x-l)^-f=h  (8) 

and  that  of  P1CP3  and  CW,  say 

M[(a:-l)^-yT  =  2(a:-l)y,        (9) 

give  the  vertices  of  the  quadrangle. 
The  lines  to  them  from  0  are  at  once 
seen  to  be 

4.xy{x'+y^=^(x^-y^^;      (10) 

and  this  is  accordingly  the  canonical  form  of  u  =  0  to  which  we  are  led 
by  a  linear  transformation  with  real  coefficients. 

Every  quartic  of  the  pencil  ku+XH  =  0  derived  from  this  is  of  the 
same  form,  with  some  jul  or  other.     In  particular  the  apolar  u'  =  0  of  the 


pencil  is 


where 


4a:2/(a:^+y^  =  M'(^-J^' 


mm'  =  3, 


(11) 

(12) 


and  the  Hessian  J7  =  0  is 


ixy  {a^+y^  =  -  i  Cu+M')(x^-y^^ 


(13) 


The  sides  of  the  common  harmonic  triangle  of  the  quadrangles  repre- 
sentative of  the  pencil  are  the  Ihie  at  infinity  and  the  lines  from  C  to  the 
circular  points,  i.e.,  the  lines  {x—lf-\-y^  =  0;  and  the  sextic  covariant 
G  =  0,  the  equation  of  the  lines  from  0  to  the  intersections  of  these 
sides  with  the  hyperbola,  is 

{x^-y^)(x'+6xY+y')  =  0.  (14) 


9.  Now  (9)  gives  that,  if  Pi  is  a  i^point  on  the  hyperbola, 

tan  2 A  CP^  =  m- 


(15) 


Hence,  if  on  the  tangent  at  A  we  take  an  ordinate  AQ  =  /m,  the  two  sides 
P1CP3,  CW  through  C  of  the  M-quadrangle  are  the  bisectors  of  the 
angle  ACQ. 
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We  are  thus  led  to  exhibit  the  relative  positions  of  the  real  vertices 
Pi  and  Pg,  Pi  and  PJ,  Pi'  and  PS'  of  the  w-,  the  u',  and  the  H-quadrangles 


Q' 


tf 


respectively,  by  means  of  corresponding  points  Q,  Q\  Q"  on  the  tangent 
atil.  Taking  ^ CD  =  60°,  Q  and  Q'  are  such  that  AQ.AQ'  =  AI^; 
and  Q",  on  the  opposite  side  of  A  from  Q  and  Q\  is  such  that  Q'A  =^  ABy 
where  B  is  the  middle  point  of  QQ'.  The  lines  P1CP3,  PlCPi,  P'lCPs 
are  respectively  the  internal  bisectors  of  the  angles  ACQ,  ACQ',  ACQ". 

It  remains  to  express  in  terms  suitable  for  projection  ways  of  finding 
the  two  others  of  Q,  Q\  Q"  when  one  of  the  three  is  given.  First  we 
must  specify  D  in  projective  language.  In  imaginary  terms  we  may  say 
that  CD  forms  with  the  perpendicular  through  C  to  CA  and  the  lines 
from  C  to  the  circular  points  an  equi-anharmonic  pencil.  But  a  real  con- 
struction for  D  of  the  kind  we  require  is  obtained  by  taking  OE  =  CO 
on  CO  produced,  finding  F  such  that  AF^  ==  AC .  AE,  i.e.,  finding  a 
double  point  of  the  involution  of  which  A  is  centre  and  C,  E  b,  pair,  and 
drawing  FD  (or  FD')  parallel  to  an  asymptote.  The  determination  of  Q\ 
and  then  of  Q",  when  Q  is  given,  is  now  immediate,  the  constructions 
being  in  projective  language  that  of  fourth  harmonic  points.  When  it  is 
Q"  that  we  have  given,  its  reflection  22  is  found  as  a  harmonic  conjugate, 
and  then  Q  and  Q'  as  harmonically  conjugate  both  with  regard  to  D,  U 
and  with  regard  to  B  and  the  point  at  infinity  on  A  U. 
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Projecting  the  figure  back  into  the  general  one  in  which  CPiP^  and 
Ci  W  are  two  lines  of  which  only  the  first  meets  the  conic  of  reference  in 
real  points,  we  may  now  state  as  follows. 

CP1P3  and  CW,  CP\P'^  and  GW,  CP'i  P'3  and  CW  are  pairs  of  an 
overlapping  involution  to  which  every  quartic  of  the  pencil  ictt+XJff  con- 
tributes a  pair,  and  of  which  CU  and  (7 Fare  one  pair.  This  pair  and  any 
other  determine  it.  Take  COA  the  one  which  cuts  the  conic  of  the 
common  pair  of  this  involution  and  the,  also  overlapping,  involution  of 
pairs  of  conjugate  lines  with  regard  to  the  conic  through  C.  Let  Q  on 
the  tangent  at  A  be  where  that  tangent  is  met  by  the  harmonic  conjugate 
of  CA  with  regard  to  CPi,  CW.  Points  Q\  Q"  on  the  tangent  are 
similarly  associated  with  the  CP\,  CW  and  CP[\  CW  of  u'  and  H. 


R    Q    Y    a"0'        ^^  5" 


Construct  two  points  D,  D'  on  the  tangent  at  A ,  having  no  connection 
with  the  particular  CPi  or  CPi  or  CPi  as  follows.  On  COA,  which  meets 
UV  in  G,  take  E  the  harmonic  conjugate  of  C  with  regard  to  0,  G,  and  F 
either  double  point  of  the  involution  of  which  C,  E  and  A,  G  are  pairs. 
D  and  D'  are  where  FU  and  FV  meet  the  tangent. 

Now,  having  Q  on  ADD',  take  Q'  the  harmonic  conjugate  of  Q  with 
regard  to  D  and  D'.  This  is  the  point  associated  with  the  CPiPt  of  the 
apolar  u'  just  as  Q  is  with  the  CP1P3  of  u. 

Again,  take  -B  the  harmonic  conjugate  of  Y,  where  UV  cuts  ADD\ 
with  regard  to  Q  and  Q\  and  then  take  Q"  the  harmonic  conjugate  of  R 
with  regard  to  A  and  Y.  Q"  has  the  same  association  with  the  CPi  Pi'  of 
the  Hessian  of  ti,  and  of  u\ 

All  the  above  constructions  can  be  performed  linearly  by  aid  of  the 
drawn  conic.  So  can  that  of  Q,  Q'  from  a  given  Q'\  by  finding  22,  the 
harmonic  conjugate  of  Q"  with  regard  to  A,  Y,  and  then  constructing 
the  common  pair  of  harmonic  conjugates  of  D,  D'  and  22,  Y.  So,  finally, 
can  that  of  CP1P3  and  CW  (or  CP'iPs  and  CW  or  CPiP's  and  CW^  from 
CQ  (or  CQ'  or  CQ"),  by  finding  the  common  pair  of  the  involution  of 

•  

which  CA,  CQ  are  the  double  lines,  and  that  of  which  CU,  CV  and  CA, 
CY  are  pairs. 
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INVARIANTS  OF  THE  GENERAL  QUADRATIC  FORM  MODULO  2 

By  Leonard  Eugene  Dickson. 

[Received  February  2l8t,  1907.— Read  March  14th,  1907.] 

1.  The  theory  of  invariants  of  homogeneous  forms  under  linear  trans- 
formation with  coefficients  in  a  finite  field  of  order  p"^  offers  decided 
contrasts^  to  the  usual  algebraic  theory. 

In  the  present  paper  I  consider  the  invariants  of  the  m-ary  quadratic 
form+  Qfn  in  the  field  of  order  2,  the  most  important  case  for  the  applica- 
tions. For  each  value  of  m  less  than  6,  I  obtain  a  complete  set  {m  in 
number)  of  independent  invariants,  as  well  as  a  complete  set  of  linearly 
independent  invariants.  A  number  of  the  invariants  for  7/i  =  6  are  given 
in  §§  18,  19. 

The  minimum  number  of  variables  upon  which  a  form  Q^  can  be 
expressed  equals  the  rank  r  of  the  discriminantal  determinant,  r  being 
defined  as  in  the  algebraic  theory,  except  that  for  minors  of  odd  order  the 
factor  2  must  first  be  deleted.  When  r  is  even  there  are  two  distinct 
canonical  forms.  It  is  shown  in  the  present  paper  that  the  complete 
classification  of  quadratic  forms  can  be  accomplished  by  means  of  invariant 
functions. 

2.  The  notation!  employed  for  the  w-ary  quadratic  form  is 

(1)  Qm  =  I^CijXiXj+lbiXl     (iyj  =  1,  ...,  m;  i<j), 

the  coefficients  being  integers  reduced  modulo  2.  Any  m-ary  linear 
homogeneous  transformation  with  coefficients  modulo  2  can  be  derived 
from  the  generators  (XiXj)  and 

(2)  Xi  =  Xi-\-X2,    X^  =  Xt,    ...,    X,H  =  A,n. 


*  For  binary  forms  these  contrasts  are  emphasized  in  my  paper  in  the  TraMtactiotu  of  the 
AfMfican  Mathematical  Society ^  April,  1907. 

t  For  binary  quadratic  forms  in  the  field  of  order  2**,  see  the  paper  just  cited  ;  for  ternary 
forms,  American  Journal  of  Mathematics,  January,  1908.  In  Vol.  xxi.  (1899),  pp.  193-256,  of  the 
same  journal  I  first  gave  the  canonical  forms  of  m-ary  quadratic  forms  in  a  field  of  order  p^. 

X  Multinomial  coefficients  cannot  be  inserted,  as  in  the  algebraic  theory. 


% 
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Under  the  latter  transformation,  Q  becomes  Q\  in  which 

(8)  ij  =  b^+bi+c^st,     coi  =  c^i+cii     (i  =  3,  ...,  m), 

the  remaining  coefficients  being  unaltered.  The  effect  of  the  sabstitution 
(XiXj)  is  the  same  as  that  of  the  permutation  [if]  on  the  subscripts  of  the 
coefficients. 

If  we  treat  the  form  (1)  algebraically,  its  discriminant  is 

20l       Ci2        Ci3        ...       Cim 


(4) 


C\m       Cini        Csm       •  •  •        ^^w 


As  shown  in  the  second  paper  cited  above,  all  terms  in  the  expansion  of 
(4)  have  even  coefficients  when  m  is  odd ;  so  that  one-half  of  the  expansion 
is  a  function  with  integral  coefficients,  called  the  semi-discriminant  Sm  of 
Qn,  modulo  2.     For  example,* 

2  2  2 

(5)  Ss  =  Ci2  Cis  C28+  bi  C23  +  ^2  Cu  +  63  Cu  , 

(6)  Sg  =  2  Cia  C18  C24  C85  C45 + 2  Cu  c^^  Cgg  C45+ 2  61  [2845]*, 

(12)  (10)  (6) 

where  the  first  sum  extends  over  the  twelve  products  in  which  each  sub- 
script occurs  exactly  twice ;  while,  in  the  notation  for  Pfaffians, 


=  CijCkl  +  CikCij  +  CuCjk. 

For  m  even,  it  is  evident  that,  when  multiples  of  2  are  omitted,  (4)  equals 
the  square  of  the  Pfaffian  [12  ...  m].  According  as  m  is  even  or  odd,  the 
discriminant  or  the  semi-discriminant  is  an  invariant  of  Qn  under  linear 
transformation  modulo  2. 

3.  We  may  write  down  a  prion  two  new  invariants  of  Qm : 

(7)  A^=    n    (cy+i),    /„  =  ^„n(6,+i). 

i<j  i  =  l 

That  these  functions  are  unaltered  by  the  substitution  (8)  follows  by 
inspection,  since  c  (c+1)  =  0  (mod  2).  The  interpretation  of  these  in- 
variants is  obvious.  The  form  Qm.  vanishes  identically  if,  and  only  if, 
i,tt  =  1 ;  it  is  reducible  to  a  unary  form  if,  and  only  if,  Im,  =  0,  Am  =  1- 


*  These  reHults  are  valid  in  the  0F\2^'].    For  the  present  case  n  =  1,  we  may  omit  the 
exponents  2,  since  (^  ^.  e  (mod  2). 
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4.  For  the  sake  of  comparison,  certain  results  will  be  stated,  in  the 
present  notation,  which  were  proved  in  the  earlier  papers.  As  a  complete 
set  of  linearly  independent  invariants  of  Qm,  for  m  =  2,  we  may  take 
Aq9  Jg,  and 

(8)  /a  =  (6i+ci,+l)(62+cia+l) ; 
while,  for  m  =  3,  we  may  take  A^,  Ig,  Sg,  and 

(9)  ^8=  {bi+{c,^+l){c,s+l)\  \b^+{c,^+l){c^+l)\  {KHci^^^ 
If  we  omit  I^  =  A^nJ^  we  obtain  independent  invariants. 

Invariants  of  the  Quaternary  Quadratic  Form  Q^,  §§  5-11. 

5.  We  proceed  to  determine  a  set  of  linearly  independent  invariants  of 
Q4.  Let  0  be  a  general  polynomial  in  the  ten  coefficients  c^,  bi.  Since 
a^  =  a  (mod  2),  we  may  assume  that  each  exponent  is  0  or  1.  Under  the 
substitution  (3),  0  becomes  <j>\  such  that 

where  )8  =  fti+Cu,  \bc]  =  a^fp/f^bdc,  ....     We  may  set* 

(10)  0  =  B  +  Cb2'\'Dc2a+Ec2i+Gb2C2a+Hb2C^+Jc2^c^+Kb^C2nC^, 
where  B,  ...,  K  are  independent  of  b^,  023,  c^.     Then 

0'  — 0  =  iKcii)b2C^+(Kc^^b2C^+{Kft)c2aC^+(fiG+Jcu+fiKci^)c2a 

+  {i3H+Jc,^+l3Kc,^c^+  (Gci8+ffci4+ifci3cJ  b^ 

The  conditions  that  0'— 0  =  0,  identically  in  63,  c^a,  ^34,  reduce  to 

(11)  A'ci4  =  0,    Kc^s  =  0,    KI3  =  0,    fiG  =  Jc^^,    ^H  -  Jc^^, 

(12)  Gci8  =  ffc„,    i8C+Dci3+ScH+)8£rci4  =  0. 

In  view  of  the  first  three  conditions  (11), 

K  =  (C18+ 1)  (Ci4 +  1)[/(1+ 61 +Ci2)+ 7/161 C12], 

where  I  and  m  are  functions  of  c^^  b^,  64  only.  Let  vV  denote  the  co- 
efficient of  b^b^c^  in  ni.  Upon  replacing  0  by  ^—jn'I^,  we  may  set  m'=  0. 
Hence  no  term  of  the  resulting  </>  has  the  factor 

Og  C23  ^24  •  ^1  ^12  •  ^8  ^4  ^34' 


It  would  be  impracticable  to  deal  with  the  complete  expretwion  of  2*^  tcnns  of  p. 
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Apply  the  permutation  [18]  of  the  subscripts.  Hence  no  term  has  the  factor 
^12 ^34 ^98^14 n&{.  Hence  no  term  of  m  has  the  factor  h^b^ ;  so  that  no  term 
of  0  has  the  factor  c^,^c^c<i^\lbi.  Apply  [24]  to  the  latter.  Hence  no  term 
has  the  factor  Ci^c^c^iTibi ;  so  that  there  is  no  term  b^b^c^  in  L  Hence  no 
term  of  0  has  the  factor  b^c^c^^b^b^c^,  A.pply  [13].  Thus  no  term  of 
0  has  the  factor  b^Ci^^c^^b^b^Ci^',  so  that  64  does  not  occur  in  m.  Hence 
no  term  has  the  factor  6202302468*1^12-  Apply  [14].  Thus  no  term  con- 
tains 620230x26364024.  Hence  6364  does  not  occur  in  Z;  so  that  no  term  of 
0  contains  62O23O246364.  In  view  of  the  form  of  the  invariants  given 
below,  we  have  now  carried  the  above  reduction  to  its  limit : 

(18)  110  tervi  of  <p  has  a  factor  bibjbkdjCik. 

Since  m  does  not  contain  63  or  64,  while  6364  does  not  occur  in  Z,  and, 
since  the  invariance  of  0  requires  that  K  be  unaltered  by  [84],  we  may  set 

m  =mi+7?t2034,       1=  li+l2CQi+lQ{b^+b^)+l^{bQ+b^)c^. 

Apply  the  permutation  [14]  to  0;  the  terms  multiplying  62023012  are 

(^84  + 1)  (Ci4  + 1)  {  ^' (1  +  64  +  O24)  +  (Wa  +  7?l2  <^18)  *4  ^24  [  » 

where  V  =  Zi+ijOi3+Z3(63+6i)  +  /4(63+6i)oi3. 

The  coefficient  of  62O23C24O12  is 

(C34 + 1)  (Ci4 + 1)  1 V  +  (mj +ni2  C13)  64 ; . 
The  corresponding  coefficient  in  the  initial  form  of  (f>  is 

(Ci3+l)(Ci4+l)  \  ^+(^1  +  ^2034)  61 1 . 

Identifying  the  two,  we  get  ^11=^2,  Zg  =  Z4  =  w^  =  w^.     Hence 

K  =  (0,3+l)(0i4+l)(034+l)[R  +  //h(63+ft4)I   1  1 +  61  +  C12}  +  W^  6^  0,3]  . 

If  to  K  we  apply  the  permutation  [18],    we  obtain  the  terms   of   </> 
which  multiply  62O12O24.     We  drop  those  with  the  factor  O23.     Hence 

if  =  Ci2(Oi3+l)(034  +  l)(Oi4  +  l)|Zi  +  Wh(6i+64)}  il  +  63}+ifl, 

where  Hi  is  a  function  of  O13,  O14,  O34,  61,  63,  64,  only.     In  order  to  apply  the 
last  condition  (11),  we  set 

Hi  =  a+y6i+5ci3+e6iOi3,     a,  y,  d\  e  functions  of  0,4,  034,  63,  64. 
Then  (bi+Ci^H  may  be  given  the  form 

(a+y)6i+(5+e)6iOi8+(a+7r)Oia+(y+7r)6iOi2+(<J+7r)Oi2C,8 

+  (e+7r)6iCi2Ci8, 

where  ir  =  (c84+1)(ch+1)(68+1)(Zi+Wi64). 
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Since  (fii+Cu)  H  must  equal  Jc^^j  we  have  a  =  y  =  x,  and 

(14)  /ci8  =  (5+e)  6iCi3+  (5+x)Ci2Ci8+(e+ir)  ftiCi^Cig, 

the  latter  being  noted  for  future  use.     In  Hi  occurs  ybi  =  Trftj,  which  con- 
tains the  term  miC^Ci^\b^b^.     Hence  nii  =  0  by  (13).     Thus 

(15)  K  =  ii(ci8+l)(ci4+l)(c»4+l)(l  +  fti+ci2), 

(16)  H=  Zi(ci4+l)(cg,+l)(68+l)(l+6i+Cia+Ci2Ci3)+5ci8+€6iC,8, 

(17)         IT  =  ii(Ci,+  l)(C34+l)(ft3+l)» 

where  ^  is  independent  of  the  coefficients.     Since  m  =  0, 
(IH)  ?u)  ^erw  o/0  has  the  factor  6163 ^12 ^23^24' 

6.  We  next  determine  the  fonn  of  8  and  €.  The  terms  of  0  which 
multiply  6aC24  are  H-\-Kc^\  they  must  be  unaltered  by  the  permutation 
[13] .  Since  this  is  already  true*  of  the  terms  involving  ^,  it  follows 
that  J+e6i  must  be  unaltered  by  [13].     We  may  set 

^  =  <Ji+52^8»     ^  ^  ^i"h^2^8»     ^i>  •••>  ^2  functions  of  C14,  Cgi,  64. 

Then  &^  and  €3  ar©  unaltered  by  [13],  while  S^  and  ej  are  interchanged. 

For  the  moment,  denote  by  e  the  factor  of  c^^  in  €.  Then  the  coefficient 
of  61 62^^14  ^24  i"  0>  viz.,  that  of  61^14  in  H+Kcj^y  is 

'l(C84+l)(*8+l)  +  Ci8C+ZiC28(Ci3+l)(Cg4+l). 

This  must  be  unaltered  by  the  permutation  [12],  so  that  e  =  ^1(^34+1), 
^1  =  ^4+rf5C84+/iCi4  (Cg4+1),     €3  and  d'%  functions  of  64  only, 

^2  =  ^4  +  f^5Cl4  +  ^^3l  (<^14  +  1)»       ^1  =  ^+^(Ci4  +  C84)  +  ^Ci4C84. 

In  view  of  (10),  G  and  H  are  interchanged  by  the  permutation  [84] . 
Hence  the  first  condition  (12)  states  merely  that  Hcx4  shall  be  unaltered 
by  [34],  and  hence  that  Sci^Ci^  and  ec^^Ci^  shall  be  unaltered  by  [34].     Now 

JC13C14  =  (CZ  +  d^  Ci3  Ci4  +  (d,  +  (Zj)  Cjg  Ci4  C34  +  (^4  +  ^5)  ^13  ^14  ^3» 
^^18^14  ^^  (^4   I    ^1)^13^14   I    ("51    ^1' ^18  ^14^34  ~r  ^2  ^18  ^14  ^3' 

If  we  set 

d  =f+gb^,       €2  ^fs+gsb^,       di  =fi+gib^     (i  =  1,  2,  4,  5), 


*  Due  to  the  above  derivation  of  the  tenas  multiplying  Ci^m  H  horn  K. 
8BK.  2.     VOL.  5.     NO.  963.  X 


306  Prof.  L.  E.  Dickson  [March  14, 

the  /'s  and  g's  being  constants,  the  conditions  are 

?s  =  9v     9$  =  0.     ffi  =fsf    fs+fi  =  9+9v 
Hence  the  explicit  expressions  for  S  and  e  are 

(19)  S  =f+gb,+  {f,+g,b,){c,,+c^)  +  (f,+g,b,)c,,c^ 

+fi  bs+fs  is  ^4  +/6 ^14  ^8+  h  (^14  + 1)  ^84  *8' 

(20)  e  =A+fsb,+fsC^^+hc,,{c^+l)+(f,+g,b,)b^, 
where 

(21)  f5=fi+9+9v 

7.  We  next  determine  the  form  of  C.  Set  C  =  c+c'cia-  Now  the 
terms  C+Hc^  of  </>,  which  have  the  factor  63  hut  not  Cgg,  must  be  un- 
altered by  the  permutation  [14].  Hence  c'  is  derived  from  the  terms  free 
of  Cja  in  H  by  applying  the  permutation  [14],  while  c  is  unaltered  by  [14]. 
Hence 

(22)  c'  =  I,  {Cu+l)iCi^+l){bs+l){b,+l)+S'c^+€'b,c^, 

where  S\  e'  are  derived  from  rJ,  e  by  the  permutation  [14] .  Let,  for  the 
moment,  Ci+Ca^i  denote  the  terms  of  c  free  of  Cjg  and  Cj^.  Then,  in  the 
product  (61+C12)  C  the  terms  involving  neither  c^g  nor  C14  are 

(Ci  +  C2)6i  +  CiCx2  +  C2  6iCia  +  Ci2(il  +  l)P, 

where  P  denotes  the  second  factor  in  (23).  In  view  of  the  second  condi- 
tion (12),  this  sum  must  vanish  identically  in  61,  cio.  Hence  ci  =  Cj  =  P  ; 
so  that  the  terms  of  c  free  of  c^g  and  C14  are 

(23)  (ii+l){/i(68+l)(64  +  l)  +  Ca4(/+/468)  +  64^84(/4+/8ft8)h 

Now  c  must  be  unaltered  by  the  jjermutations  [14]  and  [34].  Apply- 
ing [14]  to  the  function  (23),  we  obtain  as  the  terms  of  c  with  the  factor 
C13,  but  not  Ci4  or  034, 

C24)  ci,{b,+l){f+/,b,+f,b,+fsb,b^. 

Applying  [34]  to  the  latter,  we  obtain 

(25)  c,,  (^8+ 1)  if+A  bi  +A  h  +fs  b,  b,). 

The  terms  of  c  with  the  factor  Cig^^,  but  not  c^^,  must  be  unaltered  by 
[34] ;  those  with  the  factor  CigCi^Cgi  must  be  unaltered  by  both  [34]  and 
[14].     In  writing  down  the  possible  terms  with  new  undetermined  co- 
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efficients,  we  may  omit  Ci^Ci^bib^b^  in  view  of  (13).     There  result 

(26)  Cig  Ci4  { ?i + ?a  ^1 + ?8  (^8+ h) + ?4  bi  {bs+  64) + ?«  &8  *4 } » 

(27)  CijiCi^Cf^{qf^+g^{bi+bQ+b^)+qg(bib^+bib^+bQb;j}. 
Applying  [13]  and  [14]  in  turn  to  (26),  we  get 

(28)  CigCg*  {qi+q2bs+qs(bi+b^+qMbi+b^+qfibib^}, 

(29)  C,4C84  {?i  +  ?a64  +  ?8(*8+^l)+?4*4(*3+*l)  +  ?6il*8}- 

Hence  c  is  the  sum  of  the  terms  (23)-(29). 

8.  We  have  now  exhibited  the  terms  of  </>  which  multiply  63,  and  have 
imposed  the  conditions  that  they  shall  be  unaltered  by  every  permutation 
of  the  subscripts  1,  3,  4.  It  remains  to  require  invariance  under  a  per- 
mutation altering  2,  say  [12].  The  terms  multiplying  bib^  are  obtained 
by  inspection  from  the  preceding  formulae.  The  factor  of  5^  63  is  unaltered 
by  [12],  if,  and  only  if, 

(30)  g^  =  0,    /a  =  0,    /^  =  jj  =  jg  =  jj  =  g^  =  l^,     q^=  q^  =  0. 

We  shall  assume  that  formulee  (19),  (20),  (22)-(29)  have  been  simplified 
by  the  insertion  of  the  values  of  the  parameters  given  by  (30),  (21). 

By  merely  permuting  the  subscripts,  we  can  deduce  all  the  remaining 
terms  of  </>  involving  one  or  more  6's.  We  may  proceed  systematically  as 
follows.  To  the  above  terms  which  multiply  63,  but  not  ij,  we  apply  [12] 
and  obtain  the  new  terms*  multiplying  6^.  To  those  of  the  latter  lacking 
&3,  we  apply  [13]  and  obtain  the  terms  which  multiply  b^,  but  neither  63 
nor  bi.  Of  the  resulting  terms,  we  select  those  lacking  b^  and  apply  [3^], 
obtaining  the  terms  multiplying  ^4,  but  not  61,  63,  or  b^.  We  may  now 
tabulate  the  terms  of  B,  D,  E,  J  of  (10)  which  involve  the  6's.  Denote  by 
Bj,  Dj,  El,  Ji  the  terms,  as  yet  unknown,  of  -B,  I),  E,  J,  respectively, 
which  are  independent  of  the  6's.  Then  condition  (14)  is  found  to  be 
equivalent  to  the  following  : — 

(31)  /i  =  gr3  =  5g=  Zi,       ?i=/,      f2  =  9+h; 

(32)  Ji  C18  =  (/+  h)  ^12Cl3+g'Ci4  C34  C12  C18. 

Finally,  there  remains  the  second  condition  (12),  which  was  partially 


*  We  do  not  write  out  here  the  long  expressions  obtained  so  simply.  If  the  reader  will  con- 
tent himself  with  the  mere  verification  that  the  resulting  function  (34)  is  invariant  under  (3),  he 
may  pass  at  once  to  f  9,  where  the  method  is  similar,  but  the  formulee  are  simpler. 

X  2 
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examined  in  §  7.  In  view  of  the  values  (21),  (30),  (31)  of  the  parameters^ 
this  condition  is  found  to  reduce  to 

(33)  D^c^+E^c^,  =  (/+y  Cij(ci3+ci4)(c„+l), 

since  the  terms  involving  the  6*8  vanish  identically. 

We  are  consequently  led  to  an  invariant,  all  of  whose  terms  involve  one 
or  more  6*s,  by  setting 

Bj  =  Dj  =  J?!  =  Ji  =  0,       ij  =/=  1,       jr  =  0, 

the  remaining  parameters  being  then  given  by  (21),  (30),  (31).  As  an 
illustration  of  the  resulting  simplifications,  note  that  (19)  and  (20)  become 

S  =  {c,,+mc^+mb^+l\        €  =  (Cm+1)(c,.+1)+636,. 

Without  giving  further  details,  I  will  state  that  the  sum  of  the  resulting 
invariant  and  A^,  given  by  (7),  may  be  written  in  the  elegant  Qompact 
form 

(84)  J,  =  ^8,83.51+616,636,  [1234], 
the  last  factor  denoting  a  Pfaffian,  while 

(85)  i8i  =  6i+(cu+l)(ci3+l>vru+l\  8,  =  6,+  (rM+l)(c^+l)(c«+l),.... 

Except  for  the  final  terms  of  (34),  the  invariant  is  analogous  to  the  in- 
variants (8^  and  (9)  for  binarv  and  temarv  forms. 

9.  To  obtain  the  invariants  linearly  independent  of  /«  and  J4,  we  set 
/i  =  0.     Decided  simplifications  result.     Thus,  by  (15M31). 

V36)       ff  =  0.       H  =  jCi^+gKCuC^+b^+c^tb^+c^bi)  c^^ 

(37)  G  =ifc^^+g  (01303,+  63+01364+034  61)  0,4. 

(38)  C  =/"Io34(6,+  l>+Oi3i64  +  l^+o„t63+H+Cijr3j+Oi30i4+Oi30jj+o„c^ 

+ ^y^'u  ^'ji  <  6, + 6,  o„ + 64  Ou+Ou  0,1) . 

By  the  method*  explaineil  at  the  middle  of  $  8.  we  deduce 

(39^     J  =  ftj  /+s/voi4O34+0i46j+Oi,^O34+0i364+Oi,034): 

+:76,o^Oa4+^64  0uOu+/j, 

(40)    B  =  61  t/o„03,+/o^^+6,  /\0ijO3,+0ii0j,+0:,+0a+64O,.)+y64OT,c,4; 

+  64  r  \0a034+0u0u+0M+0u)+Bj, 


TW  tfimofioBnii  i4  ibe  tienK  «gi«e»  viik  ibe 
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(41)  D  =  6i  1/(64+ H-Cw+Ch)+S' (Cii+Ci3Cfit)b^}  +b^{fci^+gc^Ci^b;i 

+bi  {f(^+Cu+Ci3+Cu)+g{c^Ci^Cu+Ci2CysC^}  +D^, 

(42)  E=b,  \f{bs+l+c^+c,^+g  {cyj,+c,^cj  63} 

It  remains  to  determine  the  functions  Jj,  Bi,  D^,  Ei  of  the  c's,  so  that 
(82)  and  (88)  are  satisfied  and  so  that  the  terms 

(48)  01  =  Bj + Di  CjB +EiC^+ Ji  c<a  c^, 

independent  of  the  6's,  are  unaltered   by  any  permutation  of  the  sub- 
scripts. 

Now  Ji  is  a  function  of  c^,  Cjg,  c^y  c^,  unaltered  by  [84]  and  satisfying 
condition  (32)  with   li  =  0.     Hence 

When  the  permutation  [14]  is  applied  to  (43),  the  terms  of  JiC^^c^ 
which  have  the  factor  C12  must  remain  unaltered,  whence  j^  =  J2 ;  while 
the  terms  independent  of  C12  must  give  rise  to  the  terms  of  DiC^  with  the 
factor  C12.  Similarly,  under  the  permutation  [23],  the  terms  of  JiC^^c^i 
which  have  the  factor  Cgi  must  remain  unaltered,  whence  ^8=^1!  while 
the  terms  independent  of  034  must  give  rise  to  the  terms  of  DiC^^  with  the 
factor  Cgi*     Hence 

(46)     Di  =  exi(c^+l){cu+l){j+jiCi^+c^(ciA+l){j+jiCif;)+fc^c^+D\ 

where  D'  is  a  function  of  Cu  and  c^  only.     At  the  same  time,  the  terms 

of  Di  independent  of  C12  must  be  unaltered  by  [14],  those  independent  of 

C34  by  [23] ;  by  either  condition,  D'  is  of  the  form  jds  {ciA+l)+\+fjLCu. 

We  may  now  derive  JBi  from  Di  by  applying  the  permutation  [84]  : 

(46)  El  =  Cia(C84+l)(Ci3+l)C;+iiCi4)  +  C84(Ci8+l)(y+iiCi4) 

+MaCm+J(Ci3Cu  +  Cu+  1)+MCi8- 

Then  condition  (38)  is  satisfied  if,  and  only  if,  X  =  j,  j^+j  =/.     Thus 

(47)  D'  =  ;  (Ci3Ci4  +  Ci8+l)+MCi4,         jl  =  J2  =  js  =>+/ 

Now,  by  (43),  -81+^1034  must  be  unaltered  by  [14]  and  [28].  Pro- 
ceeding as  in  the  determination  of  Di,  and  choosing  the  constant  term  of 
0  to  be  y,  we  get 

(48)     Bi  =  C34  |ci8(Ci3+l)(;+iiCi4)+yci4(Cia+l)+y+MCia} 

+  ^12  {Ci8(y+/lCi4)+/Ci8CM+i(Ci4  +  l)}  +iCi8(Ci4  +  l)+A;Ci4+;. 
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To  insure  that  (48)  shall  be  unaltered  by  every  permutation  of  the 
subscripts,  it  now  suffices  to  require  that  Bi  be  unaltered  by  [84] ,  the 
condition  for  which  is  A;  =  j. 

In  the  final  expression  for  the  invariant  (10)  with  the  amplifications 
(86)-(48),  the  independent  parameters  are/,  g^j,  /jl. 

The  coefficient  of  fx  is  [1234].  For  y  =  /x  =  1,  /  =  gr  =  0,  the  in- 
variant is  A^,  given  by  (7). 

For  /=1,  g  =  j  =  fi  =  0,  the  invariant  is  the  sum  F^  of  the  terms 
(49),  (50) : 

(49)     2  6i6aC84+[1234]  2  1^+  2  b^  {c^c^^^+Cq^c^+c^iC^+c^+c^+c^), 

(6)  (4)  (4) 

(60)    Ca8Ca4(Cia+l)(Ci4  +  l)(Cia+C84  +  Ci2Cg4)+C28C84Ci2+Ca8CijCi8(C84+l)(Ci4  +  l) 

I   ^ai  ^12^14  (^84   •    1/(^18  I    1)    I   ^18^14^84  (Ir  ^12   I   ^28   •   ^24^' 

The  expansion  of  (50)  is  symmetrical  in  the  subscripts  : 

(DO)        ^  ^12^18^28   I     ^  ^12^18^14^28   I     ^  ^12  ^18  ^14  ^28  ^24   I*  ^12  ^18  ^14^^24  ^84* 
(4)  (12)  («5) 

For  jr  =  1,  /  =  y  =  ^  =  0,  the  invariant  is 

(51)  [1284]  {2  6162^34+2  hic^c^c^]  +Ci^Ci^Ci^C2aC^c^, 

(«)  w 

Using  (50)  in  preference  to  (50'),  we  find  that  (61)  equals  [1284]  JP4. 

Theorem. — As  a  complete  set  of  Iwiearly  independent  invariants  of  the 
quaternary  quadratic  fomi  Q^  vwdulo  2,  tve  may  take 

(52)  [1234] ,  A,,  I,,  /„  F,,   [1234]  F,. 


10.  On  account  of  its  low  degree,  we  note  the  invariant 

K,  =  F,+^4+[1234]  +  1, 
whose  terms  are  given  by  (49),  and 
(53)  2*  Cia+  2#  c^g  c^g  +  ^  c^  c^g  c^^  +  2<  c^j  c^g  ^24+^^12  ^i8  ^24  ^84* 

(6)  (12)  (4)  (12)  (8) 

11.  Theorem. — Every  invariant  of  Q^  is  a  rational  integral  function 
of  the  independent  invariants  [1234],  ^4,  J4,  A'4. 

Since  every  A^cij  vanishes,  we  have  A^J^  =  J4.  In  view  of  §§  9,  10, 
it  remains  only  to  establish  the  independence  of  the  four  invariants.  This 
is  shown  by  the  following  table,  since  any  chosen    invariant  takes  two 
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distinct  valnes,  and  each  of  the  remaining  three  invariants  the  same  value» 
for  certain  two  canonical  forms. 


Canonical  Form.* 

• 

[1234]  ' 

A4 

J4 

K4 

1 
1 

0 
0 

0 
0 

0 

1  1 

XiXj+Xs 

0 

0 

0 

0 

^1 JL^ 

1 

0 
0 
0 

0     • 
0 

t 

1 

0 

1 

0 

1 

1    ' 

0 

vanishing 

1 

0 

1    i 

1 

0 

The  table  also  shows  that  no  two  of  the  canonical  forms  are  equivalent. 


Invariants  of  the  Quinary  Quadratic  Form  Q^,  §§  12-17. 

12.  We  shall  first  determine  the  invariant  J^  corresponding  to  Jg^ 
Jg*  Ji  given  by  (8),  (9),  (34)  respectively : 

(54)  /,  =  {b,+p,){b^+p^  ...  {b,+p^+b,b^bsb,b,yfr+J:b,b^b^b,[12M]p,, 

(6) 

where  \fr  is  an  unknown  function  of  the  c^-,  while 

(55)  pi  =  U{c^+l)     (j=ih...,6;j^i). 

The  first  two  parts  of  (54)  are  obviously  called-  for  in  making  the  general- 
ization. In  including  the  final  part,  we  have  been  guided  somewhat  by 
the  principle  that,  when  all  the  coefficients  with  a  subscript  5  are 
suppressed,  J^  must  reduce  to  J^,  so  that  there  must  occur  terms  which 
reduce  to  616263^4  [1234]. 

In  accord  with  the  cases  m  <  5  being  generalized,  we  shall  assume 
that  yfr  itself  is  an  invariant,  and  shall  determine  it  so  that  the  function 
(54)  is  invariant.  Since  the  latter  is  unaltered  by  any  permutation  of 
the  subscripts,  it  remains  only  to  examine  its  invariance  under  the 
substitution  (S). 

Considering  in  turn  the  parts  of  the  final  sum  in  (54)  in  the  order 
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Pi*  Ply  P%»  Pt»  Pv  ^^  8^  by  inspection  that  their  increments  under  (S)  are 

|6i68  6,[1284](c«+l)p5, 

(56)  ^  6i  6365  [1285]  (c«+ Da, 

h,b,b,[1245]{c^+l)p^ 

(57)  61 63  64  65  [1845]  (c«+ 1)  <J,      61 63  6, 65  [2845]  p^, 
^rhere  S  denotes  the  increment  to  the  final  term  of  (58) : 

(58)  S  =  {c^+c^+l){c^+cu+l)(c^+c^+l)  +  {c^+l)(c^+l)(c^+l). 

The  increment  to  the  first  product  in  (54)  is  found  to  be  the  sum  of  the 
three  expressions  (56)  together  with 

i59)  6i6a646*(<^is+l);o  +  l  +  (c«+l)(c,,+l)(c^+l);-. 

Since  ^  is  to  be  an  invariant,  the  increment  to  the  second  part  of  (54)  is 

(60)  bihb,b,{Cj^+l)\ 
where  we  have  set 

(61)  \!r  =  X+X'Ci^ 

Hence  J^  is  an  invariant  if,  and  only  if,  the  terms  (57),  (59),  and  (60) 
cancel.  Removing  the  factor  (Cu+l)6i&8^4^5t  we  may  write  the  condition 
in  the  form 

162)       X  =  l+(fw+l)^<-u+l)(<^u+l^  ; l+[2845];  +o{ H-[1845]}. 

The  remaining  terms  of  ^|r  may  be  derived  by  permuting  the  subscripts : 

(68)  V  =  ir3.+l)vr,5+l)(f4s+l)+  ;i+[1845].-  ;i+[2845];. 

The  complete  ^symmetrical)  expression  for  ^  is 

112)  (10)  Oil)  o») 

the  first  two  sums  occurring  also  in  the  semi-discriminant  (6). 

It  is  readily  shown  that  (61)  is  invariant  under  transformation  (8). 
Evidently  the  two  products  in  ybS)  are  merely  interchanged  by  (3),  so 
that  o  is  unaltered.  Since  the  increment  to  [2845]  is  [1845],  X  and  \' 
are  unaltered.     Hence  \ir  is  an  invariant. 

18.  Utilizing  the  known  invariants  S^.  A^,  J^,  J^,  yjr.  gjven  in 
§§  2,  3.  12,  and  making  use  of  certain  derices,  we  shall  be  able  to  make 
a  relatively  simple  determination  of  a  complete  set  of  linearly  independent 
invariants  of  Q^.    Any  integral  function  of  the  coeffieieDtB  may  be  given 
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the  form 

(65)         0  =  -46aC2sC24C25+J56aC28Ca4+C6aC28Ca5+D6aC24C26+-B62C28 

+  G6aCa4+t7'iaC26+if  62+^^88^24  ^86+^^28  ^a4 
+  Qc28Ca6+-Bca4Ca5+Sca8+  Wc<^+Xc^+Z, 

where  A^  ...,  Z  are  functions  of  the  eleven  coefficients  other  than 
^Sf  C2B9  C2i9  c^'  The  conditions  for  the  invariance  of  <p  under  trans- 
formation (3)  reduce  to  the  following : — 

<66)     Aci^  =  Aci^  =  -4ci5  =  Afi  =  Oy    Ecij^+Gcu+Jci^+BciqCi^  =  0, 


<67) 


(68)     Efi+Mcu+Qc,,  =  Bfic,,,     Gfi+Mc,s+Rc,,  =  Bl3c,^, 

where  /S  =  fii+Cij.     In  view  of  the  first  four  conditions  (66),  we  have 

(70)  A  =  (c,,+  l)(c,,+l){c^+l){l(l+b,+c,^)+7nb,c^}, 

where  I  and  m  are  functions  of  034,  035,  C45,  b^,  64,  65.  By  the  argument 
in  §  5  leading  to  (13),  we  here  find  that,  after  a  suitable  multiple  of  J5  has 
been  subtracted  from  0,  m  does  not  contain  the  product  of  two  of  the 
coefficients  b^,  64,  65,  nor  I  the  product  of  all  three,  while 

(71)  710  tervi  of  <j>  lias  a  factor  bibjbkbtCijCucCu. 

In  view  of  (65),  I  and  vi  must  remain  unaltered  under  any  permutation 
of  the  subscripts  3,  4,  6  ;  while  the  factor  (CiQ+l){Cn+l){Ci^+l)(l+mbi) 
of  6aCa8Ca4C26Cia  must  remain  unaltered  by  [15],    Hence 

I  =  T{l,+x{b^b,+b^b,+bM+y{bs+b,+b^, 

m  =  T{x(b^+b^+b^+y)\ , 

where  t  =  (C84+1)(C85+1)(C46+1),  Applying  [15]  to  the  terms  of  A 
independent  of  Ciai  we  obtain  the  terms  of  B  with  the  factor  c^.  Hence 
we  may  set 

B  =  CiaP{Zi+^(68&4+6i  63+61 64)+y(&8+64+6i)}  165+1} 

+ a + y  61 + Sc^ + e6i  C15, 

where   P  =  t(ci8+1)(Cu+1)(Ci5+1),    while  a,  y,  8,  e  are  functions  of 
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^i8>  ^M>  ^84»  C86>  ^46>  ^8»  ^4>  ^6«     To  apply  the  fourth  condition  (67),  set 

^  =  T(Ci8+l)(Ci4+l)(fc6+l),  P  =   ^1+^^864  +  ^(68+64), 

0-  =  x(68+ft4)+y. 
Then  {bi+Cii^jB  equals 

(a+y)6i+(^+€)6iCi5+(a+f)7r)Cia+(y+pir)6iCia 

+(i+p'7r)CiaCi5+(e+f)7r)  fiiCjaCig. 

Since  this  must  be  a  multiple  of  0^5,  we  have  a  =  y  =  f>7r.     Since  B  has 
the  term  ybi  =  pTri^,  0  has  the  term 

O2 C23 C24  •(XOq'T' y)  64  .  61 .  Ci3 Ci4  C34  ^85  C45  65. 

But  by  (71)  the  factor  64616265^14024046  does  not  occur.     Hence  x  =  y  =  0. 
Thus  w  =  0,  Z  =  rZi.     Hence,  in  0,  the  coefficient  of  62^28^34^25  ^s 

^  =  ZiP(l  +  6i+Ci2). 

Now  1/5  (§  12)  has  the  term  P61 62^23^24^26-     Hence  0— ZjeTg  has  -4=0. 

If  from  the  general  invariant  we  subtract  suitable  multiples  of  the 
invariants  /g,  J^,  no  teim  of  the  resulting  invariant  (/>'  ha^  a  factor 
biCijCucCit ;  furthermore,  if  a  term  Juis  the  factor  b^c^c^,  it  has  also  the 
factor  C15. 

In  view  of  the  notation  (65)  for  the  invariant  0,  the  transposition  [46] 
interchanges  B  and  C,  G  and  J,  M  and  Q,  W  and  X ;  while  [85]  inter- 
changes B  and  D,  E  and  /,  M  and  R,  S  and  X.  We  shall  therefore  not 
write  out  the  explicit  expressions  for  C,  D,  G,  J,  Q,  R,  W,  X. 


14.  We  first  discuss  the  terms  of  0'  having  the  factor  b^bib^b^b^  or 
62636465,  it  being  necessary  to  consider  the  latter  with  the  former,  since 
61  occurs  explicitly  in  (66)-(69),  in  view  of  )8  =  61+Cia. 

We  desire  the  terms  B^  of  B  which  have  the  factor  b^b^b^  By  §  18, 
Ci5  occurs  in  every  term,  c^g  in  no  term  of  Bi.  Thus  in  0'  we  seek  the 
factor  of  62636465028^24%,  the  factor  being  a  function  of  6^,  c^g*  ^14,  C34, 
^85,  C45.     By  §  18,  no  one  of  the  products 

C13C31,     0^035,     C31C35,     C14C84,     C14C45,     C34C45,     C85C45 

can  occur ;  nor  C18C14,  if  6^  occurs.  If  Cig,  and  hence  also  68C18C23,  occurs, 
then  must  C45  occur.  Inversely,  if  C45,  and  hence  64034045,  occurs,  then  C13 
must  occur.      Similarly,  C14  implies  035,  and  inversely.      Further,  B  is 
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unaltered  by  [84].     Hence 

By  (67i),  Bci4  is  nnaltered  by  [45].     Hence  s^  =  «i,  ^a  =  ^1 ;   so  that 
(72)         B,  =  b^b.bsc,,  {«+«i[1845]f  +  b,bsb,b,c,,{t+t,[18'i5']\. 
Similarly y  the  terms  of  B  with  the  factor  bib^b^  are 

(78)  bib^b^Cislr+riicu+c^+r^c^+Tf^icisCis+CuCf^+r^CuCig^ 

+(^2+^3)  (C14+C45+ 014^45)^34 } . 
Denote  the  terms  of  E  with  the  factor  b^b^b^  by 

(74)  E,  =  b^b,b,{b,c,^c,,{t+t,[lS45])+b,E'+c,^E''+E'''\, 

the  first  terms  being  derived  from  C34  times  the  final  part  of  (72)  by  the 
permutation  [14].     Since  E"  is  derived  similarly  from  (73), 

(75)  E"  =  C45|r+ri(Ci4+Ci5)  +  72Ci8+r8(Ci5C34  +  Ci4C86)  +  r4Ci4Ci6 

Now  no  terms  of  Ei{bi+Ci^  are  independent  of  c^  and  Cig  by  (681).    By  (74), 

(76)  ^i(6i+ci2)=  636465  {fti<^n(^'+^")+Cia(£"+J5:'")+6i(B'+^'")}. 

Hence  the  terms  free  of  c^  and  Cjg  in  E',  E'\  JE'"  are  identical.  By  the 
last  part  of  the  theorem  in  §  18,  E'  contains  none  of  the  products 

^13^14>       ^13^16»       ^13^84>       ^18^85»       ^14^84*       ^15^35>       ^84^86»       ^»4^46>       ^35^45* 

while  the  factor  c^^  implies  C45,  C34  implies  c^g,  c^  implies  c^.  Also,  E' 
must  be  symmetrical  in  1,  4,  5.  Finally,  the  terms  free  of  0^4  and  0^5 
must  be  c^ir+r^Ci^.     Hence 

(77)  E'  =  r(Ci4+Ci5+C45)+ra[1345]+r6(ci4Ci5+Ci4C45+Ci5C45)+reCi4Ci5C45. 
In  a  similar  manner,  we  get 

(78)    E'"  =  C45(r+raCi3)  +  r7(Ci4  +  Ci6)  +  r8(Ci4C86+Ci6C34)+r9Ci4Ci5 

+  ^10  (^14  Ci5  +  %  ^45)  +  ^!  ^18  ^iS  (^14  +  <^16)  +  '"13  ^14  ^16  ^45 + ^18  <^18  ^14  <^16  ^45- 

Then  G  and  /  are  known  (end  of  §  18).  The  conditions  from  the  636465 
terms  in  (665)  are 

(79)  ^=  ^j  =  r  =  ra  =  r5  =  r6,       r^^r^+t,       U  =  ri,       rg  =  s, 
Applying  [18]  to  E'c^^,  we  obtain  certain  terms  of  K : 

(80)    ^61636465013  |C84  +  C85  +  C45  +  C84C85  +  C84C45  +  C35C45  +  C84C85C45+[1345]}. 
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In  the  terms  of  K  with  the  factor  bih^\bf^j  but  free  from  c^s,  the  onljr 
possible  terms  are  seen  (by  §  IS,  and  symmetry  in  1,  8,  4,  5)  to  be 

(81)  il6a'!>4i6lf>  +  f>l(Ci8+Ci4  +  Ci5  +  C84  +  Ca6+C46)+f>a[l846]}. 

We  have  now  determined  all  the  terms  of  0'  with  the  factor  bib^h^bj)^^ 
They  must  be  unaltered  by  every  permutation  of  the  subscripts.  By^ 
considering  the  terms  of  the  first  and  second  degrees  m  the  c^,  we  get 

(82)  p^  =  0,         />a  =  t. 

Then  the  terms  of  <j>*  with  the  factor  bi...b^  are  seen  to  equal 

<83)  bib^b^b,b,(p+txlr), 

where  \fr  is  the  invariant  given  by  (64). 

Denote  the  terms  of  K  with  the  factor  b^b^b^,  but  free  from  ftj,  by 

<84)  b,bMc,^K'+K'r 

In  view  of  §  18  and  the  symmetry  in  8,  4,  5,  we  get 

<85)       jBT'  =  A;i  +  A;2(Ci3+Ci4  +  Ci6)  +  A;'8(C8i  +  C86  +  C46)  +  A4(^lS^14  +  ^lS^16+^14Clfi) 

+  »5  L 1 84  6  J  +  A?g  Ci3  Ci4  Cjg -f- Ac- (C84  C85  +  Cgi  C45 -|- C85  C45)  +  «3  Cjj  Cgg  C45, 

(86) 

By  (69),  there  can  be  no  terms  in  K(bi+Ci^  independent  of  Cig,  c^,  Cig. 
Hence,  by  (80),  (81),  (84),  we  get 

(87)  k',  =  a;  =  a;  =  ki  =  0,     A-;  =  *;'  =  p. 

We  have  now  determined  all  the  terms  of  0'  with  the' factor  62686465, 
but  not  6^.     The  conditions  that  they  be  symmetrical  in  2,  8,  4,  5  are 

(88)  k2  =  f>>         AJ4  =  k^i         A(j  =  k^f 

kf^  =^  k^  =  8  =^  $1  =^  Vfj  =  Tg  =^  Of         ^1  =  ^10  ^^  ^la  ^  ^* 

Hence  the  factor  of  b^b^b^b^  may  be  written  in  the  form 

(89)  i/>+^[2845]}  ll  +  2ci2H-iA:;+<[2845]}2ci2Ci3 

+  {A;;+^[2845]}2ciaCi8Ci4+  {  A;+^[2845]}ci3Ci8Ci4Ci5, 

where  the  summations  extend  over  the  combinations  of  2,  8,  4,  5. 

Applying  [18],  we  obtain  the  terms  with  the  factor  61626465.     Thus, 
in  J5,  G,  e/,  £,  the  terms  multiplying  6^  64  65,  but  not  63,  are  respectively 

^TTCig,  tirCi^,  ^XCi4, 

^TTCij  C45  +  p  +  Ar'a  (Ci3 + C34  +  Cgg)  +  A'4  (^13  ^34  +  ^13^  +  ^34^35)  +  *«  ^13  ^  ^a6» 
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where  ir  =  {ci^+1){cq^+1){cq^+1).  If  we  now  examine  the  terms  of 
the  last  condition  (66)  which  have  the  factor  &16465,  we  see  that  the  only 
terms  not  cancelling  are  those  in  Eciq  and  that  the  condition  requires 

(90)  t;  =  k',  =  k',  =  p. 
We  may  now  factor  the  function  (89)  and  obtain 

(91)  b^bsb.bs  {p+t[2S45']\  (c,^+l){Cj^+l){c,,+l){c,,+l) 

as  the  terms  of  0'  with  the  factor  62636465.  Applying  [12],  we  get  the 
terms  in  bib^b^b^  Hence  we  obtain  at  once,  as  in  §  12,  the  coefficient 
of  61636465  in  the  increment  to  0'  under  (3).  This  increment  vanishes  if> 
and  only  if, 

(92)  p  =  t. 

Finally,  we  shall  prove  that  ^  =  0  by  considering  the  general  character^ 
but  not  the  explicit  expressions,  of  certain  terms  involving  only  three  6's. 
Of  the  terms  of  Eb2C^,  we  consider  those  with  the  factor  6465,  but  not  63.. 
If  such  a  term  has  the  factor  c^^  and  hence  also  b2C^Ci2f  it  must  have  the 
factor  C45  by  §  13.  Again,  if  a  term  considered  has  the  factor  6^,  and 
hence  also  61636465,  it  must  occur  in  the  expression  derived  from  (91)  by 
applying  [13].     Hence  the  terms  of  E  with  the  factor  6465,  but  not  63,  are 

eCiaC45  +  ei+^(l+CiaC45)x6i,  TT  =  (Ci3+l)(C34+l)(C36+l), 

where  e  and  €1  are  independent  of  Ci^  and  61.  By  the  first  condition  (68), 
the  product  of  the  preceding  sum  by  )8  =  61+C12  must  have  no  term 
independent  of  Ci^  and  C15.  Let  e'  and  €1  denote  the  terms  of  «  and  ei 
lacking  C14  and  C15.     Now  Cig  61(61+^12)  =  0,  z^  =  x.     Hence  must 

€'C45Ci2(6i+l)  +  ei(6i  +  Ci2)  +  ^'7r6i(l+Ci2)  =  0, 

identically  in  Cig,  61.  By  the  coefficient  of  61^12,  ^'^45  =  tir.  But  tt  is 
independent  of  C45.     Hence  ^  =  0.     Also  t'  =  €\  =  0. 

Theorem. — No  term  of  the  invariant  </>'  involves  four  of  the  Vs. 

16.  We  next  determine  the  form  of  the  terms  of  0'  with  the  factor* 
b^b^b^y  carrying  along  the  other  terms  needed  for  this  purpose. 

The  terms  of  B  have  the  factor  Cjg,  but  not  C12  (§13).  Hence  in  0* 
we  seek  the  factor  of  62  6364C23Ca4Ci5,  the  factor  being  a  function  (symmetric 
in  3,  4)  of  Ci3,  Ci4,  C34,  C35,  C45,  in  which  (§  13)  C34  occurs  singly,  while  both 
Ci3  and  C45  occur  or  neither  occurs,  both  C14  and  C35  or  neither.     Hence  the 

— ^ la 

*  There  are  advantages  in  the  use  of  a  triple  with  ^3,  but  not  by. 
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factor  is  a  linear  function  of  c^,  ^13^45+ ^14  ^86>  &^^  ^is^tf^u^-  ^7  (^^i^* 
Bci4  must  be  unaltered  by  [45].     Hence  the  desired  terms  of  B  are 

(98)  b^b,c^{d+d,[lS45]}. 

We  next  exhibit  the  terms  of  E  with  the  factor  b^b^  or  b^b^.  Each  of 
these  terms  involves  either  Ci^  or  Ci^  (end  of  §  14).     Applying  §  18,  we  get 

(94)  b^b^lfci^+fiCi^ici^+cJ+f^CuC^+fzCifiCsi+fiCuC^ic^^+c^ 

(95)  b^b^{g{Cu+Ci^+giCi3(cu+Ci^+g^CuCifi+gs{cuC»+CiiiC^ 

1  gi  C45  (Ci4  +  C15)  +  g^  Cjg  Ci4  Ci5 + 5^6^13  (^14  ^86   •   ^15  ^SV 
+  fl'?  ^13  ^46  (^14  +  ^Ifi)  +  fl's  ^14  ^16  ^46  "I"  ?9  ^18  ^14  ^16  ^46 1 

as  the  possible  terms  independent  of  c^^,  (94)  being  unaltered  by  [15],  and 

(95)  by  [45].  We  may  write  down  similarly  the  terms  involving  c^  and 
hence  with  the  factor  C45,  since  b^c^c^^  implies  c^  (§  18).  To  the  resulting 
terms  of  E  with  the  respective  factors  b^b^Cj^CiSf  ^4^6^ia^46>  we  apply  [14] 
and  obtain  the  terms  of  Bc^  with  the  factors  bib^Ci^,  ^1^5^15  respectively. 
To  these  terms  of  B,  we  apply  the  conditions,  from  (67),  that  Bc^ 
shall  be  unaltered  by  [45],  and  Bci^  by  [35].  After  these  simplifications, 
the  terms  of  E  in  question  become 

(96)  ia  64  C12  C45  C]  5  (e + ecoi + e^  Cjg +^1^14  c^) ,     64  65  Cja  C46  Cig  (c^  c^ + C15  C34)  e^. 

By  (69),  the  coefficient  of  b^b^  in  K  must  have  no  term  independent  of 
C13,  Ci4,  C15.  Applying  [15]  to  (95),  we  get  the  terms  of  E  with  the  factor 
bib^.  To  the  corresponding  terms  of  Ec^^  we  apply  [18]  and  get  the 
terms  of  K  with  the  factor  b^b^Ci^: 

(97)        ft3*4Cia-ICi6(C36  +  C46)(flri+gr^C34)  +  (Ci3C45  +  Ci4C35)(gr3+grgCi5) 

+  ^15^36^46  (9^5+^9^34)}  » 

the  terms  independent  of  C23,  0^4,  Ci^  being  zero,  so  that 

(98)  g  —  92  =  9i  =  98  =  0. 

The  terms  of  K  with  the  factor  6364,  but  not  0^2,  are  (§  18)  of  the  form 

(99)        63  64  I  A-C16  +  ki  (Ci3  Ci5  +  Ci4  C16  +  C15  C36  +  Ci5  C45)  +  ki  C15  C31 

"r  («^3   1   ^'4  ^W  (^13  ^46  I   ^14  ^36/   »   ^5  ^15  (^13  ^14   i   ^86  ^45)  f  • 

Apply  the  permutation  [1345]  to  the  terms  (96^)  multiplying  b^c^. 
We  obtain 

(100)  b^b^Ci^Cif^ie+ec^+eiC^+eiCuC^ 
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times  b^c^c^i,  viz.,  terms  of  B.     Now  £%  must  be  unaltered  by  [85] .     In 
view  of  (93)  and  (100),  we  get 

(101)  e  =  ^1  =  d  =  di. 

Applying  [34]  to  (100),  we  get  the  6365  terms  of  B.  Since  [45]  and 
[85]  replace  B  by  C  and  D  respectively,  we  get  the  6364  terms  of  C  and  D : 

(102)  ebsb,c,,c^{l+[lSW]),         eb^b,c^c,,{l+ll3A5]). 

Since  [84]  and  [35]  replace  E  hy  G  and  J,  we  obtain  from  (94)-(96) 
the  6364  terms  of  G  and  J.  With  these  and  (93),  (94),  (96i),  (97),  (99), 
(102),  we  have,  after  inserting  the  proper  multipliers  from  (65),  all  the 
terms  of  ^'  with  the  factor  b^b^b^.  In  view  of  their  origin,  they  are 
unaltered  by  [84].     They  are  seen  to  be  unaltered  by  [28]  if,  and  only  if, 

,,^^,    j*l  =  *3=  *5=0,       ^2=/       J^i^Qu      /l=/2   =/4=/6=/7=0» 
V3  =fB  =  9l  =  99^^*       96=  96' 

Then  the  terms  are  unaltered  by  [15].  The  b^b^  terms  in  the  last  con- 
dition (66)  give 

(104)  gi  =  y,       g^  =  0,       g^  =  e. 

The  factor  of  b^b^b^,  involving  only  the  parameters  h,f,  e,  is  thus 

(105)  kci^+fci6p+eci^((rCi2+T), 
where  a-  =  X'+C35+C46,  where  X'  is  given  by  (63),  and*' 

p  =  p'  +  Ci^{c^  +  cJ,  p'  =  C23+C24  +  C25(Ci8+Ci4)  +  [l346], 

while  T  has  initially  the  form 

(l+[l845])(C23C24  +  Ci3C24C26  +  Ci4C23C25)+[l345](C23  +  C24  +  C26) 

+  C25C34 (Ci3+ 1)  (Ci4+ l)  +  C25Ci3Ci4. 

Hence  c,,(t+p')  =  C15  ll+(l+[1345])^}, 

i  =  (C23+l)(C24+l)+(C23+l)C26Cl4  +  (C24+l)  ^25 C13  +  Cgg C13 C14 
=   (C23+ 1 +  C13)  (^24+  1  +C14)  C.26+(C23+ 1)  (^24+  1)  (^25+  1), 

SO  that  Ci5f=Ci5^,  where  S  is  defined  by  (58).  It  now  follows  by 
inspection  from  (62)  that  Ci^{t+p')  =  CjgX.  Hence  the  factor  (105)  of 
b^b^b^  equals 

(106)  c,,{k+(e+f)p+eylr\, 
xfr  being  the  invariant  X+X'cja  of  §  12. 


♦  A  more  syminetrical  fonn  for  c^^  is  Cy^  {[1345]  +  [1235]  +  [1245]}. 
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Since  there  are  no  terms  with  four  b*Q,  the  coefficient  of  &1&3&4  in  the 
increment  to  </>'  under  (8)  arises  only  from  the  616364  and  6^6364  terms. 
Now  (106)  is  unaltered  by  (8)  since  the  increments  to  [1285]  and  [1245] 
are  zero.  Hence  the  coefficient  of  6^6364  in  the  increment  to  the  6^6364 
terms  is  (106)  itself.     Applying  [12]  to  (106),  we  obtain 

^25  {*+e>A+(e+/)([2345]+[1235]+[1245]) } 
as  the  factor  of  6^  63  64.     The  increment  to  this  factor  is  obviously 
Ci5(A+eVr)+(e+/){(Ca5+Ci^[1845]+Ci,  [2345]+Ci,  [USS^+c,,  [1246];. 
Adding   (106)  to  this,   we  obtain  the  total  coefficient  of   6^6364   in    the 
increment :  ^^_^^^  ,  c«[1845]+Ci,[2345]  [ . 

Since  this  must  vanish,  we  have  e  =/. 

Theorem. — The  terms  of  the  general  invariant  </>'  of  highest  degree  in 
Hie  b's  are  given  by  tlie product  of  tlie  invariant*  k-^-exfr  and  2626364C15. 

16.  The  preceding  result  suggests  a  very  decided  simplification  in  the 
further  work.  It  will  suffice  to  determine  the  linearly  independent  in- 
variants </>i  (with  A:  =  ^  =  0)  lacking  the  products  of  three  6's,  and  a  single 
invariant  K^  (with  A;  =  1,  e  =  0).     Indeed,  we  shall  then  have 

<p' =  kK,+eylrK,+lli<Pi. 

Since  the  simplified  problem  may  be  treated  readily  by  the  preceding 
methods,  I  will  merely  state  the  result  that  the  invariants  previously 
found  together  with  jfifg  form  a  complete  set,  the  expression  for  K^  being 

(107)      K,  =  lb,b,2b^c,,+lb,b.,{y+c^,c^c,,)+J:b,{ylr+K+p)+<r, 
where  X'  is  given  by  (63),  k  by  (53),  while 

(108)    p  =  (l+[l234])(Ci5C23C.24C34  +  C25Ci3Ci4C34  +  C356'i2Ci4C.24  +  C45Ci2CigC23). 

For  the  terms  +  cr  independent  of  the  6's,  expressed  as  the  sum  of  the  last 
eight  terms  (65),  we  have 

L  =  Ci2(l+[1345])  +  (c,3+l)(ci4+l)(Ci5+l), 

il^=Ci2(Ci5+l)(C35+l)(C45+l)  +  (Cl3+l)(Cl4+l)(%+l)(C45+l) 

I  ^16  (Ci3  +  Ci4  +  C35  +  C45  +  Ci3  C 14  +  C13  C45  +  ^14035  +  035  C46  +  C13  Cg4  C^ + C^  C34  C45) , 


*  It  will  appear  in  the  sequel  that  k  and  e  are  independent  parameters. 

t  Under  (3)  the  increment  to  <r  equals  T],  times  the  coefficient  ^  + ...  of  dj  in  JT^. 
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S  =  Cigilf' +  Ci3Ci4(C36+l)(C45+l)  +  Ci3Ci5(C84+l)(C46+l) 

+  Ci4Ci5(C84+1)(C86+1)  +  (1+Ci8+Ci4  +  Ci6)(C84C36+C84C45+C86C4b) 
+  (l+Ci8)(l+C84+C36+Ci4Ci5)  +  Ci4C84+Ci6C86, 

Z  =  Ci2S'  +  Ci8Ci4(C86+l)(C46+l)  +  Ci8Ci5(C84+l)(C45+l) 
+  Ci4Ci6(C84+l)(Ca6+l)  +  Ci8Ci4Ci6 
+  (l+Cl3  +  Ci4  +  Ci6)(l+C84  +  C85  +  C45  +  Ca4C86  +  Ca4C45+C85C45) 

+[1846]+ 1, 

where  M'  and  £•'  are  derived  from  the  terms  independent  of  Ci^  in  M  and 
S  by  the  respective  permutations  [14]  and  [18].  As  at  the  end  of  §  18, 
we  deduce  Q,  B,  W,  X. 

When  the  terms  of  Ks  with  subscript  5  are  suppressed,  there  results 
the  invariant  K^  of  Q^  (§  10). 

Theorem. — A  complete  set  of  linearly  independent  invariants  of  the 
quinary  quadratic  form  Qg,,  modulo  2,  is  given  by 

(109)  J5,  J5,  V^,  ^6,  V^.-BTs,  iSft,  A,. 

17.  Since  A5Cij=0,  we  evidently  have  -45/5  =  15.  In  forming  a 
table  as  in  §  11  to  prove  that  ^,  A  5,  J^,  K^,  S5  are  independent,  we  note 
that,  when  every  Ca  and  65  are  suppressed,  these  invariants  reduce  to 
[1284],  ^4,  J4,  K4,  and  zero,  respectively.  Hence  we  need  only  enlarge 
the  table  of  §  11,  by  adding  a  column  for  S5  with  zero  entries,  and  insert- 
ing the  new  line 

XiX^+X8Z4+X5,       >/r  =  1,       ^5  =  0,      J5  =  0,       Kn  =  1,       Ss  =  1. 
From  the  enlarged  table  we  deduce  at  once  the  following : — 

Theorem. — A  complete  set  of  independent  invariants  is  given  by  ^, 
Ai,  J5,  Ksf  and  S5.  Each  canonical  form  is  completely  characterized  by 
the  values  of  these  invariants. 

Invariants  of  the  Senary  Quadratic  Form  Q^. 

18.  Proceeding  as  in  §  12,  we  obtain  the  invariant 

(110)  /e  =  (ii+i>i)  •  •  •  (66+i>6)  +  61 . . .  ieXH- 2  ii  fta ^a ^4  h  i^ePe 

+26^6363*4  [1284]i?5i>6, 
in  which  ^g  is  the  function  y[r  (§12)  of  the  cy  {i  ^6,  y  ^  6),  yjrk  being 
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derived  from  yfr  by  the  permutation  [6A:],  while 

<111)  p,  =  n(co+l)    c/=i»  •••»6;y=?fci). 

Finally,  x  is  an  invariant*  (independent  of  the  6'b)  of  Q^ : 

<112)  X  =  M+m'ci2, 

<118)  M  =  l  +  (Ci8+l)(Ci4+l)(c,6+l)(Ci6+l)(l+V^l)  +  ^(l+V^2), 

<114)        HJ  =  (Ci8+l)(C84+l)(C85+l)(Ca6+l)C 

+  C23C56(Ci4+l)(C84+l)(C46+l)(C4«+l)(l+[1856]) 

+  (Vr2+l)i<S'  +  C23(l  +  [2456])  +  Ca3(C«+l)(C4«+l)}, 

in  which  &*  is  derived  from  (58)  by  the  permutation  [136],  and  C  from 
<68)  by  [36],  while  the  expression  for  &  corresponds  to  (58),  viz., 

<115)  S  =  n(c^+cv+l)+n(c^+l)     (i  =  3,  4,  5,  6). 

Comment  is  needed  only  on  the  origin  of  (114).  The  terms  /i,  inde- 
pendent of  Ci2,  in  the  invariant  x  were  determined  directly  (as  in  §  12) ;  the 
remaining  terms  fi^c^^  are  to  be  determined  so  that  x  shall  be  symmetrical 
in  the  subscripts  1,  ...,  6.  Set  fi*  =  9+9i^s8>  9  ^^^  9i  independent  of  c^ 
Evidently  g  may  be  derived  from  the  coefficient  of  c^  in  /i  by  [18],  so 
that  g  is  the  sum  of  the  first  term  of  (114)  and  (V^s+l)^'*  Indeed,  the 
coefficient  of  c^  in  the  final  part  of  fi  is  evident  from  (115),  while  that 
in  ^1  is  obtained  from  the  coefficient  (68)  of  Ci^  in  ^  =  ^e  ^7  ^^^  P^^' 
mutation  [186] .  From  the  expression  for  the  coefficient  ol  c^  in  /a  we 
deduce  the  coefficient  of  C23C24,  viz., 

{V^2+l)  |(C26+1)  Cie+(CaB+l)Ci5+Ci5Ci6} 

+  C56(Ci3+l)(CH  +  l)(Cl.+  l)(Cifl+l)(l  +  [8456]). 

8et  gi  =  k+kiC^,  Then  k  is  derived  from  the  preceding  function  by  [14]. 
Set  ^1  =  I+I1C2&.  Then  I  is  derived  from  the  coefficient  (V^a+ 1)^16  0* 
c^c^C25  in  fi  by  [15].  There  are  no  terms  liCi2C2^c^C259  since  [16]  would 
replace  such  a  term  by  a  term  c^c^iCibC^^  of  /jl  ;  whereas  its  coefficient 
is  zero. 

The  resulting  function  (114)  may  be  given  an  elegant  form,  affording 
a  direct  generalization  of  (68),  viz., 

(116)    m'=  (C34  +  l)(C35+l)(C36+l)(C45+l)(C46+l)(C56+l)  +  (H-V^l)(l+V^2). 

*  The  terms  of  lowest  degree  are  the  15  PfaffianM  [1234]. 
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To  make  this  identification,  it  is  convenient  to  employ  for  ^i  the  fmiction 
obtained  from  yjr  by  applying  [186].  By  inspection,  [1846]  yfr  =  [1846], 
so  that 

(117)  [8456](1+V^2)=0. 

Hence  we  may  suppress  [8456]  in  the  three  terms  in  which  it  occurs  in 
the  final  part  of  (116).  Adding  the  resulting  expression  to  the  final  part 
of  (114),  we  see  that  a  number  of  terms  cancel  at  once.     The  sum  is 

(118)  (>^2+l)^(l+[2456])  +  (Vr2+l)C23C56(C45  +  l)(C4«+l), 

where  tt  =  (c34+l)(c85+l)(c3g+l).  The  second  part  equals  the  c^^c^ 
terms  of  (114).  To  simplify  the  first  part,  we  employ  for  yfr^  the  function 
obtained  from  yjr  by  the  permutation  [26]  [18].     Then  (V^2+l)^  becomes 

x|Ci3(C45  +  l)(C4«+l)(C5«+l)  +  (Ci8+l)(l+[l456])}. 

The  sum  of  the  first  terms  of  (118)  and  (114)  is  thus  the  first  term  of  (116). 
The  invariance  of  the  function  x>  defined  by  (112),  (118),  (116),  follows 
at  once  from  the  facts  that  S  is  evidently  unaltered  by  (8),  that  the  incre- 
ment to  ^1  is 

(119)  V^2+l+]l+[128456]}  |l+[8456]}, 

and  that  from  (117),  and  the  symmetry  of  V^2  in  1,  8,  4,  5,  6,  follows 

(120)  [128456]  (V^2+l)  =  0. 

19.  In  addition  to  the  constructed  invariants  A^^  A  =  [128466],  cTq,  and 
X»  there  should  occur  two  invariants  T^,  K^,  of  degrees  2  and  4,  respect- 
ively, in  the  6's.  These  six  should  form  a  complete  set  of  independent 
invariants  of  Q^ ;  while  they,  together  with  Jq  =  A^J^^  ATe,  and  A£e» 
should  form  a  complete  set  of  linearly  independent  invariants.  I  have 
not  attempted  to  prove  these  conjectures. 

In  seeking  an  invariant  of  Q^,  we  note  that  the  coefficient  of  b^  must 
be  a  function  such  that,  if  the  subscripts  6  be  suppressed,  there  shall  result 
an  invariant  of  Q^.  In  Tg,  the  coefficient  C  of  b^  must  involve  the  i's 
linearly ;  the  function  which  results  from  C  after  the  suppression  of  the 
Cm  must  be  a  linear  combination  of  the  invariants  St,  A^^  and  yjr  of  Q5,  with 
^6  necessarily  present.  To  make  the  degree  as  low  as  possible,  we  take 
Sft+V^  =  26i[2346]+/>6,  where 

(121)  />6  =  2  CUC13C45+2  CiaC34    (permutations  of  1,  2,  8,  4,  5). 

(80)  (16) 

Y    2 
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By  these  and  other  considerations/  I  am  led  to  the  required  invariant, 

(122)  Te  =  26162  [3456]+26i(pi+A)+T, 

where  pi  is  derived  from  p^  by  [/q]  ,  while  r  is  an  unknown  function  of 
the  Cij,  symmetric  in  the  subscripts  1,  ...,  6,  and  having  under  (8)  the 
increment 

(128)  Cia(^a+A). 

Since  the  increments  to  p^axid  pi  are  Ci2[1345]  and  /)a+A+(ci2+l)[8456], 
respectively,  the  increment  to  the  b  terms  of  Zq  is  independent  of  the  6's 
and  equals  (128). 


*  Inoladiiig  a  studj  of  the  b  terms,  B  »  :ih^b^  [3456]  +  XbiVif  ooourring  with  the  ^tor  4,  bat 
not  8,  in  the  expansion  of  the  disoriminant  (4),  0-5  being  formed  of  the  first  two  sums  in  (64). 
Sinoe  p^-i-v^^  ^^  it  follows  from  (120)  that  aB  equals  the  b  terms  of  A  T^.  The  invariance  of  T^ 
implies  that  of  A7g.  As  a  check,  we  note  that  the  increment  to  aB  is  Ci^^A,  and  is  thus  indc' 
pendent  of  the  &*s. 
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ON  REPEATED  INTEGRALS 

By  E.  W.  HOBSON. 
[Received  February  5th,  1907.— Read  February  14th,  1907.] 

In  my  paper*  **  On  Absolutely  Convergent  Improper  Integrals,"  I  con- 
sidered the  relation  of  Lebesgue's  definition  of  integration  to  those  defini- 
tions which  have  been  obtained  by  generalizing  Riemann's  definition  in 
such  a  manner  that  they  are  applicable  to  improper  double  integrals.  I 
also  considered  the  relation  of  double  integrals  as  defined,  for  the  case 
of  unlimited  functions,  by  de  la  Vall6e-Poussin  and  by  Jordan,  with  the 
corresponding  repeated  integrals.  I  did  not,  however,  consider  the  case 
of  functions  for  which  the  double  integral  exists  only  when  the  definition 
of  Lebesgue  is  adopted.  This  I  propose  to  do  in  the  present  communi- 
cation. It  appears  that  the  theory  of  Lebesgue's  integrals  throws  light 
upon  those  cases  in  which  one  of  the  repeated  integrals,  or  both  of 
them,  exist  in  accordance  with  the  definition  of  Riemann  or  its  general- 
ization,  but  in  which  the  double  integral  according  to  the  definitions  of 
Jordan  and  de  la  Vall6e-Poussin  has  no  existence.  Even  in  the  case  of 
limited  functions,  the  consideration  of  the  Lebesgue  double  integral  helps 
to  fill  up  gaps  m  the  ordinary  theory  of  integration  with  respect  to  a 
parameter  under  the  sign  of  integration. 

I  shall  assume,  as  in  my  former  paper,  that  a  function  ^{x^  y),  de- 
fined for  a  limited  domain  6,  is  replaced  by  a  function  /(rr,  y),  defined 
everywhere  in  a  rectangle  bounded  by  a;  =  a,  x  =  b,  y=^c,  y  =  df  which 
contains  the  domain  G;  the  function  /(rr,  y)  being  defined  to  be  equal  to 
^U,  y)  at  every  point  of  (z,  and  to  be  zero  at  every  point  of  the  rectangle 
which  does  not  belong  to  G.  It  is  assumed  that  the  frontier  of  G  has  the 
plane  measure  zero. 

1.  Let  /(a;,  y)  be  a  limited  summable  function. 

It  has  been  pointed  out  by  Lebesgue  that,  it  E  he  Sk  set  of  points 
measurable  in  the  plane,  it  does  not  necessarily  follow  that  the  section  of 


*  Proc.  London  Math,  Soe.y  Ser.  2,  Vol.  4. 
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the  set  £  by  a  straight  hne  parallel  to  one  of  the  axes  is  necessarily 
linearly  measurable  ;  unless,  indeed,  the  unproved  assumption  be  adopted 
that  all  linear  sets  of  points  have  a  linear  measure.     Accordingly,  although 

\f(j^fy){dxdy)  necessarily  exists,  the  single  integrals 


J  f(x,  y)dx,         \  fix,  y)dy. 


and  therefore  also  the  repeated  integrals 

I  dx\  f{x,y)dy,         J  ^^J  /(^»y)^' 

cannot  be  assumed  necessarily  to  have  definite  meanings,  Lebesgue  has, 
for  the  case  of  a  single  integral  of  a  function  <f^{x)  which  is  not  summable, 

defined    an  upper  and  a  lower  integral,  denoted   by  \<f^(x)dx,  and  by 

sap 

\  <f>{x)  dx  respectively.     These  must  not  be  confused  with  the  upper  and 

inf 

lower  integrals  as  defined  by  Darboux.  For  such  a  summable  function  as 
is  not  integrable  in  accordance  with  Riemann's  definition,  the  upper  and 
lower  integrals  as  defined  by  Lebesgue  are  identical  in  value,  whereas  the 
upper  and  lower  integrals,  as  defined  by  Darboux,  have  different  values. 

Lebesgue*  has  then  proved  the  general  theorem, 

\f(x,y){dxdy)=\  dx\  f{x,y)dy  =\  dx\  f{x,y)dy 

sop        sap  inf  inf 


=  f  dy  \f{x,  y)  dx  =  [  <*y £/('.  y)  dx. 


sop        sup  inf        inf 

This  theorem  reduces  to  the  theorem  that 

j/(a:,  y){d^dy)  =  £dj:  jy(x,  y)  dy  =  ^/V^Ji^^  y)dx, 

whenever  the  repeated  integrals  have  definite  meanings,  the  double  integral 
always  existing,  since  f{x,  y)  is  a  limited  summable  function. 

In  case  \f{x,y){dxdy)  exist  in  accordance  with  the  ordinary  definition, 

which  is  an  extension  of  Riemann*s  definition  of  a  single  integral,  it  is 


*  See  his  memoir  '*  Integral,  Limgrueiir,  Aire,**  JmmmH  d%  Mmt.y  Ser.  3,  Vol.  im.,  1902. 
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well  known  that  both  the  repeated  integrals  exist,  and  are  equal  to  the 
doable  integral. 

Various  examples  have,  however,  been  given  of  functions  for  which 
only  one  of  the  repeated  integrals  exists,  according  to  Riemann's  definition, 
or  for  which  both  of  them  exist,  and  yet  for  which  no  double  integral 
exists  in  accordance  with  the  ordinary  definition.  The  above  theorem  of 
Lebesgue  throws  light  on  such  cases ;  for  the  following  results  follow 
immediately  from  it : — 

If  the  two  repeated  integrals  exist,  in  accordance  with  the  ordinary 
definition f  they  must  have  equal  values,  iffix,  y)  be  summabU  as  a  func- 
tion in  the  plane,  and  they  are  equal  to  the  Lebesgue  double  integral  of 
the  function. 

If  only  one  of  the  repeated  integrals  exist,  in  a/:cordance  with  the 
ordinary  definition,  then  the  other  exists  as  a  repeated  Lebesgue  integral, 
and  the  two  are  equal  to  the  Lebesgue  double  integral ;  it  being  assumed 
that  the  function  is  summable  in  the  plane,  and  also  on  any  straight  line 
parallel  to  either  axis. 

All  functions  defined  by  any  of  the  ordinary  means  are  summable ;  it 
is,  in  fact,  not  definitely  known  whether  it  is  possible  to  define  a  function 
which  is  not  summable.  Accordingly,  all  cases  which  arise  in  practice  are 
covered  by  the  two  theorems  here  given. 

The  following  examples  will  illuertrate  the  utility  of  these  remarks  in 
the  direction  of  completing  the  ordinary  theory  : — 

(1)  For  the  rectangle*  bounded  by  a:  =  0,  rr  =  1,  y  =  0,  y  =  1,  let 
f{x,y)  =  l,  for  all  rational  values  of  x ;  and  let  f(x, y)  =  2y,  for  all  irrational 

values  of  x.   We  have  then  I  f{x,  y)dy=:l,  whatever  value  x  may  have ;  and 

Jo 

hence  i  dx  \  f{x,y)dy  exists,  in  accordance  with  the  ordinary  definition, 

Jo       Jo 

and  =  1.     The  integral  l  f{x,y)dx  does  not  exist  as  a  Riemann  integral, 

Jo 

except  when  y  =  J ;   for  every  point  is  a  point  of  discontinuity.     Con- 
sequently I   dy  \  f{x,y)dx  does  not  exist  in  accordance  with  the  ordinary 
Jo       Jo 

definition.  The  double  integral  does  not  exist  in  accordance  with  the 
ordinary  definition.  The  Lebesgue  integral  \f(x,  y)  {dx  dy),  however,  exists, 
and  is  equal  to  1.     For  the  set  of  points  at  which  fix,  y)  =  l  has  the 


*  This  fonotion  was  g^yen  by  Thomae,  Sehlomileh^s  Zeitsehri/t,  Vol.  xxm.,  p.  67. 
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measure  zero;  and  therefore  f{,Xy  y)  has  the  same  Lebesgue  integral  as 
the  function  ^  (rr,  y),  which  is  defined  by  0  (x,  y)  =  2y  at  all  points.  For 
the  functional  values  at  a  set  of  points  of  zero  measure  are  irrelevant  in 

a  Lebesgue  integral.     The  repeated  integral  I  dy  \  f{x,  y)dx  also  exists  as 

Jo      Jo 

a  Lebesgue  repeated  integral,  and  is  equal  to  1 ;  this  may  easily  be  verified 
directly. 

(2)  For  the  same  rectangle  as  in  (1),  let  a  set*  K  of  points  be  defined 
as  follows : — The  numbers  Xy  y  are  expressed  in  the  dychd  scale,  and  only 
those  values  of  x  and  y  are  taken  which  are  expressed  by  terminating 
radix-fractions,  the  number  of  digits  being  the  same  for  x  as  for  y.  Let 
the  function /(rr,  y)  be  defined  as  equal  to  c*  at  every  point  of  K,  and  equal 
to  c  at  every  other  point. 

If  X*  denotes  a  terminating  radix-fraction,  there  are  only  a  finite 
number  of  points  of  K  on  the  straight  line  a;  =  a;' ;  similarly  there  are 
only  a  finite  number  of  points  of  K  on  the  straight  line  y  =  y\  where 
y*  denotes  a  terminating  radix-fraction.  It  thus  appears  that  both  re- 
peated integrals  exist,  in  accordance  with  Riemann's  definition,  and  that 
they  are  both  equal  to  c.  The  double  integral  does  not  exist  in  accord- 
ance with  the  ordinary  definition ;  for  it  can  be  shewn  that  the  set  £  is 
everywhere-dense,  and  therefore  the  function  /(a;,  y)  is  totally  discon- 
tinuous. Consider  the  straight  line  ^  =  x+a»  where  a  is  a  positive  or 
negative  radix-fraction  with  a  finite  number  of  digits  ;  we  see  that,  corre- 
sponding to  any  number  x  expressed  by  a  finite  number  of  digits  greater 
than  the  number  by  which  a  is  expressed,  there  is  a  point  (x,  y)  on  the 
straight  Une  belonging  to  K.  The  component  of  K  on  this  straight  line 
is  consequently  everywhere-dense ;  thus,  since  the  values  of  a  are 
everywhere-dense  in  the  interval  (—1,  1),  it  follows  that  the  points  of  K 
are  everywhere-dense  in  the  rectangle.  The  Lebesgue  double  integral 
exists,  and  =  c  ;  for,  as  in  (1),  the  points  at  which /(x,  y)  =  c'  form  a  set 
of  zero  measure,  and  therefore  the  integral  is  the  same  as  for  a  function 
which  has  everywhere  the  value  c. 


2.  Let/(a;,  y)  be  summable,  but  not  limited.     It  has  been  established 
by  Lebesgue  that  the  equalities 

\f{x,  y){dxdy)  =  \dxjf{x,  y)dy  =  \dy  f/(x,  y)dx 


*  See  Pringsheim,  MuHtek  SitsuMftitrichte,  Vol.  xxtx.,  p.  48. 
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still  hold  whenever  the  integrals  have  meanings  in  accordance  with  his 
definition. 

This  theorem  throws  light  upon  the  validity  of  the  process  of  integra- 
tion with  respect  to  a  parameter,  under  the  integral  sign,  the  Umits  of 
integration  in  both  cases  being  finite.  We  may  state  the  theorem  as 
follows : — 

Integration  vnth  respect  to  a  parameter,  under  the  integral  sign,  is 
always  a  valid  process,  provided  the  function  is  summable  and 
integrable  in  the  plane,  if  the  result  of  the  process  have  a  definite 
meaning. 

It  must,  however,  be  remembered  that,  even  if  \  e2^  I  f{x,  y)  dx  exist, 
in  accordance  with  Riemann's  definition,  or  one  of  its  extensions  to 
absolutely  convergent  integrals,  I  dx  I  f{x,y)dy  may  exist,  if  it  exist  at 

all,  only  when  Lebesgue's  definition  is  employed. 

The  only  case  in  which  the  repeated  integrals  of  an  unlimited  function 
can  both  exist,  but  have  unequal  values,  is  when  the  function  is  either  not 
summable  in  the  plane,  or  else  when  it  is  summable  but  does  not  possess 
a  Lebesgue  integral. 

In  order  to  find  sufficient  conditions  for  the  existence  and  equality  of 
the  repeated  integrals  of  an  unlimited  function  in  cases  when  the  corre- 
sponding double  integral  does  not  exist,  either  in  accordance  with  the 
definition  of  Jordan,  or  with  that  of  de  la  Vall6e-Poussin,  it  is  useful  to 
introduce  a  definition  of  a  double  integral  of  a  less  stringent  character 
than  that  of  Jordan.  This  definition  differs  from  that  of  Jordan,  as  given 
in  my  former  paper  (p.  187),  in  the  one  respect,  that  the  domains  D»  are 
restricted  each  to  consist  of  a  finite  set  of  rectangles,  the  sides  of  each  of 
which  are  parallel  to  those  of  the  fundamental  rectangle  in  which  the 
function  is  defined. 

A  double  integral  which  exists  in  accordance  with  this  modified  defini- 
tion, I  propose  to  speak  of  as  a  restricted  Jordan  double  integral.     Such 
a  double  integral  may  exist  for  a  function  which  does  not  possess  a  Jordan . 
double  integral. 

Assuming    that    the  integral    I   f{x,  y){dxdy)  exists,  as  a  restricted 

Jordan  double  integral,  let  /» {x,  y)  be  that  limited  function  which,  in  the 
domain  Dn,  consisting  of  a  finite  set  of  rectangles,  is  equal  to  f{x,  y),  and 
is  zero  in  the  complementary  domain  CCDJ  which  contains  all  the  points 
of  infinite  discontinuity  of /(£,  y). 
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We  have  then 

fix,  y)(dxdy)  =  lim  I    /»(«,  y){dxdy) 

J  A  ♦*=*  JA 

=  lim      dx\  fnix,  y)dy; 
and  therefore  we  have 

J   /(«,  yHdxdy)  =  \  dx\  fix,  y)dy, 
provided  lim  I   dx  \       fix,  y)  dy  =  0, 

*=«  Jo  Ja^(x) 

where  An(x)  denotes  that  finite  set  of  intervals  which  forms  the  section  of 
CiD^  by  the  ordinate  corresponding  to  the  abscissa  x.  From  this  result, 
the  following  theorem,  very  similar  to  one  given  by  Jordan,^  and  specifying 
a  particular  mode  of  satisfying  the  last  condition,  may  be  deduced  : — 

For  the  existence  and  equality  of  the  two  repeated  integrals 

Cb       rd  rd       cb 

dx     fix,  y)dy,  dy     fix,  y)dx, 

Ja         Je  Jc  Ja 

it  is  sufficient  : 

(1)  That  the  function  f  ix,  y)  possess  a  restricted  Jordan  double  integral 
in  the  fundamental  rectangle. 

(2)  That  the  points  of  infinite  discontinuity  of  fix,  y)  be  distributed  an 
a  limited  number  of  arcs  of  contintums  curves  representing  m<ynotone 
functions. 

(8)  That,  corresponding  to  any  positive  number  e,  positive  numbers 
hi,  ki  exist,  such  that 


J      fix,  y)dx    <€,  I      fix,  y)dy 


<€, 


for  \h\<  hi,  \k\<,ki,  and  for  every  value  of  x  and  y  in  the  fundamental 
rectangle. 

To  shew  that,  under  the  conditions  stated, 


lim     dx  fix,y)dy  =  0, 

'^-•Ja         Ja,(x) 


♦  Coura  d"*  Analyse ,  Vol.  n.,  p.  67. 
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it  is  clear  that  the  points  of  any  one  such  curve  can  be  enclosed  in  the 
interiors  of  a  finite  set  of  rectangles,  the  height  of  each  of  which  is  <  ki. 
Then  AAx)  consists  of  a  number  of  intervals  not  exceeding  the  number  r 
of  the  curves  on  which  the  points  of  infinite  discontinuity  lie. 


We  have  then 


f(x,  y)dy 


and  therefore 


IL. 

\\  dx\       fix,  y)  dy 

I  Jo  jA^Cor) 


is  less  than  the  arbitrarily  small  number  reQy—a),     Thus 


\   dx\  fix,  y)  dy 


exists,  and  is  equal  to  the  restricted  Jordan  integral.     Similarly  it  can  be 
shewn  that  the  other  repeated  integral  has  the  same  value. 

The  two  examples  given  in  my  former  paper  (pp.  156,  157)  will  serve 
as  illustrations  of  the  greater  completeness  given  to  the  theory  by  taking 
account  of  the  existence  of  Lebesgue  integrals. 


(1)  If  f  {x)  be  defined  for  the  rectangle  bounded  by  x  =  0,  a;  =  1,  y  =  0, 
y  =  1,  by  the  rule  that  f  (a;)  =  —  ,  for  rr  =  — ■^—  (n  >  0),  and  f  («)  =  0, 
for  all  other  values  of  a;,  then 


II 


—  sin  —  I  i{x){dxdy)  =  0. 

y       y 


r    fM  1  •   1 

The  repeated  integral    \  dy\     —  sin  — 

Jo    Jo  I  y       y 

other  repeated  integral   I  (2:i;  I  f  (a;) 

Jo       Jo 


i{x)dx  exists,  and  =  0.     The 


dy,  which  was  shewn  not 


1     .     1 
—  sm  — 

y       y 

to  exist  in  accordance  with  the  earlier  definitions,  exists  in  accordance 
with  Lebesgue's    definition,    and   is  also  equal  to  zero.     For,  although 


I 


nx) 


1  .   1 

—  sm  — 

y       y 


dy  diverges  for  an  everywhere-dense  set  of  values  of  rr, 


that  set  of  points  has  zero  measure.     Hence,  since  the  Lebesgue  integral  is 
independent  of  the  functional  values  at  a  set  of  points  of  zero  measure, 

dy  is  integrable  with  respect  to  x  in  the  interval  (0,  1), 


I  i(x)    — sm  — 

Jo        y      y 

and  has  the  value  zero. 
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(2)  If  f  (x,  y)  =  0  at  all  points  in  the  rectangle  bounded  by  x  =  0, 

Qfif  .4-1  1 

J5  =  l,  y  =  0,  y  =  l,  except  at  the  points  x  =  — ^^,  y  <  oT •    where 
it  has  the  improper  value  +  oo . 

The  repeated  integral  I  dx  I  f{x,  y)  dy,  which  was  shewn  not  to  exist 

Jo      Jo 

in  accordance  with  Hamack's  definition,  exists  in  accordance  with  that  of 
Lebesgue,  and  is  equal  to  zero,  the  value  of  the  double  integral. 


8.  The  question  of  the  validity  of  differentiation  under  the  integral 
sign  has  been  treated  by  reducing  the  question  to  one  of  the  validity  of 
reversing  the  order  of  a  repeated  integral.  Denoting  by  Df{x,  y)  the 
derivative  on  the  right,  of  f{x,  y)  with  respect  to  y,  we  have,  under 
certain  conditions, 

/(aJ,  yo+h)-'f{Xy  yo)  =  -D/(rr,  y)dy. 

Jfo 

It  may  happen  that  D/(x,  y),  although  limited  in  the  domain  bounded  by 
J5  =  a,  a;  =  6,  y  =  ^0,  y  =  yQ+h,  is  not  integrable  with  respect  to  y  in 
accordance  with  Biemann*s  definition.  Even  when  a  differential  coefficient 
everywhere  exists,  it  is  known  that  this  may  be  the  case.  But  the  integral 
certainly  exists ;  for  Df  (ar,  y)  is  summable  if  /(«,  y)  be  so.  It  is  here 
assumed  that  Df(Xy  y)  has  a  definite  value  for  each  value  of  x,  for  all 
values  of  y  in  (^q,  y^-^h)  with  the  possible  exception  of  a  set  of  values  of  y 
of  zero  measure. 

We  have  now,  if  Uy  denote  I  /(«,  y)dA/j 

^bi2±]^  =  ^[dx  C'^*  Dfix,  y)dy. 

^  n   Ja         Jyo 

In  accordance  with  Lebesgue's  theorem,  if  /{x^  y)  be  summable  as  a 
function  of  the  two  variables  {x,  y),  the  order  of  integration  in  the  repeated 
integral  may  be  reversed,  or 


iil^-Hito  =   1   p^*dy  r  Df{x,  y)dx. 


provided  the  repeated  integral  have  a  definite  meaning,  and  this  is  the 

cannot  exceed  b—a  multiplied  by  the  upper 


|£D/(a:,y)d: 


case,  smce       ur  [x,  y)  ax 


limit  of  I  DfiXf  y)  \  in  the  two-dimensional  domain. 


1907.]  Bbprated  integrals.  88ft 


We  have  now  I>Uy^=  1  Df{x,y^dx, 


provided  I  I)f(x,  y)  dx  be  continuous    with  respect  to  j^  at  y^  on  the 
right. 

We  have  then  the  following  theorem  : — 

If  Df(Xj  y)  be  limited  in  the  domain  bounded  by  ^  =  a,  «  =  6,  y^^y^^, 

y  =  yQ+a,  then,  provided  the  Lebesgue  integral    I  Df(x,y)dx    be  con- 
tintums  at  y^  on  the  right,  the  derivative  of  \  f{x,  y)  dx  at  y^on  the  right 

ib  Tyo+a 

Df(x,y^dx;  it  being  assumed  that  I        Df(x,y)dy  exists  at  least 
a  Jjfo 

0^  a  Lebesgue  integral. 

In  case  Df{x,  y)  be  unlimited  in  the  domain  bounded  by  a;  =  a,  ^  =  6^ 
y  =  Vo»  V  =  ^0+^*  ^^  ^^^^7  ^^^  hAVQ  a  Lebesgue  integral  with  respect  to 
y  in  {j/q,  ^0+^)*  ^^  ^^^^  ^^®  points  of  infinite  discontinuity  form,  for 
each  value  of  x,  a  reducible  set  in  the  interval  {y^,  ^o'i'^)'  ^^®  equation 

/(«,  y^+h) -fix,  y^  =  Dfix,  y)dy     {0  <  h  <  a) 

JVo 

is  still  valid.     If  Df{x,  y)  have  a  Lebesgue  double  integral  in  the  two* 

ryo+h         Cb 

dimensional  domain,  and  I       dy\  Df(x,y)dx  have  a  definite  meaning,^ 

as  a  repeated  Lebesgue  integral,  then  the  above  process  is  still  valid.     We 
therefore  obtain  the  following  theorem  : — 

If  the  points  of  infinite  discontinuity  off{x,  y),  considered  as  a  function 
of  y,  form  a  reducible  set,  for  each  value  of  x,  and  \       Df(x,  y)  dy  exist 

JVo 

as  a  Lebesgue  integral,  for  each  value  of  x ;  if,  furth-er,  Df(x,  y)  have  a 
Lebesgue  double  integral  in  the  two-dimennonal  domain,  and 

iyo+h         Cb 
dy\  Df{x,y)dx 

exist  a^  a  repeated  Lebesgue  integral;  and,  if,  lastly,    I   Df{x,y)dx  be 
continuous  o?i  the  right  at  y  ^  y^,  then  the  derivative  of  I  f{x,  y)  dx  at  y^ 

fb  Ja 

on  the  right  is  I   Df(x,  y^dx. 

Ja 
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Id  any  particular  case,  the  Lebesgue  integrals  may  exist  in  accordance 
with  the  earlier  definitions. 

As  an  example*  of  the  application  of  this  theorem,  we  may  take  the 

case  of  the  differentiation  of  |   {x—y)^dx  with  respect  to  y.    It  can  easily 

Jo 

be  shewn  that  (x—y)"^  possesses  a  double  integral  in  the  domain  bounded 
by  a;  =  0,  x  =  X,  y  =  0,  y  =  A,  and  that  the  other  conditions  of  the 
theorem  are  also  satisfied. 


*  This  example  has  been  given  by  Mr.  Hardy,  Meuenger  of  Math,,  Vol.  xzzm.,  p.  63,  as  a 
ease  not  oovered  by  the  ordinary  criteria. 
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ON  A  FORMULA  FOR  THE  SUM  OF  A  FINITE  NUMBER  OF 
TERMS  OF  THE  HYPERGEOMETRIC  SERIES  WHEN  THE 
FOURTH  ELEMENT  IS  EQUAL  TO  UNITY 

By  M.  J.  M.  Hill. 

[Reoeived  and  Read  February  Htfa,  1907.] 

1.  The  series  being 

.,a^   .    a(a+l)^(y3+l)    , 
^ly"^       2!y(y+l)       '^'"' 

let  ar  =  a(a+l)...  (a+r— 1). 

The  (r+D-th  term  is  ^.     Also 

riyr 

ar^T         _  Or^r    _  afi  («+ l)r-l  (/Q+ Dr-l 

rKy-l),      r\yr       (y-l)y    (r-1)!  (y+l),.i  ' 

Now,  let  G(a,  )8,  y,  8)  denote  the  sum  of  the  first  (s+l)  terms  of  the 
series.     Then 

Gia,  fi.  v-1.  s)-Gia,  A  V.  .)  =  I  (-^^-  ^) 

^  ajQ  %'   (g+Dr-l  0+l)r-l  . 

(y-DyA    (r-l)!(y +!),_,    ' 
and  therefore 

6{a,  IS,  y-1,  s)-G(a,  ^,  y,  S)  =  i-^r-  G{a+l,fi+l,  y+1,  s-1).    (I.) 

vy —  ^)  y 

2.  Consider  next  the  expression 

G(a,  fi,  y,  s)-y~''~^~^  (?(a+l,  ;9+l,  y+1,  S-1) 

y 

y        2 !  yj  s !  y, 

y  \   "^        (y+1)        "^      2!(y+l)3     ■^••• 

■  (a+l).-i08+l).-i\ 
■^   (s-l)!(y+l)._iy- 
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The  first  and  second  terms  of  the  first  series,  together  with  the  first  term 
of  the  second  series,  add  up  to 

[(a+l)C8+l)]/y. 

This  together  with  one  more  term  from  each  series  add  up  to 

[(a+l),C8+l)J/2!y,. 

This  suggests  that  the  sum  of  the  first  r  terms  of  the  first  series  and  the 
first  (r—  1)  terms  of  the  second  series  will  add  up  to 

(a+l),-i08+l),-i 
(r-1)!  y,_i        ■ 

Adding  in  one  more  term  of  each  series,  we  have 

(a-H)r-l08+l)r-l    ,    2l§r_  _  y-a-|Q-l    (a  +  l)r-i(/8+l)r-l 

(r- 1) !  y,-i  r !  yr  y  (r  - 1) !  (y  +  l),_i 

^(a+l)r(/8+l).^ 
r!  yr 

Hence  the  induction  holds  good,  and  therefore 
G{a,l3,y,8)—^ G(a+l,i8+l,y+l,s— 1)  — j^^ . 

ai.) 

8.  It  follows  from  (I.)  and  (II.)  that 
(y-a-l)(y-i8-l)G(a,  ^8,  y,  s)-(y-l)(y-a-i8-l)  G(a,  )8,  y-1,  s) 

=  ^i±i^\   an.) 

SI  y. 

Putting  aside  for  the  present  the  special  cases  y  =  1,  y  =  a+fi+1, 
it  follows  that 

G(a,i8,  y-l,s) 

_  (y— a-l)(y— jg— 1)^.     o  _,   „^ as-,ips-,i 

-(y-l)(y-a-i8-l)^^"'^'^'''      (y-a-^S-l).!  (y-1),^/ 
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Therefore 
G  (a,  ^,  y ,  s) 

y(y— a— /8)           "^    '                  (y—a—p)sly,. 
_  (y— a+l)(y— ^+1)  „       ^  ^  .  o  .x ««+iA-t-i 


(y-a-/8+l)s!(y+l).+i 


{y+l)(y-a-jS+l) 
G(a,Ay+2,s) 

_  (y— a+2)(y— ^+2)  ^,      /j       ,„     ,      a.+i^.+i 


(y+2)(y-a-j8+2) 


(y_a-;9+2)s!(y+2).+, 


•  •  ■  •  • 


••  •••  ... 


G(.a,fi,y+t,s) 


a»+ifi 


i+i 


(y-a-i8+Q5!(y+0,+i 

(IV.) 


From  (IV.)  it  follows  that 
G{a,  13,  y,  s) 

—  -^ 7 '—^ G{a,p,y+t+\,s)-'-. ^7^ /(a,  p,  y,  s,  t), 

yt+i(y— a— p)<+i  (y— a— p)s!y,+i 


where  /(a,)8,  y,s,  Q 


+ 


(y— a)a(y— ^a 


(y-a-)8+l)(y+5+l)       (y-a-)8+l)j  (y+S+Da 

I (y--a)<(y—^)< 


(V.) 


+  ... 


(VI.) 


(y-a-y8+l),(y+s+l)i* 
The  series /(a,  fi,  y,  5,  Q  contains  ^+1  terms,  and  is,  when  t  is  infinite,  of 

the  form  1  4.  «^  4.  a  (a+ 1)6(6+1)  , 

"^cd"*"  c(c+l)d(d+l)  ■*"•"* 

The  condition  for  the  convergency  of  this  series  is 

a+6— c— d+1  <0. 

Hence,  if  t    be    made    infinite    in   /(a,  )8,  y,  5,  Q,    the  condition    that 
/(«>  i8,  y,  5,  00 )  shall  be  finite  is 

(y-a)  +  (y-i8)-(y-a-y8+l)-(y+5+l)+l<0, 
t.e.,  -(s+lXO, 

which  is  always  satisfied,  since  5  is  a  positive  integer. 


.  2.    VOL.  5.    2ro.  965. 


z 


J 
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Hence  /(a,  y8,  y,  s,  oo )  is  always  finite.     If  s  tend  to  infinity,  it  tends 
to  the  limit  unity.     Thus 

Further,    when  t  tends  to  infinity  Gia,  fi,  y+t+1,  s)   tends  to  unity. 
Then  (V.)  becomes 

1..    y«+i{y— a— p)«+i         (y— a— pjsiy.+i'' 

Adopting  Gauss's  notation, 

Tj.       .  _  n\n'  _  w^r(n+l)r(g+l) 

(y-aWi (y-iQ).H.i  ^  n«+l,  y-l)n«+l.  y-g-^-l). 
yi+i(y-a-i8)m        n«H-l,  y-a-l)n(<+l,  y-)8-l)' 

therefore      L  (y-«Wi (y-^>-n  _  n(y-l)n(y-a-^-l) 
therefore     ^L_   y^^^(y_„_^)^^^  -  n(y-a-l)n(y-)8-l)' 

Also  °'+t^»+l   -  n(S+l,  y-1) ,      ,    1  )a+?-y 

Hence  (Y.)  gives  on  making  ^  infinite 

G  (a,  ^,  y,  s) 

_n(y-l)n(y-a-i8-l)       U{s+1,  y-DCs+D'^^-^/Ca.  jQ.  y.  s,  oo)  . 
n(y-a-l)n(y-jS-l)        n(sH-l,  a-1)  n(s+l,  i8-l)(y-a-j8)  ' 

or,  writing  the  symbols  at  length, 

.,   al3  .  a(a+l)i8(/8+l)   ■         .   a(a+l)  ■..(a+g-l)i8(/8+l)...(/Q+<-l) 
"^y"^      2!y(y+l)       "^"•"^  s!  y(y+l) ...  (y+S-1) 

^n(y-l)n(y-a-)8-l)       n(8+l,  y-l)(g+l)-^<'-V(a,j9,y,a,oo) 
n(y-a-l)  n(y-/8-l)       (y-a-jS)  n(s+l,  a-1)  n(s+l,  /8-1) 

where    f(a,fi,y,s,co)  (VII.) 


=  /,  I  (y-a)(y-/Q) 

V^(y-a-)8H-l)(y+«+l) 


I  (y-a)(y-a+l)(y-^(y-^+l)  .  \ 

^(y-«-)8+l)(y-a-)8+2)(y+s+l)(y+s+2)^-     "       J' 

4.  From  this  may  be  inferred,  if  the  real  part  of  y—a—^  be  positive, 
that  the  series  is  convergent,  and  that  it  converges  to  the  limit 

n(y— l)n(y— g— /3-1) 
ll(y-a-l)n(y-|9-l)' 

which  is  Gauss's  formula. 
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In  this  case  also,  if  5  be  finite,  the  second  term  gives  an  approximate 
value  for  th^  error  made  by  leaving  out  the  rest  of  the  terms  of  the  series. 

If,  however,  the  real  part  of  y— a— )8  be  negative,  then  the  series  is 
asymptotic  with  Uiy-l){s+ir^f'-y 

(a+)8-y)n(a-l)n08-l) 

when  s  is  large,  and  of  course  (s+1)  can  be  replaced  by  s  in  this  ex- 
pression. 

The  formula  fails  when  y—a—fi  is  zero  or  a  negative  integer.  It 
fails  also  if  y  is  a  negative  integer,  but  in  the  latter  case  all  the  terms  in 
the  series  are  infinite  from  a  certain  term  onwards.  In  a  subsequent 
communication  I  hope  to  discuss  these  cases  of  failure. 

5.  The  following  special  cases  may  be  noticed  by  way  of  verification, 
(a)  If  y  =  a+i8+l>  it  follows  from  equation  (II.)  or  (III.)  that 

Similar,  but  less  convenient,  formulae  can  be  deduced  from  (III.)  for  the 
case  y  =  a+y8+a  positive  integer. 

(6)  If  a  be  a  negative  integer  (— r),  then  the  series  contains  a  finite 
number  of  terms.     Taking  now  s  ^  r,  it  follows  that  a,+i  =  0, 

"n(v-l)^^  "  (y_a-l)(y-«-2)  ...  (y), 
"^(^I'^-T/-  =  (y-«-^-l)(y-a-^-2)  ...  (y-^  ; 

and  therefore  the  sum  of  the  series  is 

(y-a,^^l)(y-a^^^2)  ...  (y~/3) 
(y-a-l)(y-a-2)...(y) 

where  a  is  a  negative  integer. 

(c)  If  y— a  be  zero  or  a  negative  integer  (— r),  where  r  is  a  positive 
ta<«8e'.  n(y-.-l)  =  -,         (v-a),.,  =  0, 

and  80  the  series  /(a,  $,  y,  s,  ao)  contains  only  (r+1)  terms. 
If  y  =  a,  the  result  is 

,  ,   jQ   ,  ^(/Q+1)  .       .  i8(/8+l)..-(/3+s-l)  _  i8 03+1)... 08+ g) 
"^  1  "^       2!      "^■••"^  s!  ~  s! 

which  is,  of  course,  well  known. 

z  2 
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[I  am  indebted  to  the  referee  for  the  following  remark. 
Taking  the  case  in  which  the  real  part  of  y— a— )8  is  positive,  the 
equation  (VII.)  may,  by  substituting  in  (VII.)  for 

n(y~l)n(y  -i«^_^l) 

n(y-a-l)n(y-)8-l) 

the  series  1  +  ^r^  +  ^i^  +  •  •  •» 

1!  y       2!y2 

transferring  this  series  to  the  other  side  of  the  equation,  and  then  dividing 
out  by  the  factor 

n(s+l,  a-l)n(5+l,  iS-D' 
be  transformed  into  the  following:  — 

1     /    .  a+s+1  /3+s+l  ,  (a+s+l)^{/3+s+l)^  .      \ 

(VIII.) 

Equation  (VIII.)  has  been  proved  on  the  hypothesis  that  s+l  was  a 
positive  integer.  In  the  particular  case,  however,  when  )8  =  y,  the 
equation  becomes 

a       5+1  \  5+2  (5+2)a  / 

and  the  condition  that  the  real  part  of  y— a— /3>0  becomes  that  the 
real  part  of  a  is  negative. 

Now  h  —r—  =  ^^I^^^  , 

a        s  +  1        a(s+l) 

a  "^S+1  \   "^     s+2    /         a(s+l)3  " 
This  suggests  that 

1  1     A   I   a+s+1    I         ■   (a+s+l).-i\  _(a+S+l)„ 

a  "^s+l\  "^     5+2     "^•••■^-   (s+2),_,    )  ~  a(s+l)„    ' 

which  can  be  immediately  verified  by  induction.     But 

(a+sH-l)„_   1      U(n,s) 


a  («+!)„  a   n(H,  a+s) 


n°. 
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Hence  the  left-hand  side  of  equation  (IX.)  is 

J     1       Il{n,s)      . 
n=oo    a    II(w,  a+5) 

and  this  vanishes,  since  the  real  part  of  a  is  negative. 

Hence  equation  (IX.)  is  true  independently  of  the  integral  character  of 
(5+1),  and  the  referee  suggests  that  equation  (YIII.)  may  also  be  true 
independently  of  the  integral  character  of  («+l). 

I  hope  to  be  able  to  include  a  discussion  of  this  point  in  the  com- 
munication promised  above  in  regard  to  the  cases  of  failure  of  equa- 
tion (Sll.).— March  ISth,  1907.] 
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THE   SINGULAR  POINTS  OF   CERTAIN   CLASSES   OF 
FUNCTIONS   OF   SEVERAL   VARIABLES 

By  G.  H.  Hardy. 

[Reoeived  and  Read  January  10th,  1907. — ReviBed  April,  1907.] 

1.  A  great  deal  has  been  written  about  the  singular  points  of  particular 
classes  of  functions  defined  by  Taylor's  series  in  a  single  variable.  Of  the 
very  numerous  interesting  results  which  have  been  obtained  a  large 
proportion  have  come  from  a  development  of  an  idea  originally  suggested 
by  Hadamard.  Hadamard  first  pointed  out  how,  if  we  know  the  singular 
points  of  the  function     y^^^  ^  a,-\-a,x-\-a,^-\-..., 

we  can  discuss  those  of  the  function 


f{x)  =  £  0(0 


V{tx)dt 


His  original  enunciation  of  the  results  thus  obtained  perhaps  lacked 
something  in  precision,  but  all  that  was  lacking  has  been  amply  supplied 
by  later  writers,  and  notably  by  Le  Roy.*  The  result  of  the  work  in 
this  and  other  directions  of  Hadamard  and  other  writers  has  been  that 
the  theory  of  the  singular  points  of  Taylor's  series  in  one  variable  may  be 
said  to  be  tolerably  complete.  Such  general  results  as  are  likely  to  be 
proved  by  the  methods  at  present  at  our  disposal  have  been  proved :  and 
(what  is  almost  equally  important)  large  classes  of  particular  functions 
have  been  discussed  in  detail ;  so  that  we  are  well  supplied  with  interesting 
examples  of  all  the  theoretical  possibilities,  and  can  hope  actually  to 
determine,  without  serious  difficulty,  the  nature  of  any  special  function 
which  presents  special  points  of  interest. 

The  corresponding  theory  for  functions  of  several  variables  is  in 
a  very  different  state.  There  are,  of  course,  a  number  of  general  results 
which  have  been  proved  for  functions  of  one  variable  and  which  can 
obviously  be  extended  to  those  of  several  variables,  and  writers  on  the 
simpler  theory  have  generally  been  content  to  point  these  out.  Of  tangible 
results  which  help  us  in  the  actual  discussion  of  particular  functions 
there  are  practically  none. 


*  Some  discussion  of  these  results  and  some  indications  of  further  extensions  will  be  found  in 
two  previous  papers  in  these  Proceedings  (Ser.  2,  Vol.  3,  p.  381,  and  Vol.  6,  p.  197). 
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Nothing  is  easier,  on  the  other,  hand,  than  to  write  down  any  number 
of  interesting  special  series  which  seem  to  invite  discussion.     Such  series 

y  m!  »^!  ^y^  y  m!  »^!      r(a+Mft)+yft>0 

at  once  suggest  themselves,  with  more  general  classes  of  functions  of 
similar  types. 

2.  The  methods  which  I  have  employed  in  my  former  papers  lend 
themselves  naturally  enough  to  the  discussion  of  a  large  variety  of 
classes  of  series  in  any  number  of  variables  of  which  those  written  above 
are,  as  particular  examples,  fairly  typical.  This  I  have  indicated  briefly 
in  one  of  the  papers  referred  to.^ 

I  shall  now  consider  the  question  in  greater  detail,  beginning  with 
some  generalities. 

8.  Let  us  suppose  that       V{x^y  ^3,  ...,  x^ 
is  any  function  of  2^1,  ...,  Xn  that  can  be  expanded  in  a  Taylor's  series 

convergent  for  |  Xj  |  <  ri,  ...,  |  a^n  |  <  rn. 

The  associated  radii  Vi,  r^,  .**,rn  are  in  general  connected  by  a  single 
functional  relation,  which  may  be  obtained  (theoretically,  at  any  rate)  by 
a  method  devised  by  Lemaire.f 

Now  suppose  that  a>i,  w^,  ...,  a)^  are  quantities  whose  real  parts  are 
positive,  and  that 

^Mli  Mji  ....  M» 

is  an  analytic  function  of  certain  parameters  a,  )8,  y,  capable,  when  the 
real  parts  of  y  and  a+)8— 1  are  positive,  of  being  expressed  in  the  form 

a^, ^,  =  £  (log  ^^'^  {l-u)f'''uy''^''4>{u)du 


*  Froe.  London  Math,  Soe.,  Ser.  2,  Vol.  3,  pp.  387-9.  I  shall  refer  to  this  paper  as  I, 
and  to  the  second  paper  as  II. 

t  For  a  detailed  discussion  of  the  nature  of  the  region  of  oonvergunce  of  the  power  series, 
I  may  refer  to  two  memoirs  by  F.  Hartogs  {Inaugural  DiMertatiou,  published  by  Teubner,  1904, 
and  Math,  Annalen^  Bd.  Lxn.). 
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where  f2  =  /iift)i+...+/x»tt)n> 

/log  J-V''   =   e(«-l)loKlogl^ 

and  u**'-"  =  6^''-'^«8«, 

the  logarithms  being  real.     Let  us,  as  in  I  (§  1),  consider  the  integral 

Gog  uY-Hu-D^'^uy-'-'^  if>iu)du 
where  now    (w-l)^-^  =  e^-i)iog(u-i)^     aogw)*-^  =  ^—^)^^^^^^ 

the  logarithms  being  real  when  u  is  real  and  greater  than  1  and  rendered 
uniform  by  a  cut  from  1  to  —  oo  along  the  real  axis,  and  where  (7  is  a 
loop  fromO  enclosing  the  line  (0,  1).     Then,  for  sufficiently  small  values  of 

^l9    ^i*    •••>    ^^9 

(1)       F{Xi,  X2,   . . . ,  Xn) 

at  sm  (a+p)7rjc 

provided  R{y)  >  0,  and  a+^  is  not  integral,*  and  C  does  not  include 
any  singular  points  of  it>(u)  or  of 

The  condition  concerning  0(u)  can  certainly  be  satisfied  if,  as  we  shall 
assume,  0(u)  is  regular  in  a  domain  which  includes  the  line  (0,  1)  in  its 
interior.  The  last  condition  is  certainly  satisfied  for  sufficiently  small 
values  of  x^,  ...,  Xn.  In  these  circumstances  the  equation  (1)  provides 
a  representation  of  F{x,  ...,  ^n)  certainly  valid  for  sufficiently  small  values 
of  the  variables. 

4.  This  representation  of  F{xij  ...,Xn)  is,  of  course,  often  valid  for 
a  range  of  values  of  the  variables  far  wider  than  that  for  which  the  power 
series  converges.  In  order  to  discuss  for  what  range  of  values  the 
equation  (1)  holds,  I  shall  begin  by  considering  the  simplest  case,  that 

V{Xi,  ajj,  ...,  Xn)  =   1/(1— Xi)(l— iCj)  ...  (1— xO, 

(2)  Fix    X         X)-  1  f      aof^ur-Hu^ir-'ny-' 4>(u)du 

(Z)  J^(x,,x,,  ...,a:j  -  2isin(a+y8).r  ]c  a^x,u-^){l^x,u^)  ...(l-x^u^)' 

*  If  a  +  iS  Ia  an  integer  A*,  the  formula  may  be  replaced  by 
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The  loop  C  may  be  taken  so  as  to  enclose  the  line  (0,  1)  as  closely  as 
we  please.     We  must  therefore  consider  first  for  what   values  of  the 
variables  (x)  the  part  of  the  subject  of  integration  which  depends  on  (x) 
will  have  a  singular  point  on  the  line  (0,  1). 
Let  us  suppose  therefore 

Xiur'  =  1  (0<i^i<l) 

or  1/ari  =  e"i^^~». 

As  ill  varies  from  0  to  1  the  value  of  Xi  given  by  this  equation  varies 
from  00  to  1.  Its  path  is  a  certain  equiangular  spiral  Si  which,  in  the 
particular  case  in  which  co^  is  real,  reduces  to  the  straight  line  (1,  +Qo). 
Similarly,  we  obtain  spirals  /S^,  ...,  Sn  in  the  planes  of  x^,  ...,  Xn.  By 
drawing  barriers  along  these  spirals  we  define  a  certain  domain  T  for 
the  variables  {x). 

Let  T[  be  any  finite  domain  in  the  plane  of  a;,,  all  of  whose  points 
lie  at  a  distance  from  Si  greater  than  some  arbitrarily  small  fixed  positive 
quantity  Si.  Similarly  we  define  TJ,  ...,  Ti.  Let  T  be  the  domain 
formed  by  the  composition  of  Ti,  T2,  ...,  Tn> 

Then   F(a;i,  a^g,  ...,  xO    is  regular  in   T.      For  let  x\,  x\,  ,.,,  x\   be 

a   system  of  values   inside  the  domain  of   convergence  of   the  original 

power  series  ;    and  x'u  x^^  ...,  x^,  any  other  system  inside  T ,     We  can 

suppose  that  («)  vary  from  (x^  to  (x')  along  a  "  path  "  which  lies  inside 

T.     If  we  suppose  the  loop  G  taken   initially   so   closely  surrounding 

(0,  1)  that  no  root  of 

x^u^"  =1     (1/  =  1,  2,  ...,  n) 

falls  inside  or  on  G  for  any  set  of  values  of  (x)  in  T\  it  is  plain  that 
the  integral  (2)  gives  the  analytical  continuation  of  F(a;i,  Xg,  ...,a:n)  over 
a  region  which  includes  the  path  from  (x^  to  (x'),  and  so  over  the  whole 
region  T. 

We  may  say  shortly  that  F{xi,  ...,  Xn)  is  regular  within  T. 

It  is  equally  easy  to  define  different,  though  similar,  domains  within 
which  F(xi,  ...,  ^n)  is  regular.  We  have  only  to  take  as  fundamental 
a  form  of  G  enclosing,  not  the  line  (0,  1),  but  some  other  path  (such  as 
an  arc  of  a  circle)  from  0  to  1  in  the  f6-plane.  We  then  obtain  a  modified 
domain  T  within  which  F{xi^  ...,a:n)  is  regular,  bounded  by  a  cut  from 
1  to  00  in  the  plane  of  every  x  along  a  certain  curve.  To  give  a  simple 
example,  let  us  suppose  every  w  =  1.  Then  it  is  easy  to  see  that,  if  we 
take  G  to  always  include  a  fixed  arc  of  a  circle  from  0  to  1,  the  cut  in 
every  x-plane  must  be  along  a  straight  line  from  1  to  oo ,  these  lines 
making  in  each  'plane  the  same  angle  with  the  real  axis. 


J 
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For  example,  the  function 

(x-yr'log{il-x)la-^y)}, 

which,  as  we  shall  see,  falls  under  the  class  of  functions  here  considered, 
is  regular  in  any  domain  T  formed  by  cutting  the  planes  of  x  and  y 
along  straight  lines  from  1  to  oo  making  the  same  angle  with  the  real 
axis. 

The  last  condition  is  essential  ;  otherwise  we  could  find  a  pair  of 
values  05,  y  lying  inside  T,  and  for  which 

x^y,         log  l(l-a:)/(l~y)!-  =  ±  2«, 

and  the  function  would  no  longer  be  regular  inside  T. 

Let  us  return  to  the  function  F(xi,  ...,a:n).  It  will  in  general  be 
many-valued,  and  the  system  of  branches  of  F  will  be  far  more  complex 
than  that  of  the  branches  of  a  many-valued  function  of  a  single  variable. 
The  branch  which  is  regular  in  T,  i.e.,  the  branch  represented  near 
(0,  0,  ...,  0)  by  the  original  power  series,  we  call  the  principal  branch 
and  denote  by  F. 

We  can  now  form  some  general  conclusions  with  regard  to  the 
singularities  of  F,  or  rather  the  possible  singularities,  since  our  method 
does  not  at  present  enable  us  actually  to  assert  that  any  system  of  values 
does,  in  point  of  fact,  correspond  to  a  singularity. 

(1)  We  can  in  no  case  form  a  domain  within  which  F  is  regular  and 
which  includes  any  system  of  values  for  which  any  ic„  =  1  or  oo .     Hence 

•Ti,    iCg,    •••»    Xy  —    1,    ...,    Xny 
•^1>    •^2>    •••>    ^v   ^"  ^>    •••»    '^n 

correspond  to  possible  singularities  of  the  principal  branch  of  F.  In 
other  words,  possible  singularities  are  given  by  a;^  =  1,  oo  far  any  values 
of  tlie  other  variables. 

(2)  No  value  of  x^  other  than  1,  oo  can  give  a  singularity  of  F  for  all 
possible  values  of  the  other  variables.  For,  if  we  take  any  set  of  values 
of  {x)  of  which  none  is  1  or  oo ,  we  can  define  a  domain  which  includes 
the  domain  of  convergence  of  the  original  power  series,  and  this  point, 
and  throughout  which  our  contour  integral  gives  the  analytical  continu^ 
ation  of  F. 

(8)  Let  us  consider  the  domain  T  bounded  by  a  definite  set  of  barriers 
Sp.  It  is  possible  that  when  x^,  tends  to  a  certain  value  $y  on  the  barrier 
Sv  (other  than  1,  oo)  JP  may  tend  to  a  singularity  when  the  other  variables 
have  or  tend  to  some  particular  values  or  system  of  values  in  some 
particular  way.     This  is  the  case,  for  example,  with  the  function 

(a:-y)-Mogi(l-;r)/(l-y)} 
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when  X  and  y  tend  simultaneously  and  from  opposite  sides  to  equal  values 
on  the  barriers  in  their  respective  planes. 

Let  us  suppose,  e.g.,  that  Xi  tends  to  a  value  ^i  upon  Si.  There  is 
one,  and  only  one,  value  t^  (0  <  u^  <  1)  such  that 

l-iiu?  =  0, 

and  it  is  obvious  that  as  Xi  approaches  ii  our  representation  of  F  ceases 
to  be  valid. 

When  Xi  is  nearly,  but  not  quite,  equal  to  ^i  the  subject  of  integration 
has  a  singularity  Mj  (see  the  figure,  Fig.  a)  lying  a  little  off  (0,  1). 
We  can  deform  C  slightly  (Fig.  be)  so  as  to  leave  Wj,  t^  on  one 
side  of  it.  And  the  modified  integral  gives  us  the  continuation  of  F 
over  a  region  slightly  passing  the  limits  of  T,  in  that  its  constituent 
part  Ti  contains  a  small  region  which  includes  ^i. 


(«) 


•II. 


M 


W 


Fio.  1. 


It  follows  that,  if  Xi  tends  to  ^i,  the  other  variables  remaining  oflf 
the  barriers  in  their  planes,  F  does  not  tend  to  a  singularity.  The  same 
conclusion  generally  holds  even  if  some  or  all  of  the  other  variables  tend 
at  the  same  time  to  points  on  their  barriers,  as  appears  from  a  reference 
to  Pig.  1,  (d),  where  is  shown  the  modification  necessary  in  C  to  meet 
the  case  in  which  two  variables  a^i,  X2  tend  to  values  ^1,  ^2  such  that 

But  there  is  an  exception  :  //"  Uj  =  u^,  the  suggested  viodifi^atioii  is 
impossible ;  in  other  words,  if  ajj,  X2  vary  in  such  a  way  that  the  contour 
C  is  flipped  between  two  singularities  of  the  subject  of  integration.  In 
fact,  the  existence  of  singularities  of  F  is  indicated  either  (1)  by  the 
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approach  of  a  singularity  of  the  subject  of  integration  to  an  end  of  the 
contour  or  (2)  by  the  nipping  of  the  contour  as  described  above.* 

5.  We  are  thus  led  to  discriminate  two  kinds  of  singularities  of  F 
from  among  those  which  appear  as  singularities  of  F^  viz.y  the  singularities 

X„   =    1,     00 

which  we  shall  describe  as  primary ^  and  the  singularities  given  by 

l-LnT  =  0,         1-^.C  =  0 

where  jjl^  v  are  any  two  of  1,  2,  ...,  n.  These  we  shall  describe  as 
secondary.  The  distinction  between  these  two  classes  is  not  precisely 
the  same  as  that  which  I  made  in  my  earlier  paper  (I)  between  principal 
and  subsidiary  singularities  in  the  case  of  functions  of  a  single  variable, 
since  the  secondary  singularities  here  considered  do,  in  fact,  appear  as 
singular  when  the  variables  {x)  move  in  a  prescribed  manner  towards 
special  places  on  the  boundary  of  T.  Still,  qua  singularities  of  F^  they 
depend  on  the  region  adopted  as  fundamental  in  the  definition  of  F^  and, 
from  the  point  of  view  of  the  Taylor's  series,  there  is  a  genuine  distinction 
to  be  drawn  between  them  and  the  primary  singularities. 

When  we  come  to  consider  the  function  f"  as  a  whole  these  secondary 
singularities  (as  might  be  expected)  also  appear  as  a  connected  whole, 
viz.,  as  the  systems  of  values  given  by 

C  =  ^'     (^,  „  =  1,  2,  ...,  n). 

Besides  these  two  classes  of  singularities  there  remains  the  possibility 
of  a  third,  viz.,  a  class  of  singularities  of  other  branches  of  F  which  do 
not  appear  at  all  as  singularities  of  F,  Thus  we  shall  find  that  often 
a;^  =  0  defines  a  singularity  of  all  branches  of  jP  other  than  the  principal 
branch,  just  as  x  =  0  is  a  singularity  of  all  branches  of 

F       2*"*"3*"*"*" 

other  than  the  principal  branch.  Such  singularities  may  more  appro- 
priately be  called  subsidiary. 

6.  The  preceding  arguments  are  merely  an  adaptation  of  those  used 
by  Hadamard  and  Le  Boy  for  functions  of  a  single  variable.  They 
use  line  instead  of  loop  integrals ;   but,  so  far  as  these   generalities  are 


*  For  the  analogue  of  (1)  for  functions  of  one  variable,  see  I  and  II',  pa—im.  For  that  of 
(2),  see  II,  ^6.  The  phenomenon  of  nipping  occurs  also  in  Hadamard's  proof  of  the  "  multi- 
plication theorem  **  for  singularities  or  ordinary  Taylor's  series. 
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concerned,  one  form  of  integral  has  little  advantage  over,  the  other.*  It  is 
in  the  further  development  of  the  theory,  especially  in  the  obtaining 
of  more  precise  information  as  to  the  nature  of  the  singularities,  that  the 
great  advantage  of  the  loop  integral  declares  itself. 

7.  The  arguments  which  we  have  used  for  a  special  form  of 
V{xif.,.fXn)  may  obviously  be  extended,  mutatis  mutandis^  to  the 
general  case.  But,  in  general,  the  statement  is  somewhat  less  simple. 
Let  us  therefore  consider  the  case  perhaps  next  in  simplicity. 

^  _  Ml+M2+-'+Mn!.| 

^1  •   )»mQ  •    •  •  •    f*»it  * 

SO  that  F(xi,  arj,  ...,  a;„)  =  1/(1— a;i— ara— ...— ajj 

and    F(x,.  ., xO  =  ,.   .    }  ^^     \  (log«)-'(u-ir'«>-^y  d.. 

2i  sin(a+p)7r  Jc  1— aJiW"*— ...— a^nt*  • 

Then  the  argument  used  above  shows  how  we  may  define  a  branch  of 
F{xiy  ...,  Xn)  regular  within  any  domain  which  excludes  all  sets  of  values 
of  (X)  for  which  l-Xi«--...-x«i*-  =  0 

for  a  real  u  <1.  We  cannot,  however,  draw  fixed  cuts  in  the  planes 
of  (x)  in  such  a  way  as  to  secure  this.  Hence  there  is  a  difficulty  in 
giving  a  precise  definition  of  a  branch  of  jP  analogous  to  F  above. 

Let  x^,  a;J,  . . . ,  a;J  be  any  system  of  values  of  the  variables  such  that 

(1)  |l-a:Jw-»-...-x>"»|  >  <5  >  0 

for  0  <  t*  <  1.     And  let  x^  =  xlX'^*' 

where  0  ^  X  ^  1  and  X***,  like  w*^,  has  its  principal  value.     As  X  varies 
from  0  to  1  each  x^  varies  from  0  to  xl  along  a  certain  path  Cy.     The 
&gg^eg£Lte  of  corresponding   points  of  every  C^  we  shall  call  the  path 
C  of  the  variables  (x)  from  (0)  to  (x^ . 
For  all  points  of  the  path  C 

|l-a;it^-^-...-Xnt^""|  =  |l-a:J(Xwr-...-xJ(Xwr"|>rf. 

Let  Pi,  ...,  Pn  be  a  set  of  corresponding  points  on  the  paths  C„. 
Bound  each  P^  describe  a  small  circle  of  radius  e.  The  domain  of  the 
x'b  formed  by  all  systems  of  values  of  which  each  corresponds  to  a  point 


*  Using  the  loop  enables  us  to  avoid  the  annoying  and  irrelevant  condition  i?  (a  +  iS)  >  1 . 
When  a  «  1  the  restriction  on  y  could  be  removed  by  the  use  of  a  double-circuit  integral. 
t  The  region  of  convergence  of  the  original  power  series  is  in  this  case  defined  by 

jr,|  *■  \r^\  +  ...  +  ia?„[  <  1. 
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within  a  circle  C^  we  denote  by  C,(X).  As  X  varies  from  0  to  1,  C,(X) 
varies  from  a  small  region  enclosing  the  origin  to  a  small  region  enclosing 
(«J,  ...,  x^^.     At  any  point  in  C,(X) 

where  \iv\  <  ^j  and  so 

Choose  e  so  that  ne  <  \S. 

Then,  for  every  point  in  C,(X), 


for  0  ^  w  <  1. 

It  follows  that,  as  X  varies  from  0  to  1,  C((X)  defines  a  series  of 
domains  through  each  of  which  in  succession  we  may  analytically  con- 
tinue F  until  we  have  passed  from  the  neighbourhood  of  the  origin  to 
the  neighbourhood  of  x\,  x\,  ...,  x^^.  Hence  this  system  of  values  does 
not  correspond  to  a  primary  singularity  of  F. 

We  have  thus  excluded  from  the  possible  primary  singularities  of  F 
all  systems  of  values  which  satisfy  the  condition  (1). 

8.  Now  let  us  give  Xi,  x^,  ...,  Xn-i  fixed  values  xj,  x^,  ...,  xl_-^.  The 
values  of  Xn  for  which 

for  some  value  of  u  between  0  and  1  form  a  continuous  curve  stretching 
from  1— a:^  — ...— xj_i  to  infinity.     The  values  of  Xn  for  which 

\l-xlll'^'-.,,''Xy^U''-'-XnU*\  <  S 

form  a  continuous  domain,  which  includes  this  curve.  By  choosing 
S  sufliciently  small,  we  can  exclude  from  this  domain  any  point  in  the 
finite  part  of  the  a^n-plane  which  does  not  actually  lie  upon  the  curve. 

Hence  the  possible  primary  singularities  of  F  can  only  be  sought 
among  the  systems  given  by 

X^f  X^f   ...,  XJ^_l,  X,i    ^=    (1       X^U  ...       X^_itl         )/U     , 

for  0  <  t^  <  1. 

But,  as  before,  we  are  at  liberty  to  vary  our  fundamental  t^-path  from 
0  to  1.  And  the  only  systems  which  arise,  however  we  choose  this  path, 
are  evidently 

v^    7'^  J         1— T^  — T® r^      •      T^   T^  T^         cn 

•*'1>  •*'2,    ..•>  iiCn-l*    •■'       •*'i       •*'2        •••        •*'n-l  >       '*'i>  •*'2«   ••*»  •*'«-l»     ^^  * 


-•*• 
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Hence  the  primary  singularities  of  F{xi,  x^y ...,  x^  are  given  by 

or  Xy  =  CD. 

As  in  the  previous  case,  these  are  the  values  for  which  a  pole  of 

1/1— aJlli"*  — ... — XnU 

approaches  an  end  of  C. 

Secondary  or  subsidiary  singularities  will  clearly  be  given  by  those 
values  of  (x)  for  which  two  roots  of  1— a^iW***— ...— XnW***  =  0  become 
equal.  In  particular,  when  coi,  cdq,  ...  are  real  and  rational  (in  which  case 
we  may,  without  loss  of  generality,  suppose  them  integral),  they  will 
be  given  by  the  discriminant  of  this  equation. 

9.  The  arguments  of  the  preceding  sections  may  evidently  be  applied 
whatever  be  the  function  V{xi,  x^,  ...,  ajj.  The  cases  of  most  interest 
to  us  at  present  are  those  in  which  F  is  a  rational  function  PjQ  regular 
at  the  origin.  The  primary  singularities  of  the  associated  functions 
F  are  in  this  case  given  by 

If  F  is  a  many -valued  function  such  as 

iKl-x.f^d-'X^'^ ...  (l-arn)^         l/(l-a;l-iCa-...-a:n)^ 

some  additional  complications  are  introduced,  but  the  general  principle 
of  the  method  is  none  the  less  applicable. 

10.  We  are  thus  able  to  define,  by  means  of  a  contour  integral, 
a  family  of  functions  associated  with  each  given  function  F.  Each  of 
these  functions  is  generally  many-valued,  but  possesses  a  branch  whose 
properties  bear  a  considerable  resemblance  to  those  of  F. 

The  other  branches  of  F  will,  however  (as  can  be  seen  clearly  enough 
from  the  case  of  one  variable),  have  properties  differing  widely  from  those 
of  F.  In  order  to  obtain  a  more  accurate  idea  of  the  nature  of  these 
branches,  as  well  as  to  obtain  more  precise  information  as  to  the  nature 
of  the  primary  singularities  of  F,  further  analysis  is  necessary.  It  is 
natural  to  attempt  to  use  the  method  which  I  adopted  in  my  first  paper. 
That  method  (in  its  simplest  form)  was  based  on  a  change  from  the 
contour  C  to  another  contour  C",  between  which  and  C  lay  a  pole  of  the 
subject  of  integration.  It  is  therefore  best  adapted  to  the  case  in  which 
F  is  rational,  and  I  shall,  for  the  present,  confine  myself  to  that  case. 
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10.  Let,  then,  V  =  P/Q  be  rational.     And  let 

1*       2'     ***•       ** 

be  a  set  of  values  of  the  variables  for  which  Q(xi,  x^,  ...,  Xn)  =  0,  and  let 

Xy  ^   *^yi^y 

where  i^  is  small. 

By  carrying  out  the  process  of  continuation  described  in  §  7,  we  arrive 
at  an  equation 

-T  (X'lf  ajj,  . . . ,  ajn) 

2t  Qin{a-tP) IT  J c  ^        Q{XiU*'^f  ...) 

In  general,  there  will  be  just  one  pole  of  P/Q  (considered  as  a  function 
of  u)  which  tends  to  u=^  1  as  ^i,  ...,  ^„  te7id  to  zero. 
For,  let  w  =  1  +  ^  and  consider  the  equation 

Q{{xi+i.)(i+tr\  =  0. 

In  general,  this  can  be  expanded  in  the  form 

0  =  aifi+aaf2+ . . .+anin+\t  +  higher  powers  of  f^,  t     (\=^0); 

and   it   follows   from   the    general   implicit   function   theorem  that   this 
equation  has  just  one  solution  of  the  type 

^  =  biii+ "-  +  Kin  +  higher  powers  of  i^. 

But,  of  course,  in  special  cases  there  may  be  several  solutions  of  different 
forms.     If,  e.g.,  ^  ^  ^^  _^^^  ^^  _^^      ^j  _^^^^ 

each  of  the  equations  1 — x^u"'  =  0 

or  l-a+i,)(l+mj+...)  =  0 

has  one  root  which  vanishes  with  the  ^s. 
Considering  the  general  case,  let 

tt  —  tiC  \X-^f  •••9  Xf^) 

be  the  pole  in  question.     Then 


jc      jc 


+  2TriB 


where  B  is  the  residue  for  u  =  vP.  The  second  integral  (cf .  I,  §  1)  is 
regular  near  ajj,  ...,  xj.  We  can  thus  isolate  the  irregular  part  of  F. 
In  order  to  throw  light  on  the  results  thus  obtained  (as  well  as  for  the 
sake  of  the  interest  of  the  actual  results),  I  shall  consider  some  particular 
cases  in  detail. 
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11.  The  simplest  case  is  that  in  which 

V(xi,  ....  Xn)  =  1/(1— a;i)(l— aJa)  ...  (1— arj. 

In  this  case  there  are  n  poles  between  C  and  C,  viz., 

u  =  x~^^^     (v  =  1,  2,  ...,  n). 
The  residue  at  this  pole  is 


{log(-i-)  I"     (l-xy-')^-^rr<;-^->>/-'^(a;-^'-') 
— (o)„)"* 


(m) 


where  the  dash  denotes  that  the  product  applies  to  values  of  /jl  different 
from  V,  and  the  values  of  the  many-valued  functions  have  been  already 
specified.     Let  this  quantity  be  denoted  by  Q^.     Then 

Sin  (a+p)  IT  2i  sm  (a+p)  ir  Jr 

We  thus  isolate  what  we  may  call  the  part  of  F{xi,  ...,  a;J  irregular  near 
(1,  1,  ...,  1).  The  form  of  Qy  exhibits  explicitly  the  singularities  of  F 
other  than  the  primary  singularities.  It  will  be  noticed  that  besides  the 
secondary  singularities  already  noted,  which  correspond  to  the  factors 

1 J.  «.-«^w 


there  are  fixed  subsidiary  singularities  given,  e.g.,  by  Xy  =  0. 

12.  Let  us  specialise  further  by  supposing  n  =  2  and  write  x^  y^  co,  cd' 
for  Xi^  x^f  coi,  (o^  to  avoid  suffixes.  There  are  two  particularly  interesting 
special  cases : 

(i.)  Let  <p(u)  =i  I,  a  =  1,  HO  that 

F  (X.  y)  -  r  (»)  a  -  .yr  t  >;-  + -O    X.,.. 

r  (i8  +  7  +  fw  +  ¥0) 

The  primary  Hingnilarities  are  g^ven  by  a;  »  1,  y  *  1 ;  the  function 

^  '  ^^      sin  i8»  \       •(l-yx-'>)  «'  (1  -xy'"')         i 

is  regpilar  near  (1,  1) ;  secondary  or  subsidiary  singularities  are  given  by 

aj-0,    y-0,    1-*V. -0,    l-y»'-0,    1-yx— '>  -  0,    l-a;y-'-' -  0. 

Thus,  e.g.,   x  —  ^'^^  where  A  —  i&  +  A;'«,   and  k  and  A:'  are  any  integers,  gives  a  subsidiary 
singularity. 

These  results  are  easily  verifie  I  by  supposing  «  —  »'  »  1,  when  the  irreg^nlar  part  reduces  to 

— ' L.  /(l_j:.J-l4:2-/.-r-^l-y)>-ly2-/»-y}; 

Sin  iSw  «—  /  *  ' 

for  a  function  of  the  form  ^ 

♦  (/*+»')      *-(r^(*)(M+.-*) 
8SB.   2.     TOL.   6.      KG.   966.  2    ▲ 
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may  be  expressed  in  the  form  {xf  {x)  — y/(y)}/(«— y) , 

where  f(x)  -  2x^1^  (A; ; 

And  so  we  oan  use  the  known  results  for  functions  of  a  single  variable. 

In  calculating  the  form  of  Ci^,  it  should  be  observed,  we  have  assumed  that  the  pedes  between 
C  and  C*  are  all  distinct.  If  some  of  them  coincide,  the  form  of  the  residues  corresponding  to 
them  becomes  illusory,  and  must  be  calculated  afresh,  ab  initio  or  by  a  passage  to  the  limit. 

A  particularly  interesting  case  is  that  in  which  3  »  1.  In  this  case  the  preceding  formnlse 
fail.  The  proper  formulae  can  be  easily  constructed  by  (a)  a  passage  to  the  limit,  or  {b)  by  an 
independent  investigation,  starting  from  the  integral 

log(M--l)  ur-^du 


_Lf  logj 

2»iJc(l- 


afM-)(l— yw') 


The  result  is  that  the  irregular  part  of      22         -^ 

is  -  i-  *-i!r  ^^^  (j?"'^'-!) L  y:'^'  ^  <y  "'^"l-i) 

»  i  — yj:--'/-  •'  1— «y-->' 

It  is  instructive  to  consider  the  special  case  in  which  »<•«'  =  1,  7  —  1.     We  then  obtain  the 

function  3^     ^r     _     1     wf'-y\ 

l-i-fA-¥v      x—y         \1— x/ 

The  irregular  part  turns  out  to  be        log  |  ^    •  "^^  \  , 

while  the  term  due  to  the  contour  integral  round  (T^  which  is  regpilar  near  1,  1,  muat  therefore  be 

logar-logy 

x-y 
We  thus  obtain  the  formula 

i_  f      log(t»— l)rft<    ^  log jc— logy 

2irJc(i-««Ki-y») "      *-y     ' 

the  path  of  integration  being  a  loop  from  0  round  I,  1/x,  and  1/y.    This  may  be  verified  in- 
dependently.     The  decomposition 

x-y        \1— «/       x^y    °  ly(l-a;)J      «— y        \y  I 

gives  a  very  simple  and  tangible  illustration  of  the  relations  between  the  functions  defined  by  the 
two  contour  integrals  and  the  terms  arising  from  the  residues. 

(ii.)  An  even  more  interesting  special  case  is  that  in  which  a  *>■  1,  ^  (m)  =  1.  We  find  then 
the  corresponding  results  for  the  function 

2   — ^^-  -. 
The  irregpilar  part  of  the  principal  branch  is 

13.  The  formulas  which  we  have  obtained  can  of  course  be  applied  to  find  asymptotic  formulae 
of  a  simpler  kind  valid  near  r  =  1,  y  =  1.  Let  us  suppose  (to  take  the  simplest  and  most 
interesting  case)  that  »,  00',  and  a  are  real  and  positive  and  a  <  1,  and  that  x  and  y  tend 
simultaneously  to  1  by  real  quantities  in  such  a  way  that  the  ratios 

l-a::  l-y  :«(l-y)-c«'(l-ar) 

remain  between  certain  positive  constants  J7,  K,    Let  1  —  x*  =  {  and  1  — y  =:  r\.    Then 

(iog;)-'=(iog^^)-~t-,    (log -I)-  -,.-.. 
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and  2 ^-L-^_-  r(l-«)    --  |f-fL_)^--(    -L)»-l 

(y  +  m^  +  v*')*      «(l-y)-»'(l-a:)  l\l-a;/  \l-y/        i 

which  is  the  analogue  for  two  yariableR  of  Appell*B  well  known  formula 

(7  +  m)*      (1-Jr)'-* 
and  may  be  proved  independently  by  methodn  whioh  do  not  inyolve  complex  variableR. 

14.  Let  us  pass  now  to  the  function 

We  have  already  seen  that,  if 

we  can  continue  F  from  (0)  to  (ar),  and  that  in  the  neighbourhood  of  (x) 
the  branch  F  which  we  are  considering  will  be  given  by  an  equation  of 
the  above  form. 

If  now  we  suppose  that  ^x^  is  nearly,  though  not  quite,  equal  to  1, 
we  can  apply  the  argument  of  §§  9,  10.  This  is  a  case  in  which  there  is 
only  one  pole  between  C  and  C. 

In  order  to  obtain  tangible  results  let  us  again  take  n  =  2  and  use  the 
notation  of  §  12,  and  consider  some  cases  in  which  the  part  of  F  irregular 
near  Xq,  ^q  =  I—Xq  can  be  actually  calculated  in  finite  terms,  which 
requires  that  we  should  be  able  to  solve  the  equation 

l—xu^'—yu^'  =  0 

explicitly.  The  simplest  cases  are  given  by  (i.)  co  =  w\  (ii.)  <o  (or  co')  =  0, 
(iii.)  o)  =  1,  o)'  =  2. 

If  (i.)  «  s  «'  or  (ii.)  «  or  «'  «-  0,  the  reRnlts  are  of  intereHt  only  for  parposes  of  verification. 

(i.)  If  «  =  «',  J* is  a  function  oi  x-^y  only. 

(ii.)  If  «'  =  0  (in  which  caae  the  exprewion  of  /*  as  a  contour  integpral  requires  a  little  recon- 
sideratioD,  as  in  obtaining  it  we  supposed  the  real  parts  of  «  and  »*  positive),  F\»  2l  function  of 
thefonn  ,  .  t     '/         \ 

/u!  ¥\  <p{fA)  *  1-y  (^}  <f>{n)  \l-y/  '• 
(iii.)  Let  «  =  1,  «'  =  2.    Then  l^xu-yu*  =  0  gives 

•»  =  •'o  -  -2^  {*+  /(**+4y)}, 
the  sign  of  the  radical  being  such  that  u  reduces  to  1  when  y  »  1  —  x.     And  the  irregular  part  is 

-  y(A  4y)  ^^""g "^^"'  ^''^"  ^^"'^  «*;  V(«o). 

An  example  is  given  by  2  ^  — '         ^^^       , 

fil  vl  (7  +  /i  +  2if)* 

of  which  the  simplest  case  is 

^/i-hfl       x'^       ^  1  log  f-v/(^'-<-4y)-*-^-<-2y      -y(«'  +  4y)  +  ar\ 

filyl  1+M  +  2K         y/{x^+iy)     ^  l-v/(a;U4y)-df-2y  *  -y(4;»  +  4y)-j?  j' 

2  A  2 


i 
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where  y/{jr*  +  iy)  is  negative  for  Kmall  real  values  of  x  and  y,  and  tends  to  x— 2  as  y 
approaches  1— a;. 

15.  In  the  general  case  we  cannot  solve  the  equation 

1— icw*— yw"'  =  0 

explicitly,  but  we  can  investigate  the  character  of  the  root 

Wo=  l+a{x—x^+b(y'-y^+c{x—x^^+d{X'-x^(y—y^+... 

(where  ^0+^0  =1)  *8  a  function  of  Xq  and  y©*  ^^^  so  determine  the 
general  character  of  the  irregular  part  of  F.  Thus,  if  «  and  co'  are  positive 
a/nd  rational,  v^  is  an  algebraic  function  of  x  and  y,  and  the  research  of 
the  further  singular  points  of  F  {x,  y),  beyond  its  primary  singularities,  is 
reduced  to  that  of  finding  those  of  a  finite  expression  involving  this 
algebraic  function. 

This  last  remark  obviously  applies  to  the  general  case  in  which  F(x,  y) 
(here  1/1— a?— y)  is  any  rational  function  P(x,  y)IQ{x,  y):  the  root  Uq  of 

Q  {xu^,  yvT)  =  0 

being  an  algebraical  function  of  x  and  y. 

To  give  a  definite  example,  consider  the  function 

/i!  v\  (7  +  m/A -1- «k)** 
We  are  led  to  recognise  as  singular,  besides  the  primary  singularities  X'¥y  ^\,  x  ^  qo  ,  y  ^  ao  : 

(a)  Values  of  x  and  y  which  make  a  root  of  1  —xn'^—yu^  »  0  equal  to  0,  1,  or  oo  ;  the  only 
additional  Tilue  thus  given  is  y  =  0  (if  »  >  m),  j;  »  0  (if  m  >  »),  or  a; -i-  y  »  0  (if  m  »  n). 

{b)  Values  of  x  and  y  which  make  two  roots  equal ;  these  are  g^ven  by 

i)(l-a;M«*— yi#*)  =  0 
where  D  denotes  the  discriminant. 

16.  (i.)  Whatever  values  w  and  »'  may  have,  we  can  obtain  a  simple  asymptotic  formula  for 
F{x,y)  valid  near  a:©,  1  —  Xq.     For  let 

8  *  l—x—y  =— f— 17, 
and  Wq  —  1  +  <•    We  find 

<»Xq  4-  «'//(, 

from  which  we  can  at  once  deduce  the  formula 

If,  in  particular,  ^  =  1,  /8  =  1,  we  find 

-  fi-¥yl a:A*v-  ^      F  (1— a)  1  .    _ 

filial      (7  +  «/4  +  (»,'y)'        i,aXQ  +  ep'yo)*  ( ^  — a? — y)^ "** 


/ 
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Similarly  we  have 

J ML±A*a±:il+MM^  '^'••••^N*  r   l-g) 1 ^ 

as  «|, ...,  Xn  approach  yalues  af(,  ...,  xo^  such  that  2:r^  —  1. 

(ii.)  It  will  he  found  instraotive  to  yerify  all  these  oonolusions  on  such  functions  as 

f»  _         du 

where  a,  $,  y  are  any  of  0,  1,  2. 

17.  Tbe  functions    which   we  have    considered  in   §§  11-16  are  all 
derived  from  the  base  series 

l/(l-a?)(l-y),         l/(l-a;-2^). 

Any  other  base  series  will  give  rise  to  a  corresponding  set  of  functions. 
The  following  are  some  of  the  simplest  and  most  interesting  forms  : — 

(i.)  V{x,y)  =  ^Fi-juL,  "v,  1,  X)x'*y''=  l/{(l-ar)(l-y)-Xa;y}  ; 

(ii.)   Fte,  y)  =  2  -^^^afy"  =  —r^ log  \- Ip. r  (  ; 

'  '^'  fjL+v+l\     ^        x+yxy     ^  l(l-a;)(l-y)j 


(iii.)  V{x,y)  =  ^'~-,x^y^ 


1  xy 

a-x)a-y)  ~  {x+y-xy)(l-xni-y) 


+  7rxf^4:33log 


{x+y-xyY    °  ((l-a;)(l-j/) 


(iv)  V(xv)  =  2  ^(^+^^^^^+l)j;''„. 


{a;JP'„.),(a;)+j/F),,a(2/)t, 


x+y—xy 


where  i^,. .  (a.)  =  T  (6)  2  j,^t^j  ^. 

In  case  (1)  the  finite  primary  singularities  of  all  the  derived  functions  are 
given  by  (l-x)(l-y)-X^y  =  0; 

in  the  other  cases  by  x  =  1,       y  =  1» 

the  factor  x+y—xy  =  0  not  yielding  primary  singularities,  as  is  inde* 
pendently  obvious. 

Any  number  of  other  base  series  may  be  constructed  without  difficulty. 
Of  course,  when  the  base  series  itself  does  not  behave  like  a  rational 
function  in  the  neighbourhood    of    its  primary  singularities,  we  cannot 


\ 
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investigate  the  precise  nature  of  the  corresponding  singularities  of  the 
derived  functions  with  the  simplicity  of  §§  10-16. 

It  is  natural  to  attempt  to  construct  series  whose  primary  singularities 
are  given  by  -  ^ 

If,  however,  we  take  Ijil—xy)  as  our  base  series,  our  method  fails,  all 
the  derived  series  turning  out  to  be  mere  functions  of  l—xy. 
It  is,  however,  easy  to  prove  that 

and  any  series  of  this  kind  may  be  taken  as  a  base  series  and  will  give 
results  of  the  kind  desired. 

For  example,  let  0  be  an  even  function,  such  that 

e{x)  ^2e{k)x^ 
is  an  integral  function  of  x,  and  let 

♦  (x,y)-  e(0)  +  e(x)  +  e(y); 

also  let  ^(.,  y)  .  ,r^:^^  J^  (log«)-  (.-l)-i..-i  ,(.)  t^^.«. 

Then  (i.)  we  can  infer  that  the  only  primary  sing^olarities  of  F  are  given  by 

xy  -  1, 
and  (ii.)  we  can  write  down  the  part  of  Firreg^ular  near  (j^o,  ^q),  whore  Xoy^  —  1.     Thus,  e.g.,  if 

•  =  •'  =  1,      iS  «  1,      ^  =  I, 
we  find  that  a/^^'"''^  x^r 

is  a  function  of  this  type,  and  that  the  irregfular  part  is 

2-.r{l-.){log(i)}-'(.y)-^  {m*i>(y/f)*s(yj^)]. 

If  e  is  not  integral,  we  get  other  primary  singularitieB  :  thus  those  of 

{a'  +  (m  - «')'  [ '  (7  +  M»  +  •wO" 
are  «  —  1,  y  =  1,  and  ary  —  1. 

Similarly  with  2    r^"?'^~''\  a;^ 

rCa  +  ^  +  zi-F) 

(in  this  case  0  is  not  an  evm  function). 

18.  A  ready  method  of  oonstiticting  interesting  base  series  is  the  following : — Consider  the 
integral  ^,  v  . 

2iri  Jc{l-a-5(M)}{l-yr(«)}' 

where  R,  S,  Tare  rational.  Suppose  that  the  contour  C  includes  the  poles  m  »  A|,  ...,  A^,  and 
excludes  the  poles  t<  »  /i|,  ...,  fi,.  Then  (generally  under  certain  restrictions  as  to  which  poles 
lie  inside  C)  the  integral  can  be  expanded  as  a  power  series  2  a^, »  xt^*,  where 


'^         2wi  J 
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whioh  can  often  be  oaloulated  in  a  simple  form.    The  singolaritieB  are  easilj  aMigfned  :  the 

primary  ones  oome  from  making 

\i  ^  tht        Af  =  00 , 

the  rest  from  making  two  A*8  or  two  /i*8  eqnal  or  a  /i  infinite. 

We  are  thns  able  to  oonstmet  base  series  whose  singoLirities  haye  a  prescribed  form.  Thns 
the  integral  ^    .  ^^^ 

gives  rise  to  1/(1  —  a?y). 

Sometimes  we  can  use  integrals  containing  irrational  functions.    Thns  the  integrals 

28iniiirr(*)J    (!—«<)(«— y)       '       *  sinair  sin**  J  (i  —  ^pw)/ i_y(i_|,)|      ' 
taken  round  appropriate  oontoorSi  give  rise  to  the  functions 

considered  above. 

19.  I  conclmle  with  three  remarks  of  a  general  character : — 

(1)  Various  generalisations  of  the  procedure  here  adopted  at  once 
suggest  themselves.  It  is  sufficient  to  refer  to  §§4-7  of  the  paper  II. 
My  object  has  been  to  consider  only  a  few  of  the  very  simplest 
cases  with  a  view  to  making  some  sort  of  a  beginning.  The  general 
problem  of  attempting  to  classify  such  simple  types  of  power  series  in  two 
or  more  variables  as  naturally  suggest  themselves,  according  to  the  nature 
of  their  singular  points,  seems  to  me  an  extremely  attractive,  but  an 
extremely  difficult,  one. 

(2)  There  is  one  particularly  interesting  type  of  series  which  does  not 
seem  to  be  amenable  to  analysis  of  so  simple  a  character.  I  refer  to  the 
series  obtained  by  replacing  such  a  factor  as  (y+w^u+coi/)"* — which  has 
frequently  occurred  in  this  paper — by  a  factor  such  as 

Even  the  simplest  case,  in  which  the  factor  is  (m*+i^~%  defies  us,  owmg 
to  the  non-existence  of  any  simple  expression  of  this  quantity  as  a  definite 
integral  of  the  type  required.     Even  if  a  =  1,  it  only  appears  to  lend 
itself  to  analysis  of  an  awkward  and  unsymmetrical  type. 
In  order  to  deal  with  such  a  series  as 


it  seems  necessary  to  have  recourse  to  entirely  different  methods.  There 
is  no  difficulty  in  establishing  asymptotic  formulae  analogous  to  those  of 
18  and  16  (i.).     Thus,  if 

lim  X  =  1,     lim  y  =  I,     lim  (1— y)/(l— a;)  =  tan  f     (x,  y  real  and  <  1), 
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we  find 

lim  |(i-x)»+(l-,)«l-Z2  (e+,^./2L+y^. 

=  r  { 2 (1  -s) }  j^  („ COS*  X+2/8 cos \  sin X+y  sin" X)'  { eos'i^^O?- ' 
and  in  particular 

lim[-log  i(l-x)«+(l-y)«n22^rg^  =  Jx. 

These  results  I  have  proved  by  methods  depending  on  real  variables  only  ^ 
and  I  have  not  yet  been  completely  successful  in  finding  a  method  which 
furnishes,  with  regard  to  these  functions,  results  analogous  to  those  obtained 
in  this  paper.  I  have,  however,  made  sufficient  progress  to  shew,  for 
example,  that  singularities  of 


are  given  by  a;  =  1,  «/  =  1,  and  y  (log  a:)*— 2/8  logo?  log  y+a  (log yr  =  0. 

(8)  It  might  be  thought  that  a  great  deal  might  be  learnt  by  means  of 
Hadamard's  "  multiplication  of  singularities  "  theorem,  which  holds  for 
functions  of  any  number  of  variables.  But  (as  Hadamard  has  himself 
pointed  out)  this  is  not  the  case.     Thus 

X  =  1  (any  y),         y=  I  {any  x) 


are  singular  points  for 

• 

2  ^y  , 

2  '^y  . 

Multiplying,  we  obtain 

any  x, 

any  y 

as  possible  singularities 

lof 

2.     .      , 

x^y" 

(y+At+»')(<J+M+»')' 
and  our  knowledge  is  in  no  way  advanced. 
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ON  THE  ASYMPTOTIC  APPROXIMATION  TO  INTEGRAL 

FUNCTIONS  OP  ZERO  ORDER 

By  J.  E.  Littlewood. 

{Ccmimunicated  by  Rev.  E.  W.  Barnes.) 

[Beceived  December  19th,  1906.— Read  January  lOth,  1907.— Beyined  April-May,*  1907.] 

1.  In  spite  of  the  considerable  attention  which  the  theory  of  integral 
functions  of  finite  order  has  received  for  the  last  fifteen  years,  the  theory 
of  the  functions  of  zero  order  has  been  somewhat  neglected.  Analysis 
which  applies  to  the  theory  of  finite  order  usually  breaks  down  in  the  case 
of  zero  order ;  moreover,  the  greater  part  of  the  few  general  theorems 
which  exist  in  the  latter  theory  are  particular  cases  of  general  theorems 
applicable  to  all  integral  functions. 

In  his  first  memoirf  on  integral  functions,  M.  Hadamard  obtained  an 
upper  limit  for  the  modulus  of  the  general  integral  function  defined  by  a 
Taylor  series,!  and  he  has  given  in  a  subsequent  memoir  §  a  new  means 
of  finding  such  an  upper  limit.  The  latter  method  gives  an  approxima- 
tion T  for  M{r)  [the  maximum  modulus  of  |  F{z)  \  on  the  circle  1-2:1  =  /], 
such  that  [M(r)Y'^*  >  T>  [-Sf (r)]^"*,  when  r  is  suflSciently  large,  where  e 
is  as  small  as  we  please.  This  method  applies  to  the  case  of  functions  of 
zero  order. 

M.  Le  Roy  1 1  has  given  a  method  by  which  we  can  obtain  asymptotic 
expressions  for  certain  functions  defined  by  a  Taylor  series  with  real  and 
positive  coefficients,  the  variable  also  being  supposed  real  and  positive. 
Among  these  functions  are  certain  functions  of  zero  order,  e.g.,  the  function 


00 


Sc-"^-?*     (l<j)<2). 

0 

The  asymptotic  expressions  of  M.  Le  Roy  for  these  functions  afford  a 


*  The  paper  has  been  practically  rewritten. 

t  Memoir  crowned  by  the  French  Academy,  Jour,  de  Math.  {Liotwille),  t.  iz.,  1893. 
{  Hadamard  also  obtained  other  general  results  which  hold  in  the  case  of  zero  order, 
■hall,  however,  only  refer  to  such  results  as  are  connected  with  the  subject  of  this  paper. 
}  Bull,  ds  la  Soe.  Math.,  t.  zxiv.,  p.  186. 
II  Bull,  des  Setenett  Math.,  2me  s^.,  t.  xziv. 


• 

ek+} 

(m)  = 

Ui^' 

• 

<h 

=  a^  = 

■•    •  •  • 

=  e. 

'{X, 

k,p)  = 

00 

■  2 

in=0 
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nearer  approximation  for  Mix)  than  those  obtained  by  the  method  of 
M.  Hadamard. 

M.  Lindelof*  has  considered  a  similar  class  of  functions  and  obtains 
similar  results. 

M.  Mailletf  has  extended  as  follows  the  definition  of  order  in  the  case 
of  functions  of  zero  order. 


Let 
where 

Let 

and  let  M{r)  be  the  maximum  modulus  of  a  function  f{z)  on  the  circle 

\z\  =  r. 

Then,  if  Mix)  <E{r,  k,  p+e),  for  all  values  of  r,  and  if 

M(r)=:Eir,k,p-€^) 

for  values  of  r  as  great  as  we  please,  where  e  and  e^  tend  to  zero  as  r  tends 
to  infinity,  then  we  say  that/(2r)  is  of  index  k,  and  of  order  (0,  A;,  />). 

He  has  established  theorems  concerning  the  relations  between  the 
modulus  of  the  function  and  the  coefficients  of  the  Taylor  series,  when 
these  coefficients  approximate  to  the  form  of  those  of  E(Xf  k,  />).  He  also 
defines  "  irregular  growth,"  and  establishes  theorems  concerning  functions 
with  this  property. 

The  sole  particular  functions  of  zero  order  (the  argument  being 
supposed  complex)  which  have  been  considered  in  detail,  are  the  function 


0» 


n  il+q^^x)  and  its  generalisations 

n=*0 


OO  00 


U  il+q'xr     and  U       [l+gj'?? ...  g^'ar]. 

n=\  nj,  Uf,  ...  =  0 

M.  MellinI  has  given  formulae  for  the  logarithms  of  these  functions.  In 
particular,  his  formula  for  F{x)  =  log  11(1+ g*a;)  provides  an  asymptotic 
expansion  for  log  F(x)  in  the  case  when  q  is  real.  We  shall  give  this 
result  in  §  12. 


♦  Acta  Soe,  Fmn»,  t.  xxxi. 

f-  Journal  de  P Eeole  Foli/techniqu^,  1904  and  1905  ;  Jour,  de  Math,  {LiouviUe),  t.  x.,  1903-^. 

i  Ada  Soe,  Fenn.,  t,  xxix.,  p.  14,  formulfe  (23),  (25). 
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This  function  F{x)  has  also  been  considered  by  Dr.  Barnes^  and 
Mr.  Hardy.  + 

Mr.  Hardy  obtains  the  formula  (in  our  notation) 

F{:x)  =  ^  ^0,-^n^i^r^)  sin  (^^^^) , 

where  —  a  =  a:  =  —  rg**,  —  ^  <  0  <  ^,  where  3  is  a  small  positive  number, 
log  a  =  log  r+i<f>,  and  Ki<,H<,  K^,  where  K^,  K^  are  constants.  This 
formula  gives  an  approximation  for  F{x)  near  the  line  of  zeros.  The 
part  of  the  plane  for  which  this  formula  holds  includes  the  part  of  the 
plane  from  which  x  is  supposed  excluded  in  the  asymptotic  expansion  of  M. 
Mellin  (cf.  §  12). 

Dr.  Barnes  I  has  shown  that  in  the  case  of  certain  functions  of  finite  non- 
zero order  we  can  obtain  a  complete  asymptotic  expansion  of  the  logarithm 
of  the  function,  i.e.,  an  expansion  proceeding  in  descending  powers  of  z. 
The  analysis,  however,  breaks  down  for  zero  order.  Moreover  Dr.  Barnes 
concludes^  that  the  complete  asymptotic  expansion  of  log  F{z)  in  the  case 
of  functions  F{z),  the  modulus  of  whose  n-th  zero  is  a  function  of  n  of 
high  order  in  n,  is  impossible  without  the  introduction  of  functions  at 
present  unknown  in  analysis. 

It  is  the  object  of  the  present  paper  to  show  that  the  functions  of  zero 
order  have  simple  and  characteristic  properties,  which  do  not  generally 
hold  for  functions  of  finite  order,  that  they  should  be  studied  by  different 
methods  than  those  applicable  to  other  integral  functions,  and  that  the 
arithmetical  method  is  specially  applicable  to  their  theory. 

I  wish  to  acknowledge  my  indebtedness  to  Dr.  Barnes  for  his  kind 
assistance  and  advice.  My  thanks  are  also  due  to  one  of  the  referees, 
who  has  given  me  a  number  of  suggestions  with  reference  to  arrangement 
and  choice  of  expression. 


2.  The  most  general  integral  function  of  zero  order  is 

F^=Cn(l+^/a.,), 
1 

where  a^a^, ...,  a«, ...  is  the  most  general  sequence  of  numbers  arranged  in 


•  Phil.    Tram.  Roy.  Soe.    (A),  Vol.   199,    pp.  411-500;     Camb.  Phil.   Trwtt.y    Vol.   xix.. 
pp.  322-355. 

t  Qntarterlt/  JounuU,  1905. 

X  Loe.  eit.  and  Froe.  Londofi  Math.  Soe.,  Ser.  2,  Vol.  3,  Part  4, 

f   Phil.  Tram,  and  Cmtnb.  Phil.  Tram.,  lor.  eit. 
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order  of  increasing  moduli,   subject  to  the  condition  that,  if  X  be  any 

positive  number,  then  2  |a,  |"^  is  convergent,  however  near  to  zero  X 
may  be. 

Let  an,  be  written  for  |  a^  | ,  and  let  log  an/log  n  =  0  (w) . 

Then  an  =  w*<*>.* 

Now  we  must  have,  for  a  function  of  zero  order, 

Lt  0(n)  =  00. 


l*  =  oo 


For  suppose  this   were  not  the  case ;  then  we  should  have  a  sequence 
nj,  n^,  ...,  ^,  ...  of  values  of  n,  for  which  </>  {ft)  <  A,  when  h  is  some  finite 

number. 

*    1  11 

The  series  2  -7^  must  converge.     But  the  »r-th  term  >  -j^  >  -y , 

1   a^  n^  n^ 

and  therefore,  since  the  terms  of  the  series  do  not  increase,  the  sum  of  the 
first  fir  terms  >  nr—>  n^.     Thus,  as  rir  can  be  taken  as  large  as  we 
please,  the  series  2 1/aJ/^  diverges,  which  is  contrary  to  our  hypothesis. 
Hence  Lt  0(w)  =  oo . 


n  =  » 


In  the  case  of  functions  of  zero  order,  defined  by  a  product  form,  which 
arise  naturally,  the  moduli  a^,  o^,  ...,  a^,  ...  of  the  zeros  will  increase  in  a 
regular  manner  (the  word  ''  regular  "  being  used  in  a  rough  sense),  and,  since 
On  =  n^^"\  and  0(n)  ultimately  becomes  infinite,  in  the  natural  cases  0(n) 
will  increase  uniformly  after  a  certain  value  of  n,  e.g.^ 


a% 


=  n^*«*,         a.  =  6*  =  «»^*«". 


This,  of  course,  only  applies  to  functions  which  arise  from  the  considera- 
tion of  the  product  form.  If  a  function  of  zero  order  be  defined  by  a 
Taylor  series,  then,  however  regularly  the  coefficients  of  this  series  may 
increase,  there  seems  no  legitimate  presumption  that  the  moduli  of  the 
zeros  of  the  function  increase  at  all  regularly. 

In  the  present  paper  we  shall  chiefly  be  concerned  with  functions 
which  are  such  that  i/>{n)  increases  uniformly  with  n,  after  some  finite 
value  of  71,  the  word  *'  increasing  "  always  being  understood  to  include  the 
ease  "  not  decreasing." 

Functions  of  this  class  we  shall  call  "  functions  of  standard  type." 


*  The  standud  fanctioii  of  finite  order  p  {p  <  1)  is  O  (1  •f>u~'->).    When  ^  »  0  this  form 
does  not  eziat,  and  we  introduoe  the  fonction  ^  (m)  to  repUoe,  to  some  extent,  the  ooiutent  1/^ 
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8.  We  shall  use  the  following  notation : — 

F{z)=u(l  +  -^),     |a,|  =  a,=  s^<'>     (s>l),  |^|=r. 

Let  n  be  the  integer  such  that  an^|^|<an+i.      Then  n  depends 
uniquely  on  r.     We  shall  always  use  the  symbol  n  with  this  meaning. 

We  have 

iogP«  =  i<,g[n(i-)]+iogLn_(i+i)] 


+iog[;n  (i+£=)]+,„g(i+-i-)+,„g(,+£=).  «, 

where  n  has  its  special  meaning. 

We  call  the  first  three  terms  of  the  right  hand  of  (1),  respectively 
P,  J?,  S.     We  also  denote  the  real  parts  of  P,  B,  S,  by  P,  B,  S. 


n  oo 

Then     P  =  n  log  r—  2  log  a„         i?  =  2  log 


1  + 


a 


n  +  s 


__         n-l 

S=  2  log 


«=i 


14.«£. 

Z 


Throughout  this  paper  we  shall  be  primarily  concerned  with  F{z),  and 
not  with  logi^(^),  although  most  of  our  results  are  stated  in  terms  of  the 
latter  function.  We  shall,  then,  not  concern  ourselves  with  the  proper 
multiple  of  2^1  which  occurs  in  equations  like  (1). 

When  we  deduce  an  asymptotic  expression  for  F{z)  from  a  correspond- 
ing expression  for  logjP(^)  the  imaginary  part  of  the  latter  expression 
yields  a  factor  6*'  in  F(z)y  where  we  may  suppose  |  ^  |  ^  't. 

We  shall  then  regard  all  possible  values  of  log  F  (z)  (for  the  same  z)  as 
equivalent,  and  we  shall  regard  the  imaginary  part  of  log  F{z),  however  it 
may  be  expressed,  as  a  finite  term  in  the  expression  for  log  F  (z). 

We  may  then  re-write  (1),  affeer  separating  the  right-hand  side  into 
its  real  and  imaginary  parts. 


log  F{z)  =  P+B+S+log 
where  we  suppose  that  |  y«  |  ^  tt. 


1  + 


C^n+l 


-hlog 


14.£i 

Z 


+«yz, 


(2) 


4.  We  shall  establish  the  following  general  theorem : — 


00 


Let2^(-2r)  =  C  n  (l+;?/a,)    be    any  integral  function  of    zero    order. 
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where  a^,  o^,  ...  are  arranged  in  order  of  non-decreaeing  moduli.  Let 
M{r),  7n{r)  denote  the  maximum  and  minimum  moduli  of  F{z)  on  the 
circle  |  -e  |  =  r. 

Then    there    exists    a    sequence    of    circles    |^|  =  r,    r  =  ri,  r,,  ..., 
rj  <  Ta  <  ...,    Lt  r,  =  00 ,  with  the  following  properties. 

If  any  positive  number  e  be  assigned,    however  small,  there  is  an 
integer  /m  depending  on  e,  such  that,  when  s  >  jul,  on  the  circle  |  ^  |  =  r« 

'"^^"•''^  1^(^)1  =  exp[P|H-,(^)}]. 


where 


P  =  n  log  r—  2  log  a„ 


n  having  its  special  meaning,  and  where  1 1;  (^)  |  <  ie. 

Moreover,  the  sequence  ri,r2,  ...  depends  only  on  |  Oj  |,  |  o^  |,  ...,  and  is 
independent  of  the  arguments  of  the  zeros. 

Hence,  if  Fiiz)  be  any  integral  function  of  zero  order,  the  sequence  of 
the  moduli  of  whose  zeros  is  the  same  as  the  corresponding  sequence  for 
F(z),  and  for  which  the  coefficient  of  z^  in  the  Taylor  series  is  C,  then 

|F,U)|=exp[PU+i;i(^)[], 
where  |  j;i  (z)  \  <  Je. 

Again,  when  s  >  m»  we  have 
m{r;i  >  [if  W]^-%       mi(r,)  >  [JIfi W]^-,       mW  : 


[MiW]^-, 


mi(r,)>[AfW]^-. 


We  shall  require  the  two  following  lemmas : — 

Lemma  I. — If  we  are  given  in  the  x-plane  a  circle  with  its  centre  at 
the  origin  and  with  radius  2,  and  are  given  any  m  points  ai,a^  ...,  a»  in  the 
plane,  each  of  which  may  be  within,  without,  or  on  the  boundary  of  the 
circle,  then  there  exists  a  concentric  circle  of  radius  ^  2,  such  that  for 
every  point  x  on  it. 


m 


n  {x—ag) 


(ll2er. 


Moreover,  such  a  circle  can  be  found  whose  position   (i.e.,  whose  radius) 
depends  only  on  |  o^  |  . . .  |  a^  | ,  and  not  on  the  arguments  of  the  a's. 


If 


I  a«  I  =  a„        \x\=  p, 


n  (x— aj 

1 


n  (p-a,) 
1 


whatever  be  the  arguments  of  the  a's.     It  is  therefore  sufficient  to  prove 
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that,  if  aiyOg, ...,  Om  be  any  m  points  on  the  positive  real  axis,  we  can  find 
a  point  p  on  this  half  axis  such  that  p  <U  &nd 


1 


>  (i/2er. 


Let  a  be  any  point  on  the  positive  real  axis. 

Consider  -^*  —  1   log  |  «— a  |  (ir. 

Jo 

If  a  ^  Z,       Ia'^\  log  (l—x)  dx  (algebraically) 

>  r  log  aj  dte  >  Hog  Z—  Z  >  Z  log  (lie)  >  I  log  (Z/2g).  (1) 

Jo 

Next  let  a  <  2 ;   then 

/.  =  I   log{a'-x)dx+\  log (x—a)dx 

=  a\oga—a-\-{l—x)logil—a)  —  l+a. 

Let  a  =  ^1(1  +)8),  where  — 1<  /8  <  1.    Then 

/.  =  i[i(H-)8)|log(i/2)+log  (1+/8)}  +i  0.-13)  {\ogm)+log{l-^}-l} 
=  llogm)-l+iiD  [(H-/8) log  (H-/8)  +  (l-)8) log (1-/8)].  (2) 

If  Ii8|<l, 
(l+)8)  log  (l+)8)+(l-y3)  log  (1-/8) 

=  log(l-m/31ogi±|  =  -if  +  i^^  =  £^>0.(3) 

If  i8  =  ±  1,  it  is  easily  seen  that  {1+/3)  log(l+/3)+(l-^  log  (1-/3) 
tends  to  the  limit  2  log  2  >  0.  (4) 

Prom  (2),  (8),  (4), 

la  >  I  log  (1/2)  -  i  >  Hog  II 2e  (a  <  Z) .  (6) 

From  (1)  and  (5)  we  have  la'^l  log  ll2e  for  all  values  of  a. 
Giving  a  the  values  01,0^,  ...,0^  and  adding,  we  obtain 

I  log  I  {x—ai){x—a^  . . .  (a;— aj  \dx'^ml  log  (//2e). 
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Let  M  be  the  maximum  value  of  |  {p—a^  ...  (p— a»)  |  for  0  ^  /o  <  2. 

Then  Hog  Jlf  =  i  log  Mdx  >  I  \og\{:X'-a^  ,..{x—a^\dx>ml  log  (i/2«). 

Jo  Jo 

Therefore  log  Af  >  w  log  (Z/2«), 

and  Jlf>(i/2«)"*. 

Thus  there  exists  a  p  such  that 

and  the  Lemma  is  proved. 


Lemm.v  II. — Let  ai,  tta,  .  .  be  a  sequence  of  real  positive  numbers,  such 
that  a,+i  ^  a„  and  such  that  a,  =  5*^^'\  where  Lt  0(s)  =  oo . 

t=oo    ' 

Let  a(x)  be  the  function  defined  by 

a{x)  =  (x— s)a,+i+(s+l— a;)a„ 


when 


8+1 


s. 


Then  a(s)  =  a„  0(2;)  is  a  continuous  non-decreasing  function  of  x,  and 
a  (x)  =  a;'^^'^  where   Lt  </>{x)=  oo . 

X=ao 

Suppose  now  that  we  are  given  a  number  v  as  large  as  we  please. 
Then  if  any  (large)  number  h  be  assigned,  there  exists  a  point  {X,  Y)  of 
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the  curve  y  =  a(x),  such  that  Z  >  A,  and  such  that  the  part  of  the 
curve  C,  (ylY)^'''  =  x/X  [which  evidently  passes  through  (X,  7)],  for  which 
l<,x<,  X,  is  entirely  above  the  corresponding  part  of  the  curve 
y  =  a  (x),  while  the  part  of  C  for  which*  x  >  X+1  is  entirely  below  the 
corresponding  part  of  y  =  aix). 
Effect  the  transformation 

x'  =;.  x,         y'"  =  y. 

The  curve  C  becomes  C,  y'lY'  —  x'fX',  i.e.,  a  straight  line  through  the 
origin,  and  y  =  a(x)  becomes  y'  =  fiix')y  where  fi{x)  =  [a(ic)]^'^  so  that 
j3  {x')  is  a  non-decreasing  function. 

If  in  the  original  plane  a  point  A  is  above  another  point  B  of  the  same 
abscissa,  the  transformed  point  A'  will  be  above  £'  in  the  transformed 
plane. 

Hence  to  prove  the  Lemma  it  is  sufficient  to  prove  that  a  point  {X',  T) 
exists  on  y'  =  )3(x'),  such  that  X  >  h,  and  such  that  the  part  of  the  line 
C  for  which  1  <  x'  <  Z'  is  entirely  above,  and  the  part  of  C  for  which 
x'  >  X+1  is  entirely  below,  the  corresponding  part  of  y'  =  lS(x'). 

Suppose  the  contrary  case.  (1) 

Call  the  curvet  y  =  fi{x),  L. 

This  curve  L  starts  at  the  point  [1,  /S  (1)]. 

Since  I3{x)  is  non-decreasing  it  is  evident  from  the  figure  that  the  line 
I  joining  the  origin  0  to  [1,  ^3  (h)']  does  not  cut  the  curve  L  in  any  point 
of  abscissa  <  h. 

Let  li  be  any  line  through  0,  lying  between  I  and  Oy. 

Since  /8(x)  =  j;*^<*>'''   and  Lt  d>{x)lp=^  oo,  it  is  easily  seen  that  every 

ray  through  the  origin,  Ijring  in  the  first  quadrant,  and  sufficiently  near 
the  axis  Oy,  but  not  coincident  with  that  axis,  must  intersect  the  curve  L. 

Let  then  (xiyi)  be  that  intersection  of  li  with  L  which  is  nearest  to 
the  origin. 

Then,  from  the  figure,  Xi  >  A,  and  the  point  [/i,  13  (A)]  is  below  the 
point  of  li  whose  abscissa  is  h.  Hence  the  part  of  L  for  which  x  <.Xi  is 
below  the  corresponding  part  of  Zj.     Again, 

^1 


*  The  xesolt  can  be  extended  to  the  case  when  this  inequality  is  replaced  by  ^  >  X,  but  the 
proof  ifl  somewhat  troublesome,  and  the  above  form  is  sufficient  for  our  purpose. 

t  For  convenience  we  shall  drop  the  accents. 
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when  X  is  sufficiently  large,  so  that  the  distant  points  of  L  are  above  the 
corresponding  points  of  /i. 

Then  it  follows  from  the  supposition  (1)  that  there  is  an  intersection 
(Xa^a)  of  li  with  L  such  that  a?a— a^i  ^  1. 

For,  if  this  were  not  the  case,  (xit/i)  would  be  a  point  of  L  satisfying 
all  the  requirements  for  (X'F). 

Let  Iq  be  the  line  joining  0  and  (xij/^,  and  let  (x^y^  be  that  intersec- 
tion of  Za  and  L  which  is  nearest  to  the  origin.  From  the  figure  X3  >  x,, 
and  ^2  takes  the  place  of  h  in  the  reasoning  above. 

Then,  as  before,  there  exists  an  intersection  of  2a  ^^^  ^  such  that 
^4""^8  >  1-  We  proceed  similarly  with  the  line  Zg  joining  O  and  {x^y^, 
and  so  on. 

Now   i^=  ^, 

X2  Xi 

ju  =  y»  =  ui  —  mlEi, 

X^  Xq  X\  X\    x^ 

Us.  =  Us.  =  U±  =Mx  22£i, 

^6        "^c        -^s        "^i  "^i-^a 


V'iV  —  ll      ^2^ A  '"  ^tp      _    2/1     X^     X^  g2p^2  „      ^  ^  «. 

—      —  —    — J    . . .   —  tCjp  -^^       2  •«'2p> 

iTap  3?!    ^r^Xs  ...  ^2}>-l  ^i      ^8     "^5  ^Sp— 1  a?! 


since  x,+i  >  ic,.     Therefore 


y«r  <  (^  )  J?2p  ^0^  all  values  of  p. 


(2) 


Now  ^  =  x^(')-^ 

and  tends  to  infinity  with  x.     Therefore  a  number  k  exists  such  that,  when 

'^^''  ^>i^.  (8) 

x^         x\ 

But,  since  xj,  >  ^2»-i+l,  ir2*-i  >  a"2,_2,  when  p  >  A*,  we  have  x^p  >  ft. 
Hence,  since  {xt^^y^)  is  a  point  of  L,  (2)  and  (8)  are  incompatible. 
Hence  the  supposition  (1)  is  false,  and  the  Lemma  is  proved. 

We  can  now  proceed  to  the  proof  of  the  theorem. 
Take  for   the   sequence  a^ a^, ...  of  Lemma  IL  the  sequence  of  the 
moduli  of  the  zeros  of  Fiz). 

If  we  are  given  a  number  h,  however  large,  and  when  we  have  assigned 
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a  V  we  can,  by  means  of  Lemma  II.,  find  an  Z  >  A  such  that  the  point 
[Xf  a  (X)]  has  the  properties  of  the  lemma. 

Let  m  be  the  greatest  integer  contained  in  X.    By  Lemma  I.  we  can 
find  a  number  r  ^  }a(X)  such  that,  for  all  points  z  on  the  circle  | ;?  |  =  r, 


n  {a,+z) 
1 


m". 


and  such  that  this  inequality  obtains  without  alteration  of  r,  when  the 
arguments  of  the  a's  are  varied ;  so  that 


and 


where 


1     \  di/  \  Qi  Oj  . . .  Om 

log  I  n  (1+  — )  I  >  Pi-m  log  (4e)      ' 
I  1  \        a,  /  I 


(1) 


Pi  =  mloga(X)— log(aiaj...  aj.  (2) 

Again.      log  I  n  (l  +  ^)  I  <  log  5  [«(-^+«(-^]  <  P^+m  log  2.      (8) 
From  (1)  and  (8)  it  follows  that 


log  n  (l  +  -^^    =  Pi+Om    where  \d\  ia  finite. 


(4) 


When  |a;|>i, 


|Pog|l+xI]|<2|x|. 


Therefore,  since  \z\<  ^a(X),  so  that 


fl^m+i 


<*  (s>l), 


l[-l?(^+^3l]|<llhi>+  ' 


^m+i 


] 


00 


22 

1 


Om+i 


a(Z)2 


(5) 


1    Om+t 

Now  by  the  property  of  Lemma  II.,  when  m+s>  X+1,  %.e,,  when 
a«i+«  >  the  ordinate  of  [y/aCX)]^^"  =  xjX  corresponding  to  a;  =  w+s 


XT 


a(X). 


Hence 


a(2[)  ?  -^  <  H-a(X)  2  —  <  1+X^  2       ^ 


1  a«+,  8  a»+j 

dt 


\+xr 


I 


(m+<)' 


<i-¥Xr 


«  (w+s)' 

1 


;=I<1+ 


m+1 


2  B  2 
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Hence,  from  (5),  when  m  >  i/  >  2, 


l^«l?(^+^)l]l<^+7^  =  '''"'    where|e'|<;;lj<8.    (6) 


Next  consider  Pi.    We  have 


Pi=^rn  log  "^^   .lu  >  m  log  \  — 


ma{X) 


;]• 


-|-aa+...+a« 

since  the  arithmetic  mean  is  greater  than  the  geometric  mean.     Now  by 
the  property  of  Lemma  II.,  when  1<  s  <  X, 

a,  <  the  ordinate  of  [y/aCX)]^/"  =  xfX  corresponding  to  a?  =  s, 
<a(Z)=;. 


m-l 

Hence      2)  a. 


Therefore 


[2a,]/[ma(X)]<^  +  i.. 


Choose  V  so  large  that  l/i/  <  Jj;,  where  i;  =  «"^  **  and  ci  will  presently 
be  chosen,  and  choose  h>v  bo  that  m>v,  1/m  < ^i;.    Then 


[i  a.]/[ma(X)] 


and  therefore 


log 


ma{X) 

m 

.2a,, 


>  log— >—• 


Then,  from  (7),  Pi  >  m/ej. 

From  (4)  and  (6),      log  |  F(z)  \  =  Pi+(0+0')m+log  C. 

Now 


(8) 


(g+eOm+log  C 
Pi 


^LM±imili2£^  <  ,,[10|  +  |e'|+|logC7|. 

W/Ci 


Choose  €i  so  that  this  last  expression  is  less  than  ^.     Then 

log\F(z)\  =  Pi[l+r,i{z)l     where  |,7i(-8r)|<j€  (9) 

for  every  point  of  the  circle  |  ^  |  =  r. 

By  choosing  h  sufficiently  large,  we  can  make  m  as  large  as  we  please, 
and  hence  Pi,  which  is  certainly  positive,  as  large  as  we  please. 

Now  r  cannot  be  equal  to  a,  for  any  value  of  s,  for  then  log|-F(j8r)| 
would  be  —  00  for  ;?  =  —  a,.  Hence  there  is  an  n  such  that  an<r<,  a»+i, 
both  limits  excluded. 
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Then  log\F{z)\  =  P+logQ,  (10) 

_  n 

where  P  =  n  log  r—  2  log  a, 

and  ^ogQ  =  log\[n{l+^)n{l+£)]\. 

We  shall  show  that  there  is  a  point  Zi  on  U  |  =  r  for  which  Q  ^  1 ;  so 
that  [log(3],i<0  algebraically. 

Suppose  the  contrary  case.  Then,  since  Q  is  continuous  for  points 
z  on  the  circle,  and,  since  a  continuous  function  attains  its  limits,  there 
is  a  number  X  >  1  such  that  Q  >  X  for  every  point  z  of  the  circle. 

[X  may  depend  on  n,  and  tend  to  zero  with  1/n,  but  we  only  require 
X  to  be  independent  of  the  argument  of  z.'] 

Hence,  if  p  be  any  integer,  and  z'  any  point  on  the  circle, 

n  [Q(z'(^^fP)]  >  \P^\  (11) 

But,  since  II  (iH )  is  absolutely  convergent  and  Il(l+-^)  is  a  finite 

1   \       fl^+j/  1  \        z  / 

product, 

=si[^+(fnifi|['+(£-}i 

<s[>+(f)l?,[i+C-fr}']- 

<n(i+^)  n(i+-!i-) 

<  Uf  where  U  is  independent  of  j?,  though  not  of  n,    (12) 

But,  if  j9  be  taken  sufficiently  large,  X*^"*^^  >  U. 

Hence  (11)  and  (12)  are  incompatible,  our  supposition  was  false,  and 
it  follows  that  there  exists  a  point  ;8ri  on  U  |  =  r  such  that  Q(zi)  ^  1  and 

[log  gii  <  0. 

In  a  similar  manner  we  can  prove  that  there  exists  a  point  z^  such 
that  [log  (Jls  >  0. 

The  number  X  >  1  is  replaced  by  jul  <1.  We  consider  the  same 
product  of  Q's  as  before,  and  the  inequality  indicated  by  the  star  is 
replaced  by 


n  (i-i)  n(i — t.)  >r. 
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p-i 
We  thus  obtain  an  inequality  incompatible  with    11  lQ(z'e^'^^^']  <  m^"^^ 

when  p  is  sufficiently  large. 

Now  P  is  independent  of  the  argument  of  z,  and  is  the  same  for  Zi 

and  Z2.    The  same  thing  is  true  for  Pj. 

^^^  [log2^W-Pl=,,  <0    (algebraically). 

Prom  (9),  [logF(-^)-(l-j6)Pil.^  >  0. 

Hence,  subtracting,  (1— Je)Pi— P  <  0. 

Similarly,  by  putting  z  ==  Z2,  we  obtain 

(l+46)Pi-P  >  0, 
whence  Pi  =  P/il+^Kz),  where  U,|<  1  for  all  points  z  of  the  circle, 

log  |F(^)1  =  Px[l+.»,W]  =  P  [l^J]- 


Now 


1- 


1+m^) 


<  ih+ieya-le)  <  ic     when  e  <  4. 


1+ieKz 
Then  log  |2^(-?)  |  =  P[l+i;(^)],     where  |  i;U)  |  <  ie.  (18) 

The  complete  form  of  the  theorem  is  established  by  the  following 
considerations  : — 

By  choosing  h  sufficiently  large,  we  can  ensure  that  m  is  as  large  as 
we  please,  and  that  therefore  Z,  therefore  a{X),  therefore  P^,  there- 
fore M{r),  and  therefore  r  or  /i,  is  as  large  as  we  please. 

We  have  then  determined  an  r  such  that 

\F{z)\  =  exp[P{l+i;(^)H,         |i;(^)|<i€. 

n 

Moreover,  P  =  n  log  r—  2  log  a,  is  evidently  independent  of  the  argu- 
ments of  z  and  of  the  zeros.  In  the  course  of  the  work  r  was  determined 
(by  means  of  Lemma  I.)  solely  by  means  of  the  moduli  ai,  og,  ...,  and  is 
independent  of  the  arguments  of  the  a's  ;  moreover,  the  analysis  through- 
out assumes  these  arguments  to  be  arbitrary. 
Thus  on  the  circle  |  ^  |  =  r 

\Fi(^)\  =  exp[P|l+i;i(^)}],         \f„iz)\  <  Je. 

We  determine  the  sequence  ri,r2, ...  as  follows  : — 

Let  Ti  be  a  value  of  r  which  has  the  above  properties  when  e  =  ^. 

Let  r2  be  the  least  possible  value  of  r  such  that  r^  >  ri+1,  and  such 
that  r^  has  the  above  properties  for  c  =  1/2^. 

Similarly,  let  r^  be  the  least  possible  r  >  r2+l  and  corresponding  to 
€  =  1/2®,  and  so  on.     We  evidently  have    Lt  r,  =  oo .     Then,  when  an 
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€  is  assigned,  if  fi  be  the  least  integer  such  that  2~'^  <  6,  i^hen  5  >  Mi 
on  the  circle  | ;?  |  =  r„  we  have 

|i?'(^)|  =  exp[P{l+i;U)H, 

where  h(^)|<2m<i^- 

A  similar  result  evidently  obtains  for  F-^iz). 

Finally,  we  have  to  show  that  mir^  >  [^flf (rj]^*"',  ....    We  have 

logmW  >  P(l-ie)  >  P(l+j6)(l-6)  >  [logM(r,)](l-6). 

Therefore  m{r,)  >  [M (r,)]^-. 

Similarly,  the  other  inequalities  of  the  theorem  are  proved. 

6.  The  theorem  of  the  preceding  article  does  not  in  general  hold  for 
functions  of  finite  or  infinite  order,  and  it  does  not  hold  for  any  of  the 
ordinary  functions  of  finite  order  which  occur  in  analysis,  e.g.^  €*,  sin  z^ 
llT{z),  sinz. 

It  does  not  hold,  moreover,  for  the  functions*  Pf,(z)  of  Dr.  Barnes, 
which  may  be  regarded  as  the  standard  type  of  functions  of  finite  order. 

The  most  precise  completely  general  theorem  f  which  is  known  con- 
cerning the  relations  of  m(r)  and  M{r)  for  functions  of  finite  order  /o, 
is  that,  on   certain   circles    \z\  =  r,    where  r  is  as  large  as  we  please, 

m{r)  >  e"^*',  where  e  has  its  usual  meaning.  It  seems  certain,  moreover, 
that  when  /o  >  1  we  cannot  find  a  lower  limit  for  m{r)  which  is  of 
higher  order  than  is  implied  in  this  inequality,  unless  we  make  further 
assumptions  I  as  to  the  nature  of  the  zeros  of  the  function. 

Again,  on  the  circles  |j8r|  =  r  of  §  4,  log|jP(2:)|  has  a  dominant  term§ 
P  which  is  independent  at  once  of  the  argument  of  z  and  of  the  arguments 
of  the  zeros,  and  \F{z)\  has  a  dominant  factor  exp(P)  which  is  similarly 
independent. 

*  Barnes,  Froe.  London  Math.  Soe,f  Ser.  2,  Vol.  3,  Part  4. 

t  [iVo^  added  August  nth. — I  have  proved  the  foUowing  theorem : — If  p  <  (,  a  sequence  of 
oiroles  exists  for  which  m(r)  >  [Jf  (f')p<>*2'^~%  which  is  a  generalisation  of  the  theorem  of  {4.  I 
hope  to  publish  the  proof  in  another  paper.] 

{  Gf.  Lindeldf,  Acta  Soe,  Fenn,^  Vol.  zxzi.  (1),  1902,  pp.  1-79,  where  an  extensive  theory 
of  this  kind  is  elaborated. 

\  In  saying  that  F  is  the  dominant  term  of  f(z),  it  is  meant  that  /(s)  —  P-f>  Q,  where 

L^      ''»lr*0*    Similarly,  Pis  a  dominant  factor  of /(«)  when /(£)»  P.  Q,  where 

m-oD  LI  -^U 

Lt-^--0. 


tmm 
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This  again  is  not  true  for  the  standard  functions  of  finite  order. 
Consider  the  function 

F,.)  =  ,n[(i-^)(i+^)]  =  5S<2!>«l<^, 

whose  order  is  ^. 

If  z^  z=  ^+£,;,  the  dominant  term  of  log\F{z)\  is  7r(|f  |  +  h|).  This 
evidently  depends  on  the  argument  of  z,  and  varies  from  v^2'7rr*  to  in*. 
But  even  the  maximum  value  of  the  dominant  term  can  be  changed  by 
a  change  in  the  argument  of  the  zeros. 

Consider 

W  =  .[n(i+^)n(i+^)], 

whose  zeros  have  the  same  moduli  as  those  of  F{z), 

The  maximum  value  of  the  dominant  term  of  log|i^i(2r)|  is  2x1^,  which 
is  different  from  the  corresponding  maximum  v^27rr^  for  F(z). 

We  have  chosen  a  function  of  order  less  than  unity  because  of  the 
exponential  factors  which  may  occur  in  the  product  form  of  a  function  of 
order  greater  than  or  equal  to  unity.  In  the  case  of  functions  of  order 
unity,  a  more  striking  example  is  afforded  by  the  pair  of  integral  functions  * 
sin  TTZ  and  z"'^  [llT{z)f.  The  moduli  ^f  the  zeros  of  these  two  functions 
are  the  same  in  each  case,  but  the  maximum  values  of  the  dominant 
terms  of  their  logarithms  are  respectively  irr  and  2r  log  r. 

It  is  possible  f  to  construct  functions  of  finite  I  and  infinite  (including 
transfinite)  orders  for  which  logi^(j8:)  has  a  dominant  term  independent 
of  the  arguments  of  z  and  of  the  zeros,  but  these  are  exceptional  cases. 

It  is  clear,  then,  that  functions  of  zero  order  behave  at  infinity  in 
a  manner  quite  different  from  that  of  functions  of  finite  order,  and  that 
they  deserve  to  be  studied  by  special  methods,  not  applicable,  in  general, 
to  the  theory  of  finite  order. 

In  the  general  theorem  of  §  4,  we  have  no  means  of  determining  th^ 
precise  positions  of  the  circles  | ;?  |  ==  r,.  We  may,  however,  expect  that, 
in  the  case  of  functions  of  standard  type,  the  results  of  this  theorem  will 
hold  for  circles  in  a  part  of  the  plane  which  can  be  determined. 

In  the  following  articles  we  shall  undertake  the  approximation  to 
functions  of  standard  type. 


*  This  example  was  g^ven  to  me  by  one  of  the  referees.     It  is  due  to  Borel. 
t  This  is  an  example  of  a  theory  which  I  propose  to  develop  in  another  paper. 
X  Mr.  Hardy  has  given  examples  of  functions  of  finite  order  with  the  above  property,   Proe, 
London.  Math.  Soe.,  Ser.  2,  Vol.  2,  1904,  pp.  332-339. 
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6.  We  proceed  to  establish  the  following  theorem  for  functions  of 
standard  type : — 


00 


Let  F{z)  =  n  {l+zja^  be  any  function  of  standard  type,  so  that  </>($) 

increases  with  s  after  some  finite  value  N  of  s. 

We  define  the  region  B  of  the  z  plane  as  follows : — Assign  any  positive 
number  k^  which  may  be  chosen  as  large  as  we  please. 

Let  C,  be  the  circle   |e+at|  =  |a«|  exp[— xW]»  where  x(*)   is   t^® 

greater  of  the  two  numbers  k  and  k[sl</>{s)'].  Then  B  is  the  region  of 
the  plane  which  is  exterior  to  all  the  circles  Cg. 

Then,  when  z  is  restricted  to  lie  in  the  region  B,  a  constant  K  exists 


where 


P  =  n  log  r—  2  log  a„ 


n  having  its  usual  meaning,  and  where 

IQI  <  the  greater  of  the  numbers  K  and  £[n/0(n)]. 

As  for  P,  if  any  positive  number  \  <  1  be  assigned,   then,   when    r  is 
sufficiently  great, 

P  >  \n</>{n). 

Further,  if  the  circle  U  |  =  r  do  not  cut  any  of  the  circles  C«,  then, 
when  r  is  sufficiently  great, 

m(r)  >  iM{r)y-% 

where  e  is  any  assigned  positive  number. 


We  have  (§  8) 

log-F(^)  =  P+^+S+log 


1+ 


fl^n+l 


+  log 


1+^ 
Z 


+  iyri 


where  |yz|<'T.     We  shall  show  that  P  is  of  order  not  less  than  that 
of  n0(n),  while 


B+S+log 


1  + 


On+l 


+  log 


+«y« 


is  of  order  not  greater  than  that  of  the  greater  of  K  and  £{n/0(n)],  and 
we  prove  the  latter  result  by  considering  separately  the  order  of  each 
of  the  five  terms  B,  S^  .... 

First  let  us  prove  the  result  concerning  P. 


878  Mr.  J.  E.  Littlbwood  [Jan.  10, 

We  have     P  =  aP  =  »  j  log  A  — |  =  n  log  r—  2  log  a, 

n 

>  n  log  On—  2  log  a, 

1 

n 

>  n0(w)  log  n— log ai—  2  0(s) log s. 

2 

Let  N  be  the  value  of  s  after  which  0($)  increases,  and  let 

N 

2  log  a,  =  C, 

1 

where  C  is  a  finite  constant.     Then 
P>n0(n)logn— C—  2  0(s) log s  >n0(w) log n—0(n)  2  log«— C. 

2^+1  N+1 


n  n 


Now       2  log s  <  2  log s  <  log  {n\)^n  log n— n+log V2ir n+€«, 

2^+1  1 

where  €n  vanishes  when  n  becomes  infinite  (Stirling's  formula).    Therefore 
P  >  /i0(n)  log n—0(n)  jwlogw— n+J  log(27r)+Jlogn+e«}— C 
>  0(n)(n— i log n—i log  (2'7r)  —  C—e„). 

Now,  when  n  is  sufiSciently  large,  i.e.,  when  r  is  sufficiently  large, 

i  log  n+i  log  (27r)+C+en  <  (1-X)  n, 

where  X  is  any  assigned  number  <  1. 
Therefore,  when  r  is  sufficiently  large, 

P>XW0(71),  (1) 

where  X  is  any  assigned  number  <  1. 

We  notice,  in  passing,  an  upper  limit  for  P, 

P  <  w  logr  <  nlog  on+i  <  n0(n+l)  log  (n+1).  (2) 

Next  consider  the  term  B. 

We  notice  once  for  all  the  two  following  inequalities. 

If  I  a;  I  <  1,  then    J&  log  (1 +x)  <  |  a;  | ,  algebraically, 

and  |alog(l+a:)|<-log(l-|a;|). 

For  the  first  SI  log  (!+«)  =  log  1 1+x  \  <  log  (l  +  |a;|)<  |a;|. 
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For  the  second  |»log(l+ic)|  =  |»  (x-^  +  y-...)| 


X'^ 


<kl  +  ^+...<-log(l-|x|). 


We  shall  frequently  have  occasion  to  use  these  inequalities  in  the  course 
of  the  present  paper,  and  shall  hereafter  use  them  without  further 
remark. 

We  have  B=  2  » log  f  1+  -^) . 

We  divide  this  sum  into  two  parts  as  follows. 

Let  \*  be  a  constant  which  we  shall  choose  later  to  be  greater  than  a 
certain  finite  number. 

Let  fj  be  the  greater  of  the  numbers  X/n,  X/0(n).  Then,  by  choosing 
\  sufficiently  large,  we  can  ensure  that  ipi  is  greater  than  any  assigned 
number,  and,  since  ^(n)  tends  to  infinity  with  n,  by  choosing  n  sufficiently 
large  we  can  make  17  as  small  as  we  please.  We  suppose  for  the  present 
that  n  is  so  large  that  >;  <  1. 

We  divide  the  sum  B  into 

(Ti  =  2  log  I  l+z/an+s  I ,      and     (t,  =     2     log  |  l+z/an+t  \ . 

««2  [n»]+i 

We  shall  prove  successively  that  a-i  and  a-^  are  of  order  not  greater  than 
the  greater  of  Knlil>(n)  and  K. 
First  consider  a-i.    We  have 

-i<-I'o«('~3<-T'°«(i-^) 


<-f"^L>-(m)n 


+ 

[since  <f>(n+8)  ^  ^(n+1)] 


< 


[since  X/17  =  the  lesser  of  n  and  ^(n)  <  ^(n+1)]. 


*  This  A  is  not  the  A  appearing  in  (1). 


M 
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2.  Lzl 

fj    71+8 


(since  ly  <  1). 


H-   V[-ej-;)i<v[— (-fe^')} 


(4) 


Now,  when  «  <  i, 

.8 


e-<l-^+§  +  f,+...<l-.+  f  (|  +  ^  +  -^  +  ...)<l-f. 

Hence,  when  jy  <  JX,  (5) 

\  s— 1    ^  X    n    ^  1 


80  that 


2i7     n  2i7   n         2  ' 


.     _    r      X  5-n  ^  -       IX   s-1 

and,  from  (4), 

./r.     (n+l\'^-\  ^  .  / 1    \  8-1      in    n 
/L       \»+«/    J         /  2   2ij     n  X  s-1 

ii[»^]±i)  ^  8M 

X(s-1)     ^\(s-l)' 
provided  \  >  2,  so  that  [rfn\  >ij»— 1>X— 1>1.    Then,  from  (8), 

<  W'og  (i^^  -logra+M). 

Using  the  asymptotic  formula  for  logr(a;+l)  (Stirling's  formula),  we 
obtain 

fl^i  I  <  Mlog  ^y)  +M  log  (M)— [i/n]  logM+[i/»] 

— ilogM+il(n), 
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where  A  (n)  is  finite  for  all  values  of  n, 

<  M  (log  Y  "^  ^)  "*"^  ^^^     (miQQ  [i/»]  >  1) 

<  ^  (log  —  +lj  ^-A  (n). 

Let  ^Ki  be  the  greater  of  (1^,  \  (log-r-  +l]>  and  (2^  the  maximum 
value  of  I  il  (n)  I .     Then,  if  17  =  X/n, 

If  17  =  \lip{n)f  so  that  ^(n)  >  n, 


w     .  ,  x,    ^  w     n 


Hence,  in  any  case,  |  ci  |  <  the  greater  of  Ki  and  Ki—r-r.  (6) 

Now  consider  o-j.    When  s  ^  [>;»]+ 1  >  )7n, 

<L^,^;r„v»-j'-'<iv[-^-;^jr"' 

2  14 

Choose  X  >  4 ;  then  — r-^r  <  -jr  >  —  <  i^/i  ^^^ 

_i_<a+J,)-*c»)<[i+j_|_]-*^"><exp[-^(«)log{l+iA.}] 

<  exp  [-  ^  («)  i  ^]     [if  i>  in)  >  X]* 
<exp(— 1\). 

Now.when  0<x<l,  =l5£(k:fL>=l+  * +^  +  ...  i 

o;  increases. 

Hence,  when  s  >  j/w, 

—log  ( 1 —)  /-^<  I — Ti tim  <  a  fiiiite  I. 

\  an+s//  OLn-^.         log  (1  —  6    *^) 

•  If  0  <  a:  <  J,  log(l+:r)  -  ^- ~  +  ...  >  *[l-i  (i+^  +-)]  ^  **' 


,         ....  mcreases  as 
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Then 


|(r2|<-    i     log(l-^<Z.  2     -^ 

<  ia»+i2  —  <  ia,+i  2  (n+ *;-♦<»+•> 

2    Cln+J  2 

<  ia,+ii  (n+s)-*<-+'>  <  Z(n+l)-*<"-'>>  f  (n+«)-*("+«<iB 


when  ^(»+l)  >  2. 

Bence  ^  l-«l<;^.  (7) 

Next  let  us  consider  the  term  |  S  | . 

The  analysis  is  somewhat  similar  to  the  above,  and  I  shall  abbreviate 
it  where  this  is  possible. 

We  divide  the  sum       S  =  2  log  |  l+a^lz  \ , 

1 

—         n-l 

which  may  be  written       S  =  2  log  |  l+a»-,/^  | , 

1 

into  two  parts, 

[lyn]  n— 1 

(r^=  I,  log\l+an-,lz\,      and      0-4=     2     log  |  l+a«-,/-e:  | , 

1  [,»]+! 

where  fi  is  the  number  defined  above. 
Consider  o-g.     We  have 

'.i<-'f-<-^]<?'-[V('-v)] 

<'f.og[V(.-S'^?:^)] 

<  2^  log [1/ (1  -  ^"^;r") ]    [since  ^  (»)  >  ^(n-«)] 

<  2^  log  [1/  { 1  -  (^)  ^'l  ]     [since  ^  (n)  >  X/,]. 
Now           logr(-^)^'']  =  -Aiog(i-^)>^>     '^. 
when  X  >  2  and  lyn  >  2. 
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Hence,  reasoning  as  in  the  case  above,  we  have 


x» 


\s 


Then 


-i<T'»4f^} 


This  is  the  same  inequality  as  we  obtained  for  |  (Ti  | . 

Hence,  by  repeating  the  reasoning  for  that  case,  we  have 

I  (73 1  <  the  greater  of  Ki  and  Ki  nl</>  (n). 

Now  consider  0-4.     We  have 

0-4  =  *  2      log  I  1+an-ilz  1+2  log  I  1+aJz  \ , 

i=[i|n]+l  ««1 

where  N  is  the  least  integer  such  that  0(^+1)  ^  <p(8)  when  s'^N. 
If  n  be  so  large  that  r^  an>'  2ay, 


(8) 


N 


21og|l+a./z| 

1 


Again,  when  s  >  [lyn]  + 1  >  i/n. 


2|logi 
1 


N  log  2. 


(9) 


On-.  ^  On-.  ^(n-«)*<"-'> 


On 


n 


«(n) 


(^r'"'<(^)""' <«-"♦'•• 


<  (1-.;)*''  <  exp  [—log  (1-,)]  <  exp  (-X). 
Hence,  by  reasoning  similar  to  that  used  in  the  case  of  <r^ 

where  V  is  a  finite  constant.     Then 


r 


2    log 

[n»t]+i 


1  +  ^  1]  <  -  "'^"log  (l-M  <  -^  T  a,_. 

Z      IJ  rn»1  +  l  \  '^    /  ^     rnnl  +  1 


f    n-N-1 

2 


7f    n^H-l  n-N-1 

—     2     an-,  <  Z'n-*<~>     2    (n-s)*<'^-'> 

On         1  1 

1 


Jo 


n 


0(n)  +  l  000+1 


r 


n 


0(n) 


.  (10) 
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Adding  (9)  and  (10),  if  ^£'3  be  the  greater  of  ^log2  and  2',  we  see  that 

I  (74 1  <  the  greater  of  f  3  and  £'3/1/^(11).  (11) 

Next  consider  the  term 

2i  =  log|l+Wan+il. 

IPog  |l+-8f/a»+i  |]|   is   a  maximum  for  a  given  n  when  |  ^r+an^-i  I  is  a 
maximum  or  minimum. 

Now,  by  the  definitions  of  the  number  n,  |  ^er+On+i  |  has  its  maximum 
when  z  =  a»+i.     We  then  have 

I  Ti  I  =  log  2. 

Again,  by  the  definition  of  the  region  12,  |  ^+^n+i  |  has  its  minimum 
value  when  z  lies  on  the  circumference  of  the  circle  Cn+i,  and  this  value 

is  exp[— x(^+l)]- 

Then  |  Ti  |  =  x(^+l)  =  the  greater  of  k  and  A;(n+l)/^(n+l) 

<  the  greater  of  24  and  2J(l^(n).  (12) 

We  proceed  similarly  with  Tj  =  log  |  l+ajzl.  |  Tj  |  is  a  maximum 
when  I  l/z+l/an  \  is  a  maximum  or  a  minimum. 

The  first  case  occurs  when  z  =  an,  and  we  then  have  |  T3 1  =  log  2. 

The  second  case  occurs  when  z  is  the  point  on  the  circumference  of  Cn 
which  is  at  the  greatest  distance  from  the  origin. 

In  this  case,  since 

z+an 

80  that  |^|<|a*|(l+e-*), 

lT3l  =  |[logIl+a./.|]|<|log?^E^^ 

<xW+log(l+e-*) 

<  the  greater  of  2A+log(l+e-*)  and  [2A;+log(l+6-*)]n/^(n).  (13) 
Finally,       |y«'  I  <  "^  <  the  greater  of  27r  and  27rn/^(n).  (14) 

Now,  adding  the  inequalities  (6),  (7),  (8),  (11),  (12),  (18),  and  (14),  we 
have,  if  ^  ^  Zi+4Z+Zi+Za+2A+[2A+log(l+6-*)]. 

|E+S+log|l  +  e/an+i|+log|  1+an/H  +'y.| 

<kil  +  kal  +  k8l  +  k4l  +  ITj  +  |r3|  +  |y.| 

<  the  greater  of  K  and  Knlif>{n). 
Then  the  first  part  of  the  theorem  is  proved. 


=  exp[— x(^0]  <  e 


-k 
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To  prove  the  second  part  we  recall  that,  if  \  be  any  assigned  positive 

number  <  1,  then,  when  n  is  suflBciently  large,  P  >  Xn0(7j). 

Thus  on  any  circle  1^:  |  =  r  which  does  not  cut  any  circle  <7„  i.e.,  which 
lies  entirely  within  the  region  ii, 

logF{z)=P+Q, 

where  |  Qj  <  the  greater  of  K    and     Knl^(n). 

Now,  when  n,  or  r,  is  sufficiently  large. 

It  follows  at  once  that,  when  r  is  sufficiently  large, 

log  m  (r)  >(1 — e)  log  Af  (r) , 
and  therefore  m  (r)  >  lM{r)J^\ 

7.  The  formula  logF(-8r)  =  P+Q  of  the  lasi  article  may  be  used  to 
approximate  to  the  logarithm  of  any  function  of  standard  type.        ^ 

In  practice  it  is  necessary  to  approximate  to  the  finite  sum   2  log  a« 

which  occurs  in  P,  in  terms  of  n,  which  is  supposed  large,  to  approximate 
to  n  as  a  function  of  r,  and  to  effect  the  substitution  of  n  in  terms  of  r. 

Both  of  the  above  approximations  should  be  carried  just  so  far,  when 
this  is  possible,  that  the  final  approximation  for  P  has  an  error  of  the 
order  of  nj^in),  or  a  finite  error,  according  as  we  have  the  inequality 
\Q\<Knl<l>{n)  or  \Q\<K. 

The  order  of  the  terms  in  ?*  thus  obtained  ranges  from  that  of  K  or 
Knl<f>(n)  as  a  lower  limit  (which  is  not  attained),  to  the  order  of  P,  which 
varies  with  different  functions  from  n<f>{n)  to  nlogn0(?O  [cf.  the  in- 
equalities (1),  (2),  of  §  6]. 

Thus,  provided  we  can  effect  the  approximations  spoken  of  above,  we 
can  find  some  of  the  higher  terms  in  the  asymptotic  expression  of 
logF(^). 

It  may  be  remarked  that  in  the  case  of  some  functions  the  expression 
Q  is  actually  of  order  n/0(n),  so  that  the  inequality  for  Q  which  constitutes 
the  theorem  of  the  last  article  is  the  most  precise  general  inequality  which 
can  be  obtained  on  our  lines.  In  the  case  of  certain  functions  for  which 
</>(n)  is  of  less  order  than  n,  so  that  \Q\<K nl<p{n),  Q  is  of  slightly  less 
order  than  n/ipin).  The  difference,  however,  is  usually  irrelevant  in 
practice,  so  far  as  finding  more  terms  of  log  F(^)  is  concerned. 

8BK.  2.     VOL.  5.     NO.  968-  2     0 
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Since  P  is  independent  of  the  arguments  of  z  and  the  zeros,  the  terms 
in  r  which  we  obtain  are  similarly  independent,  so  that  our  method  gives 
the  same  approximation  for  all  functions  whose  constant  term  in  the  Taylor 
series  is  1,  and  whose  zeros  have  the  same  sequence  of  moduli. 

The  region  12,  however,  to  which  z  is  confined,  varies  with  the  argu- 
ments of  the  a's.  It  contains,  however,  the  region  B'  which  is  the  part 
of  the  plane  exterior  to  every  annulus  ^«,  whose  boundaries  are  the  circles 
with  centre  at  the  origin,  touching  the  circle  C«  internally  and  externally. 

The  region  B*  is  independent  of  the  arguments  of  the  a*s.  Hence, 
when  z  is  confined  to  12',  a  change  in  the  arguments  of  the  zeros  can  only 
affect  terms  of  log  F{z)  whose  order  is  not  greater  than  the  greater  of  K 
Bknd  Knl4p(n). 

It  is  clear,  from  the  alternative  inequalities  which  occur  in  §  6,  that 
there  is  a  change  in  the  behaviour  of  log  F{z)  when  </>{n)  is  approximately  n. 

When  4p{n)  is  of  order  not  less  than  n/logn,  we  can  obtain  a  better 
approximation  than  that  afforded  by  the  theorem  of  §  6,  and  we  shall  in 
the  following  three  articles  consider  the  approximation  to  classes  of 
functions  of  this  type.  The  analysis  in  these  cases  is  fortunately  far 
simpler  than  that  of  §  6. 

The  theorem  of  §  6,  then,  is  more  particularly  appropriate  to  functions 
for  which  0(n)  is  of  order  less  than  n/logn. 

It  is  necessary,  however,  for  the  cases  when  0(n),  although  not 
decreasing,  is  of  irregular  growth.  It  is  possible,^  e.g.,  for  0(n),  while 
being  an  increasing  function,  to  be  of  order  n^  for  an  infinite  set 
of  values  of  n,  and  to  be  of  order  n^  for  another  infinite  set  of  values. 
In  this  case  we  should  have  the  inequality  \Q\<  K  for  certain  ranges 
of  z  [i.e.,  those  ranges  for  which  <f>(n)  is  of  order  n^,  and  for  other  ranges 
the  inequality  |  Q  |  <  Kn^. 

We  shall  conclude  this  article  with  some  remarks  on  the  regions  B 
and  B\ 

We  suppose  <f>  (s)  is  of  less  order  than  s/log  5,  and  that  it  is  of  regular 
growth  (in  a  rough  sense). 

The  radius  p,  of  the  circle  C,  is  a,  exp  l-^ks/ip  (s)]. 


*  Borel,  Lefotu  mr  lea  Fonctiotu  entihv$.  Borel  oonstruots  a  fnnotion  which  we  may  call 
f{x)f  which  is  of  order  comparable  with  e*  for  an  infinity  of  values  of  x  as  large  as  we  please,  and 
of  order  comparable  with  e^  for  another  similar  range  of  values.     If  we  take 


ft 
we  have  the  case  above. 


^(«)  =  ilog/(«*), 
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The  distance  of  —  a«  from  the  nearest  other  zero  (usually) 

>  a,— a,_i  >  a,    1  —  I J         ^  a^^ —  (approximately). 

Then  the  ratio  of  p,  to  the  distance  from  —  a«  to  the  nearest  other  zero 

This  tends  to  zero  with  1/^,  and  is  very  small  if  <p(s)  increases  slowly 
with  8. 

Thus  the  region  12  covers  by  far  the  greater  part  of  the  plane,  and 
since  the  circles  <7«  do  not  intersect  when  s  is  large,  as  is  evident  from  the 
above,  the  point  z  can  move  in  the  region  12  from  any  point  in  12  to 
infinity. 

The  region  12'  covers  the  greater  part  of  the  plane,  but  consists  of 
disconnected  annuli. 


8.  Theorem. — Let  F{z)  be  a  function  such  that  after  a  certain  value  N 

of  5, 

-^  <  i8  <  1 ;  (1) 

a«+i 

but  no  other  restriction  is  placed  upon  <p  {s)  than  that  implied  by  (1). 
Assign  any  positive  number  A;,  which  may  be  as  large  as  we  please. 
Let  12}  be  the  region  exterior  to  every  circle  (7«, 


z+a,  I  =  6~*|a,|  . 

Then,  when  z  is  confined  to  the  region  12i,  there  is  a  number  K  such  that 

,       logF(z)  =  P+Q, 
where  \Q\  <K. 


We  notice  firstly  that  the  class  of  functions  defined  by  (1)  includes 
functions  other  than  of  standard  type,  and  secondly  that  this  theorem 
gives  a  better  approximation  than  the  theorem  of  §  6,  for  functions  for 
which  <p  {n)  is  of  order  not  lower  than  n/log  n,  and  lower  than  7i. 

We  have 


logF(^)  =  P+12+S+log 


1+    ' 


dn+l 


+log 


1+^ 

z 


2  c  2 
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Consider  B.     We  have 


lB|  =  |[2)og    1+-^  1   <-  2  1og(l--^) 

I  L«=2  Ctn+8     J  «=2  \  Ot»4.,/ 

<-21og(l-^) 


QO 


<  -  2  log(l-i8'-i)   (when  n>  N).  (2) 
Now  SjS'"^  is  convergent.     Therefore  11(1— jS*"^)  is  finite  and  not 

OB 

zero,  ««id  therefore  —  2  log  (1  — /8'~^)  is  finite  and  <  Ki. 

»=« 

Hence  \B\<Ki.  (8) 

Again,      |Sl  =  |[2;iog(l+^)]|<-;i;iog(l-f) 


-21og(l-^) 

-2  1og(l-^)-  "2    log(l-f). 


Choose  r  so  large  that  r  ^  an  >  2a/f. 
Then,  if  s  <  W', 

1-  -5!^  >  i,    and     -  2  log  fl--^)  <-Rriog  2. 

a,i  ,=1  \         a»/ 

Then 

|S|<iV^log2~     2'    log(l-i8''-')<iVlog2-i  log(l-i8') 

<  a  finite  constant  £^3.  (4) 

We  prove,  by  reasoning  as  in  §  6,  that 

|ri|  =  |log(l+^/a.+a)|,     and     jTal  =  log  (l+a./^)| , 

are  less  than  finite  constants  Hi  and  ^^2-  (^) 

Finally,  hy.  I  <  ^.  (6) 

From  (3),  (4),  (5),  (6),  we  have,  ii  Ks  =  Ki+K^+Hi+H^+ir, 

\Q\=\  B+S+Ti  +  T^+iy.  I  <  K,. 

We  have  so  far  assumed  that  n  is  greater  than  some  finite  value, 
N'  suppose. 
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Let  K^  be  the  maximum  value  of  Q  for  all  values  of  z  belonging  to  22, 
and  such  that  n  <  N'.     Let  K  be  greater  than  K^  and  K^. 
Then  \Q\<iK,  and  the  theorem  is  proved. 

Taking  the  exponential  of  each  side  of  the  formula 

logF(z)  =  P+Q, 
we  have  F{z)  =  C  (z)  e^ , 

where  e^>\C  {z)  \  >  e'^. 


Let  Bi  be  the  region  derived  from  Ri  in  the  same  manner  that  iJ'  was 
derived  from  B,     Then  B'l  is  independent  of  the  arguments  of  the  zeros. 

Hence,  if  F(z)  =  ILil+z/as),  F^iz)  =  ILil+z/as)  be  two  functions  of 
the  class  defined  in  the  theorem,  for  which  the  sequence  of  the  moduli  of 
the  zeros  is  the  same,  then,  if  |  ^  |  =  r  lies  within  B\, 

e^'^>\F^{z)IF(z)\  >  6-2^'. 

Thus  F{z)  and  Fi(z)  only  dififer  by  a  finite  factor  in  the  region  B[. 

If  we  can  express  P  in  terms  of  r,  with  a  finite  error,  ^e  can  find  all 
the  large  terms  in  the  asymptotic  expression  for  log  F(z). 

The  ratio  of  pt,  the  radius  of  C.,  to  the  least  possible  distance  da  from 
— a«  to  the  nearest  other  zero  is  greater  than  in  the  case  considered  in  §  7. 

We  have  a,  >  /S". 

Then  (usually)       d,  =  a,-a,-i  >  (1//3-1)  /Q-*, 

p,  =  6-*  a„         pjd,  <  6- V(6^^^- 1), 

and  is  finite,  though  by  choosing  k  sufficiently  large  we  can  make  it  as 
large  as  we  please.  We  can  thus  ensure  that  the  circles  C  do  not  intersect, 
and  that  Bi  exists. 


00 


9.  Theorem. — Let  F(z)=  11  (1+^/a,)  be  a  function  such  that 

Lt  a,/a,+i  =  0, 

but  no  further  restriction  is  placed  upon  0  (s). 

Let  122  M  b^  ^^^  region  of  the  ^-plane  which  consists  of  all  the  annuli 
fjag+i>\z\'>  as/rj,  where  s  is  such  that  J/a^+i  >  a,/j7,  and  where  ly  is  a 
positive  number  <  1. 

Then,  if  any  positive  number  e  be  assigned,  there  is  a  corresponding 
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non-zero  positive  number  i7«,  such  that  when  z  is  confined  to  the  region 

-Bafec)*    and  when  moreover   |2r|>J5'„  where  K,  is  a  positive  number 

depending  on  e,  we  have 

\ogF{z)^P+Q, 


n 


where  P  =  n  log ;?—  2  log  a„ 


and  where  |  Q  \ 


f»i 


6. 


The  class  of  functions  considered  is  evidently  contained  in  the  class  con- 
sidered in  the  last  article. 

It  is  evident,  however,  since  we  propose  in  this  case  to  obtain  the 
inequality  |  Q  |  <  e,  that  we  must  take  count  of  the  imaginary  part  of 
log  F{z)^  so  that  P  will  no  longer  serve  as  an  approximation  with  the 
accuracy  which  we  require. 

Again,  log(l+^/an+i)  is  not  small  when  |£:/a»+i|  is  nearly  unity,  so 
that  the  theorem  requires  a  new  kind  of  region  B. 

We  have 

\ogF{z)  =  P+B+S+log(l+;8r/a»+i)+log(l+an/^), 

where  the  logarithms  in  B,  5,  and  in  the  last  two  terms  are  supposed  to 
have  their  principal  values. 

Let  6|,  which  for  the  present  we  suppose  less  than  },  be  a  positive 
number,  which  we  shall  presently  choose  suitably. 

Then  there  exists  a  v  such  that  when  8>v^ 

-^  <  4-  (1) 

Then,  if  ^  be  any  point  of  the  region  12  (e^),  there  is  an  n  such  that 

r/an+i  <  ei,       onlr  <  6i,  (2) 

and  such  that  n  has  its  usual  meaning. 

Now,  if  I  a;  I  <  i,  and  if  log  (l+x)  has  its  principal  value, 

|log(l+a:)|<2|a:|.^ 


* 


Moreover 


On 


+« 


ctw+i        a»+,_i  ^  _2»-i 


Otn+l  O-n+i  Qn+« 


eV-'  <  h 


provided  n  > »». 

Hence  |log(l+^/a„+.)|  <  2ef->     (s  =  1,  2,  ...), 


•|iog(i+*)l=    x-'^*...    <  1*1  +  141'+...  <|,| +|, !«...<  JLiL  <2|,|. 
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and  therefore 

log(l+-^)+B 


2|log(l+-^) 


00 


2  2  ej 

S=>1 


2»-l 


26i 

1-4 


f^l' 


(8) 


Again,  if  »>  •'+1, 


log(l+^)+s|<i|log(l+f^) 


<2|log(l+^)+    i    |log(n-^)|.      (4) 


When  s 


When  8 


a. 

—    «* 

z 

a»+i 

a. 

2: 

^f<"-"e,<i. 


e?<"-^n<i 


Then,  from  (4), 


log  (1+  7^)  +S  I  <  2  [ve?(»-'^+'+  ^  J^^  e?<— >+»] 


D 


QO 


<ei|2v+2^er|<ei 


f]  <  ej  [2v+  j^]  <  ei  [2,.+|].    (5) 


Hence,  from  (8)  and  (5), 

I Q I  =  I  B+S+log  (1+^)  +iog  (1+  7^)  I  <  *i  [f+a.'+f], 

when  n  >  I'+l,  or  when  |^ |  >  a  finite  K\^  depending  on  e^.     Choose 

61  =  6/(8+2,.),         Z.  =  Z;,         fi.  =  61. 

Then,  when  ;?  is  confined  to  B  {fj,)  and  1 2r  |  >  if«,  we  have  |  Q 
which  proves  the  theorem. 


e. 


Since  Lt  ajag+i  =  0,  when  s  is  sufficiently  large,  we  have  fj^at+i  >  a«/f7c, 
so  that  the  region  Bz(rj,)  exists. 

The  breadth  of  the  annulus  which  passes  between  the  points  a«  and 
Qt+i  is  large  compared  with  a«,  but  small  compared  with  ag+i. 

Taking  the  exponential  of  each  side  of  logFU)  =  P+Q,  we  have, 
for  large  values  of  z  within  BzM, 

F{z)  =  [l+e(^)] 


dld^  ...  (In 
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where  |  eU)  |  <  exp  (c)  —  1  <  2€. 

If  we  can  approximate  to  P  as  a  fanction  of  z,  with  an  error  which 
tends  to  zero  with  l/r,  this  approximation  gives  all  the  large*  and  finite 
terms  of  log  F(z). 


00 


10.  Theorem. — Let  F{z)  =  II  (l+z/at)    be   a  function,  such    that 

^(s)  =  0(s)/s  is  an  increasing  function  after  some  finite  value  N  of  s,  and 
such  that  Lt  ;( (/j)  =  ao  . 


«  =  oo 


We  define  the  region  B^  as  follows. 

Assign  a  positive  number  k  such  that  0  <  A;  <  ^,  and  where  k  may  be 
taken  as  small  as  we  please. 

Then  Bq  is  the  region  of  the  plane  which  consists  of  all  the  annuli 

(s+A:)*<'>  <\z\<  (s+l-A;)*<'+^>. 


Then  when  z  is  confined  to  the  region  Bq,  and  when  r  >  some  finite 

constant  H,  i      t:?/  \        r*  i  /^ 

log  F{z)  =  P+Qy 

where  \Q\<K  exp  [— i*  x  N], 

K  being  a  finite  constant. 

Since  ;?  lies  in  .Bg,  there  is  an  integer  n,  such  that  r  =  (M+6)*^*^ 
(d>k)  and  r  =  (n+0')*^'^+^>  (6' <l-k).  Moreover,  n  evidently  has  its 
proper  meaning. 

We  suppose  r  so  large  that  n  >  N,     Then 

« 

n-f-S  —  1 

We  have 
^■"V^T+I/  \    n+1    /  ^LV       n+l)      J 


*  I  shaU  use  the  phrase  **  large  terms  "  to  mean  "  terms  tending  to  infinity  with  |  2  i  /' 
«« smaU  terms''  to  mean  **  terms  tending  to  zero  with  1/|  z  \ ,"  and  **  finite  terms  "  to  mean  **  terms 
whose  moduli  lie  between  fixed  finite  limits/' 

t  We  have  logfl-^T*'  -  („  + 1)  log  (  1 --*_)<- A-. 

\«+l/  \w  +  l/ 
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Similarly 


i\»-|-x(^) 


^=(4-/'"'<(;^.)*'"'<[('+l)1 


m 

Let  ^1  be  the  integer  such  that  x(-^i+^)  ^  *  ^^^  ^1'  values  of  5,  and 
N'  the  greater  of  N  and  Nj. 
Then,  when  s  >  ^', 


T  <  iH^  <  Uir  <  [(^+ ^)T"'"  < «-'  <  «-"■  <« 


Suppose  n  >  N',  and,  further,  so  large  that  g-4*-x<'*>  <  J.     Then,  from 
(1),  (2),  and  (3),  if  X  =  exp(- JAr), 


a«+. 


\xinHs  ^  J  . 


and,  when  s  >  N', 


r 


Also  when  s  ^  N\       ^  <  ^  <  X>^'^>+<'^-^^ 

r         r 


Hence 


when  s  >  N'j 


i„g(i+f) 


a 

a, 

z 


n+« 


2\X(»)+'  ; 


gX"^*)*^*"')  • 


2Xx<'''+^"~'''. 


and,  when  s<N',  |log(n--|!)|  <  il^ 

Then     |«|  =  |{l„g(l+-i-)+s|  +  |l08(l  +  ^)  +  S; 

<  kH'+ £i\+ .iH'+ t)\ 

<  2xx<»>  r  i  ^'+  '^s:  x'+i^'x*'"*''''! 

L«=i  «=i  J 

where  K  =  2  [^  +i^'X-^^']. 


•  We  have    log(l+  --V  >  filog(l+  M  >  «  (*  M,  since  ^ 


k        1        . 
—  <  -     <  ^. 

2n 
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We  have  supposed  n^  N' :  this  is  equivalent  to  supposing  r  greater  than 
a  finite  constant. 

Thus  the  theorem  is  proved. 

It  is  possible,  by  finding  closer  inequalities  than  (1)  and  (2),  to  show 

that 

|g|<Z'exp[-fc(l-e)x(n)] 

when  r  is  sufficiently  large,  where  e  is  as  large  as  we  please.  The 
difference  is  unimportant  in  practice. 

If  we  can  calculate  P  in  terms  of  z,  we  have  an  expression  which 
represents  logF(^)  asymptotically  with  an  error  of  order  e'^^^K 

It  may  happen  that  P  can  be  asymptotically  expanded  as  in  a 
divergent  series  of  descending  powers  of  some  function  of  r,  and  that  the 
error  committed  by  stopping  at  any  particular  term  is  always  of  greater 
order  than  e'^^^K  In  this  case,  the  asymptotic  expansion  for  P  obtains 
for  log  F(z).     Such  an  example  occurs  in  §  15. 


11.  It  will  have  been  observed  that  in  §§  6,  8,  9,  10  the  terms 


M'+£)\'     H'+t)\ 


satisfy  an  inequality  precisely  similar  to  that  satisfied  by  \Q\;  indeed,  the 
various  regions  B  and  12'  are  defined  so  that  this  may  be  the  case. 

It  is  easily  seen  that  in  the  case  of  any  function  F(z),  which  belongs 
to  one  of  the  classes  considered  in  the  above  articles,  we  have,  in  the 
cases  of  §§  6  and  8, 


log  F(z)  =  P+log 


H-log 


1+^ 
z 


+«i. 


where  Qi  satisfies  the  same  inequality^  as  Q,  and  where  z  may  have 
any  value  whatever  ;  and,  in  the  cases  of  §§  9  and  10, 

log F(z)  =  P+log  (l+  ^J  +  log  (l+  ■^)  +gi, 

where  Qi  satisfies  the  same  inequalities  as  Q,  and  z  may  have  any  value 
(subject  only,  in  the  case  of  §  9,  to  the  condition  that  |  'S^  |  is  greater  than 
a  certain  value). 

These  formulse  enable  us  to  study  the  behaviour  of  F(z)  near  its  zeros 


*  That  is,  of  ooune,  when  K  is  suitably  reohosen. 
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and,  in  the  cases  of  the  functions  of  §  §  9  and  10,  near  the  circles  with 
their  centres  at  the  origin,  and  passing  through  the  zeros :  e.g,,  if  F{z)  be 
one  of  the  functions  of  §  8,  we  have,  near  the  zero  — On, 

•       logF(^)  =  P+log  (l+  ^)  +gi, 
where  I  Qi  I  <  a  finite  K. 

12.  We  shall  now   apply   our  general  methods  and  results  to  the 
investigation  of  some  particular  functions. 
The  simplest  function  of  zero  order  is 


F{z)=  n(i+^)    ^ao,>0). 


F{z)  evidently  belongs  to  the  class  of  functions  considered  in  §  8. 
This  function  has   been   considered  by  M.  Mellin,^  Dr.  Barnes,!  and 

Mr.  Hardy,  t 

M.  Mellin  obtains  a  result,   which,   written  in   our  notation,  is  as 
follows  : — 


logi^(.)+log[(l+i-)i^(f)] 


Zmfi  smn  I 1 

WhenU|>l.   .og[(l+I.)i.(l.)]=-£  j|g£l, 

and  we  have 
\ogF(z) 

w 

When  CO  is  real,  the  term  in  crooked  brackets 


«     ( V*-* 


f^rmr  log  ;g> 


cos  I  'g    ) 

=    2         \       «       / 


«=i   rt       •  i^  2w7r^ 
2m  sinh 

CO 

and  is  finite. 


*  Acta  Soc,f  Fenn.f  t. 

t  Fhil,  Trans,,  Ser.  A,  Vol.  199  ;  Camb.  Phil  Tram,,  Vol.  zix.,  pp.  333-335  and  433-435. 

X  Quarterly  Jowmal  of  Mathematiet,  1905. 
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Hence,  when  co  is  real,  (2)  affords  a  complete  (convergent)  asymptotic 
expansion. 

It  happens  in  the  case  of  this  function  (with  to  complex),  that  oiir 
methods  enable  us  to  find  a  complete  asymptotic  expansion. 

The  case  is  quite  exceptional,  but  it  exemplifies  to  some  extent  the 
general  procedure. 

Let  0)  =  coi+iftj^.  n  is  the  first  integer  for  which  l^"-^^^'*^^^'*!  >  1,  or 
for  which  (n+l)»i  >  logr. 

Let  (n+l)tt)i  =  logr+^a)j,     where  0  <  ^  <  1.  (4) 

Then         (n+Dco  =  logr+/3ft>i+(^i+l)«i'  =  log;3r+aft)i, 
where  o  ,   (n+Dwa*— ^        //i  n 

and  z  =  e(«+i>— «-i.  (5) 

One  value  of  log  F{z) 

=  •[«log^-is«}  +  ilog(l  +  ^)  +  21og(l+^)-    («^ 
Now     ilog(n--^)  =  ilog(l+^)  =  logii'(e— ).  (7) 

2  log  (l+  ^)  =  2  log  (l+  ^^^  =  2  log (l+  '-) 

=  2  1og(l+^)-2,log(l+i=,) 

=  logF(e-)-  i  log  (l+  ^.,,),1,,^.-,).) 

=  logi?(e-')-|log(l+^).  (8) 

P  =    71  log -sr— 2  Sft)    *=  nlog^— ift)?i(7i+l) 

=  — ^  (log^+awj  — ft))— TT-  Gog-2r+aft>i)(log-?+a«i— «) 

CO  ZO) 

[on  substituting  for  n  from  (5)] 
=  2^  (log-?)^— J  log-8r—  ^  (aft)i— ft)).  (9) 
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We  have  for  a, 

a  =  ^-  ^  +  ^  «,(«+!)  =  ^-  ii  +  f^  aog  r+^w,) 

CO*  ODi  Ol>i  ft)J 

or  a  =  ^log^+^-^0,  (10) 

ft)'  «>!  ft)J 

where  0  <  ^  <  1. 

Adding  (6),  (7),  and  (8),  we  have 


logi^'C^)  =  [^  aog^)»-i  log^-  ^  (aft,i-ft>)] 


+logF(e-0+logF(e— 0+  ?    }.    ^'  '     ^.      (11) 

OB 

on  substituting  for  2  log  (1 +-2^"^  «"***)  its  expansion  in  descending  powers 

of  z.  a  is  given  as  a  function  of  log  Zi,  and  of  fi  and  6  (which  are  finite) 
by  equation  (10). 

Now  Ba  =  fi.  Hence  |e^^|  and  le"-"*'^!  are  equal  to  e^'  and  e^-^>*i  re- 
spectively.    If  0  <  ^  <  1,  these  are  both  <  e"*  <  |  the  first  zero  of  F(z)\. 

If,  then,  0  <  i8  <  1,  both  limits  being  excluded,  Fie'^')  and  F(«— "»0 
are  finite  both  ways.     Then  their  logarithms  are  finite. 

Thus  in  equation  (11)  the  terms  in  square  brackets  give  the  large 
terms,  and  the  other  terms  are  finite  or  small. 

Substituting  for  a  from  (10),  we  obtain,  from  (11), 

^«g^(^)  =  1^'  <^««^)  -  ^  K+«^(2^-l)+  ^}  (log.) 

+  [i(^-|)'-2^('^-3'+^°8i^('^)+logF(^-0] 

1  s(l— e  **•)  2r* 

where  the  terms  in  square  brackets  are  the  finite  terms. 

When  ft)  is  real,  i.e.,  ft)^  =  0,  this  expression  simplifies  considerably. 
Put  ft)  =  «>!  =  1,  ft)^  ^  0. 

log  F(z) 

=  iaog^)'-i  log«H-[i(/8-«fl)-i(je-t0)«+  logF(e^-*)+  logF(e<^-«-'*)] 

+  S    ]^  '  _^  ^.  (18) 

1  s(l— c  •)  ^^ 
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Comparing  this  with  (8),  we  see  that  the  large  and  the  small  terms 
agree. 

We  have  chosen  a  different  determination  of  the  logarithm  of  F(z) 
from  that  of  M.  Mellin. 

00 

M.  Mellin's  log  F{z)  is  equal  to  2  logCl+^s^^"*")*  ©ach  logarithm  on 

the  right-hand  side  having  its  principal  value  {i.e.,  having  the  modulus 
of  its  imaginary  part  less  than  tt). 

Our  determination  is  that  implied  by  equation  (6.)  Thus  the  finite 
terms  in  (8)  and  (18)  may  differ  by  some  multiple  of  ^iri.  We  may  notice 
that  it  was  quite  possible,  a  priori^  that  the  large  terms  should  differ  in 
the  same  way. 

We  have  expressed  log  F{z),  in  the  general  case  of  co  complex,  in  terms 
of  log  z  rather  than  in  terms  of  log  r,  in  order  to  exhibit  the  corre- 
spondence between  our  form  and  M.  Mellin's. 

Written  in  this  way,  the  large  terms  have  imaginary  parts  which 
do  not  really  count  as  large  terms. 

Let  us  find  the  expression  in  terms  of  log  r. 

We  have 

P  :=z  n  log-?— Ja)»(n+1) 

which  reduces  to 

P  =  —  aogr)^-ilogr 

_^_ II^O-Z^  +  _L.  .;[logr+O8-l)a,i](20o,i-i8a,ia,^-«alogr)[],     (15) 

where  the  terms  in  square  brackets  count  as  finite.  The  remaining  terms 
of  log  F{z)  may  be  written  as  before,  and  we  have 

log F(z)  =  P+log  i  F(e-^) F(6— 0 }  +  2  g(xZ^-l^^ ,  (16) 

where  P  is  given  by  equation  (15). 

Thus  we  see  that  the  large  terms  of  logjF(;3r)  are  (logr)*/(2a)i)— Jlogr. 

Finally,  suppose  \z\  tends  either  to  je****!  or  to  le^*^^^'*!.  Then  13  tends 
to  1  or  0.  But,  if  z  tends  to  a  point  on  the  circle  \z\  =  {e"^]  other  than 
the  zero  —  e^,  the  right-hand  sides  of  (12)  and  (15)  are  continuous,  and 
80  are  their  left-hand  sides.  Hence  the  equations  (12)  and  (15)  are  valid 
when  i8  =  1  or  0,  provided  z  be  not  actually  at  the  corresponding  zero 
—6*^  or  —  e^*+^)". 
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18.  The  comparison  of  the  equation  (11)  of  the  last  article  with 
M.  Mellin's  result  (I),  leads  to  certain  other  formulae.     We  have 

wfi  Sinn  I 1 

=  log [F(e-0  F(6-— 0]-  ^  (ac«i-a>),     (1) 

where  the  2kwi  is   supposed   absorbed  into  the  logarithm,   and   where 
^«««/i.  jg  interpreted  to  mean  exp  (2mTri  w"^  log  z),  where 

Iarg2r|  <  TT,        log^r  =  log|^|+iarg-8r. 

Let  (1  +  II z)  F{z)  Fil/z)  =  <p{z),    <p{e^  ^  x[r{0) ; 

so  that  4>(ll^)  =  z<t>(z). 

Retaining  the  usual  signification  for  n,  we  have 

€-- -1  =  exp[(l— i8)ft>i— (0— na)2)0, 

6-1  =  e- exp  [— (1-/8)0)1+ (0—nft)a)O- 
Then 

-F(e— 0-F(c**""*0  =  0[^i-^>*i-<*-^»)']  z=  g-(i-^)«i+(«-«*»«)*  0[g-(i-^)«i+(«-»««)*]. 

Substituting  in  the  last  term  of  the  right-hand  side  of  (1)  the  value 
of  a  in  terms  of  log ;?,  i.e.,  ico^/ool  log  z+^o)  {8(01—16)]  I  col,  ^^^  using  (2), 
we  obtain,  after  some  reduction, 

2wsmh 


CO 


2 


(log-^)'+ sr^  {(2i8+l)<«i-2«e} log« 


+  [^  (/3«,,-.0)[(|8-l)c,-ie]-(l-y8)a, 

-log  ^|e-C'-«--^<*— )'}  +  (1^  +  §)].     (8) 

where  the  term  in  square  brackets  is  finite,  and  n  and  ^  are  determined 
by  0  <  i8  <  1,  logUI  =  0,1  (n+1-^). 

The   equation  (8)  gives  an  asymptotic  expression  for  the  left-hand 
side.     We  notice  that  the  real  part  of  the  right-hand  side  tends  to  —  oo 
as  1^1  tends  to  00. 
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Next  suppose  that  w  is  real  and  l-^l  =  6^*+^^-.     Then  co  =  a>i,  0)^  =  0, 
iS  =  1.     The  formula  (8)  is  still  valid,  provided  1 0 1  <  tt. 
We  have 

^-/-  =  exp  j^  log«}  =  exp[^  U»+l)«H-.e}]  =  exp  (-  ^^. 

^(^«/-+^-s»«>)  =  co8h(^^^^,  and  ^{e-<'-«-+<*-"-»>'}  becomes  <f>{e'*) 
or  yjr(&).    Thus  (3)  becomes 


(4) 


7»  sinh  I 


Now  e»««V'(^  =  c*^(l +«-'*)  n  j  (1+  ^)  (1+^ 


00 


=  2  cos  i0  n  (1+2?^  cos  6+q% 

1 

on  putting  q  =  «'*•. 

In  the  notation  of  MM.  Tannery  and  Molk,^ 


00 


go  =  n  (l-?»0, 


00 


(5) 


92(ic)  =  2go?*  COS  Tra:  n  {l+2g^cos2'7ra;+g^}. 

1 

Then      SgCar)  =  q^q^e'^^ylri^^irx),       log  Jo  =  —  ,5i  siV-q^ ' 

Then,  from  (4),  we  obtain 

log  ::;a W  -  ^g^      24J       .=i  sd-g"^)      "^      WSi   ^.^^^  /2m9r^  ' 

where  w  =  2  log  (1/g). 

This  expansion  is  valid  when  z  and  g  are  real,  0<g<l,  |a?|<i. 
The  series  involving  x  is  highly  convergent  when  o)  is  small,  ix.,  when 
q  is  nearly  unity. 

When  1  :c |<  i  and  g  is  nearly  unity,  i.e.,  w  is  small,  we  have 

where  e(9)  tends  to  0  as  g  tends  to  1. 


*  Eletnents  de  la  Theorif  des  Fonctions  elUptiqueSj  t.  n. 
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14.  In  the  case  of  functions  F(z\  such  that  Lt  Otla^^x  =  6"*,  Va^Xif 

we  can  express  the  finite  term  of  log  F{z)  by  means  of  the  function  0(x) 
defined  in  the  last  article. 

Theobem. — Let   F(^)  =  n(l+^/a,),  and  let    Lt   a,/a,+i  =  «"",    and 

suppose  z  is  confined  to  the  region  12. 

Then,  when  any  positive  e  is  assigned,  there  is  a  constant  f  «,  such  that, 
when  I  i?  I  >  K^j  we  have 


log  F{z)  =  P+log  0  (zla^+Q\ 
where  \  Q'  \  <  ^' 


Let  17  be  a  small  positive  number,  which  we  shall  presently  choose 
suitably.     Then  there  is  a  number  N,  such  that,  when  5  >  ^, 


a. 

=  6-«(l+i7,), 

n»]<  *!' 

where 

Suppose  r  so  large  that  7i  >  N,  and  let  w  =  wi+ioj^.     Then,  if  s  >  1, 


l(l+±e-)/(l+-±-)\-l\  = 

[\  an  U    \  ttn+s/f  I 


[e-.i^m 


— (l+'/i.Xl+'/i.+i)-.-  (l+';..+»-i)l 
7=^ 

e-'"'c-'(l+«?)'^— ^4f^-  (1) 

Now  (l+i7)[(l+,;)'-l]  =  (l  +  ,;)[l  +  (l+i7)  +  ...  +  (l+i7r^](l+,,-l) 

<  sf]  {1+nY  <  sfi  exp  [s  log  (1 +'/)]  <  s»7  exp  (siy) . 
Choose  17  <  ift)i.     Then,  from  (1), 

\(l+  —  e''A/(l  +  -^)-'l\<ne''^^'8e'^K  (2) 

\  Un  //    \  an+«/  I 

Now   Lt  se"^^  =  0,  so  that  se'^^  has  a  maximum  h. 


fsseo 


Choose  17  so  that  j;  .  /i^"*""^  <  J. 
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Then,  from  (2), 


log  (l+  —  e'A  -log  (l+  -^)  i  <  I  log  a-if  «*^-»  8e'^^)\ 


2j;  €*+•'«  6-^^; 


and  therefore 


i  log  (l+  -^)  -  i  log  (l+  ^) 


<  2i7  6*+-»  2  se'^  <  K'fi,    (8) 


since  both   series  on  the  left-hand  side  are  uniformly  convergent,  and 
since  2se"***^  is  convergent. 


Again,  we  can  show  in  a  similar  manner  that 


X  ^^«  (i+ ^) "  5j^«  (i+ T^"i  I  <  ^''''• 


(4) 


Now  choose  n  so  large  that 


z 


J,  e-<n-iV)«, 


h 


Then,  when  s^n—N, 


and,  similarly, 


,og(l+«^.)|<|,og(l-^) 

log  (1+  ^  e— )  I  <  2,. 


2^ 


2i;; 


Hence 


<      V      (2ij+2.;)<  42^.1;.    (5) 


Finally,  when  s  >  ?;, 


log  (1+^6—)  <2 


Z 


26-"*"  6-^*"''^'", 


80  that 


i  log  (1+  ^e'A  I  <  2e-('^-^>-»    2     (3-(*-"+^>">  <  ,^^  "Tl- 

«=n  \  Z  /   I  a=»i  +  l  1  —  e      * 
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Choose  n  so  large  that  this  last  expression  is  less  than  i;.    Then 

I  i    [0]-    i  log  (l+  ^6'^)  I  <  17.  (6) 

Adding  (8),  (4),  (5),  and  (6),  we  have 

■  • 

<(K'+K"+4N+1),,<K,,, 

or  I  [log F(z)-P]  -  [log  i/>{zla^]  \<K„. 

Choose  ti  =.  e/K.    Then,  when  n  is  greater  than  some  finite  nomber 
depending  on  >;,  or  when  r  is  greater  than  some  number  K„ 

log  F  iz)  =  P+log  i>  (z/a^y+Q', 
where  I  <?'  I  <  «• 

As  an  example,  consider 

where  k  is  real,  Vioo  >  0,  and  a  and  v  are  any  complex  numbers. 

We  evidently  have    Lt  a,/a,+i  =  e"",    so    that    the  formula  of  the 
theorem  holds  in  this  case. 

n  is  determined  by 

log  I  [a+  {n+ 1)  vj  e^'^-^^^- 1  >  log  r  >  log  |  (a+nvf  e"- 1 , 

whence  n  is  determined  as  a  function  of  r  by  the  relation 

na>i+k\og\a+v7i\—]ogr  =  ^a(t)i,  (1) 

va 


k 
where  0  ^  a  <  1 H 

0)1 


v+a 


-,  (2) 

n 


so  that  a  is  a  function  of  r. 

We  approximate  to  P  as  a  function  of  7i,  retaining  terms  of  order  not 
less  than  l/n,  and  to  /t  as  a  function  of  r  and  a,  to  the  same  order  of 
approximation. 

2  D  2 


— I 
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Substitating  from  the  second  approximation  in  the  first,  we  obtain 
log  Fi,z) 

=    [^aogr)«— ^ log r log, r+(c-4)  logr+^(\og,rf-k(b+c)log^r'j 
+  [«!  |c«-cH-a(l-a) } +*  {logra+aM+l-i  log  2xn 

ATaogr)"-2A;logrlogjr+«i(2c+l-2a)  logr+A^Gogsr) 
+k  [2*— ft)i  (2c+l-  2a)]aog2  r) 
+  {co?[c^+(l-2a)c+a(l-a)]-2fc(6-c+a)[] 

+log[0Wan]+g', 

where  |  Q'  |  '^^  ^>  when  r  is  sufficiently  large,  and  where 

0  =  arg  z,     loga  r  =  log  log  r,     a/v  =  b+ib\     y  =  arg  v 
and  '         c  =  (Ar/wi)  (log  wi— log  1 1?  | ). 

The  third  term  of  the  above  expression  is  purely  imaginary  and  counts 
as  a  finite  term. 

Hence,  when  z  is  not  near  a  zero,  so  that  <p{zlan)  is  finite,  the  first 
term  gives  the  large  terms. 

It  will  be  noticed  that  no  terms  in  a  occur  in  these  large  terms,  which 
are  expressed  by  means  of  the  ordinary  functions  of  analysis. 

If  CO  is  real,  so  that  co^  =  0,  the  above  expression  simplifies  considerably, 
the  greater  part  of  the  third  term  disappearing. 

The  comparative  simplicity  of  the  large  terms  is  somewhat  remarkable, 
as  will  be  seen  on  working  through  the  rather  complicated  analysis. 

If  we  only  wish  to  obtain  the  large  terms,  we  have  the  following 
result : — 

If  z  be  confined  to  the  region  B  defined  in  §  8,  we  have 

1                     A:  k 

log  F(z)  =  — -  (log  r)^ log  r  logg  r+(c—i)  log  r+  r-g  (loga  ^f 

-A(6+c)log2r+g, 

where  \Q\<K. 

We  notice  that  the  dominant  term,  (log  r)^/(2coi),  is  independent  of  A*. 
Thus,  multiplying  the  ?i-th  zero  —  e**  by  n*  does  not  affect  the  dominant 
term  of  log  F(z). 
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If  ^  =  0,  we  have  the  function  of  the  last  article,  and  the  large  terms 
reduce,  as  they  should,  to  (log  rfl{2w^)^^  log  r. 

15.  We  shall  work  out  one  other  particular  case.     Consider  the  function 

k  real  and  positive,  JBloj^  >  0. 

The  two  cases,  A;>1,  and  A;  <  1,  present  very  different  characteristics, 
and  are  separated  by  the  case  Ar  =  1,  which  has  intermediate  character- 
istics, as  we  shall  explain  later. 

We  shall  consider  in  detail  the  case  when  A;  >  1.     We  have 

and  is  an  increasing  function  of  the  same  value  of  s.     Also 

Lt  s'^  d>{$)  =  00. 

Hence  F(-8r)  belongs  to  the  class  of  functions  considered  in  §  10.      The 
number  n  is  determined  by  the  relation 

I  exp  [a+(n+l)  w]*'  |  >  r  >  |  exp  (a+wo))*  | 

or  » \_a+(n+ 1)  wf  >  log  r  >  » (a+nw)^ 


or      » 


0,* 


<»+i>'[i+v„-Ti  +  ,-;4^l 


> log r > la  I c.vri+  *5  i.  +^1l, 

I  L         ft)    /^        n  Jj 

where  An,  An  are  finite. 

Put  »ft)*^  =  -/,         »ft)^-^  a  =  '/-'  yi. 

Then 

vc+u  ['+ ?  sii  +  dr?]  >  0^  ■•'"*  >  v»  [i+ ?  i + f ]. 

and  n  =  ^  [(log  ryi'-y.-a],  (1) 

y 

where  a  lies  between   —  c/w  and  y+c^/n,  for  some  (positive)  values  of 
c  and  c'.     When  z  is  confined  to  the  region  Bq,  we  have  (§  10) 

|g|<E'exp[-Ps^(n)/n],    or  |g  |  <  iCexp  [-Xn^-Vlogw], 

for  some  non-zero  value  of  X.  (2) 


n 


Again,  we  have  P  =  w  log  ^ — 2  ,(a + sw)^.  (3) 

1 
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Now,  when  n  is  large,  we  have  the  asymptotic  expansion^ 

where  I  is  any  positive  integer,  and  |  Ji  ^i^"*"^  |  tends  to  zero  when  n  tends 
to  infinity. 


Now  Lt  1  g  nP I  <  Lt  I  ^6-^~*-V»ogH ^p  |  =  q. 


Hence,  substituting  from  (2)  in  P,  we  may  take  I  to  be  any  integer  we 
please,  and  we  obtain 

log-F(^)  =  nlog^-  S,(a+w)  ^^n)'^i^S[{a+w){<^if 


-  2  gp(«+^)  k{k-l)...  ik-p+2)(eon)'-r-^'-^(-k\a+o,)+Ki,  (5) 

where  Ki  =  —Ji+Q, 

so  that  Lt  Ki  n^-^'^  =  0. 

nsoo 

Then  Lt  [  Ki  (log  r)<'-«=-»/*  |  =  0. 


r=co 


Thus,  on  substituting  m  =  (1/y)  [Gog /V^'— yi— a],  (5)  provides 
an  asymptotic  expansion  for  logF(-e)  in  descending  powers  of 
[(logr)^'*^— yi  —  a]. 

On  arranging  the  right-hand  side  in  terms  whose  order  in  r  decrease, 
and  regarding  pure  imaginaries  as  finite  terms,  we  obtain 

log  F{Z)  =  ^-^-A_  (log  r)(^  +  l)  ^-.  (y,/y  +  J)  log  T 

-  |-[a(a-y)-y?+y2y+Jy']aogr)<*-^>Hlower  terms,  (6) 
where  y  =  [Jfilo)^]^'^', 

The  first  two  terms  involve  only  known  analytic  functions. 

We  may  give  some  idea  of  the  nature  of  the  region  jBg,  by  observing 
that  the  restriction  of  z  to  Bq  is  equivalent  to  restricting  a  to  lie  between 
i4/log;t  and  1— B/logn,  where  A  and  B  are  finite  constants  depending  on 
k  which  can  be  made  as  small  as  we  please  by  taking  k  sufiiciently  small. 


•  BameB,  Proc.  London  Math.  Soc^  Ser.  2,  Vol.  3,  Part  4,  p.  262.     The  above  formula  i» 
obtained  by  changfing  a  into  a  +  w. 
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As  the  possible  range  of  a  is  from  —cin  to  l+c'/rif  we  see  that  the 
restricted  range  differs  but  slightly  from  the  total  possible  range. 

In  the  ease  when  A;  <  1,  0(n)  is  of  less  order  than  n,  and  we  cannot 
find  all  the  large  terms  of  F(z).  We  restrict  z  to  lie  in  the  region  B 
defined  in  §  6.  Then  we  may  retain  terms  of  order  greater  than  that  of 
nl(p{n),  or  71^"* log n,  or  (log r)^^*~Mog log r.  Thus,  when  l>k>^, 
so  that  log  r  >  (log  r)^^"^,  we  have 

log  F(^)  =  g^  (log  r)<-'>'^-  (^  +  1)  log  r 

+terms  of  order  not  greater  than  (logr)^^*"^  log  log  r,*  (7) 
and,  when  A;  ^  J, 

iogi^(^)=-^^:p^ 


+ terms  of  order  not  greater  than  (log  r)-"^  log  log  r.  (8) 

The  ratio  p«/a„  where  p,  is  the  radius  of  the  circle  (7«,  is  in  this  case  of 
order  e~* "  ^^\  while  the  ratio  c?,/a„  where  rf,  is  the  lower  limit  of  the 
distance  between  —a,  and  the  nearest  other  zero,  is  of  order  1/s^"*. 

Hence  ps/dg  is  of  order  exp  (— s^"*logs),  which  is  very  small. 


16.  The  two  examples  which  we  have  worked  out  in  detail  suffice  to 
show  how,  in  practice,  the  value  of  P  is  approximately  calculated  in  terms 
of  r.  In  particular  cases,  various  special  artifices  may  be  used  to  facilitate 
the  approximation,  such  as  replacing  a  sum  by  an  integral  in  oases  when 
the  consequent  error  is  of  an  order  which  we  are  to  neglect. 

We  give  the  following  summary  of  particular  cases  : — 

00 

Call,  for  convenience  of  reference,  the  case  of  the  function  11  (l+jse"'**), 

considered    in    §  12,  I.,    the    case     11    1+7- jT — tf^  >  !!•>    *he  case 

n    1+-^ :*  »  with  A;>  1,  III.,  and  the  case  of  the  same  form,  with 

*  <  1,  IV. 


*  It  can  be  shown,  by  a  closer  study  of  S  and  ^',  that   this  error  is  actually  of  order 
(log  r)^  *-*,  except  near  the  circles  C„ 
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k  real  and  positive,  z  confined  to  the  region  B  ; 

+ ^ (loff  r)<^-'>^*^+^n. 

^  (k'\'Dk  ,,.{Jc-l'\'l)^^  ^  J 

with  an   error   of    order    exp  [(logr)^^^"*"*^]  (logr)~*'^*'*'^\    where   I  is  the 
greatest  integer  less  than  2A;,  and  where  the  series  in  square  brackets 

stops  at  the  term   ±  .,  ,  ^v , r  (logr/*^"^'^^*"*"^^  when ^  is  an  integer. 

vi.  F{z)  =  n  ri+-^i 

a  real  and  positive,  w  =  (Di+ioj^,  wj  >  0 ; 
log-FU)  =  —  [logar— logft>i+log(l+a)— a]log-8r 

Cv 

logr+ 


e«— 1     ft)i        ^     '   6"  — 1 

+(an  expression  of  order  r"*  where  h  >  0), 

where  [1— |log(l+a)}/a]  is  the  fractional  part    of  (loglogr— logft)i)/a, 
and  z  is  supposed  restricted  to  the  part  of  the  plane  defined  by 

k  <a<  (1-A:)(e«-1), 

where  A;  is  a  constant  as  small  as  we  please.     The  total  possible  range 
of  a  is  from  0  to  e**— 1. 

The  constant  h  depends  on  k,  and  tends  to  zero  with  k. 

17.  We  shall  conclude  by  some  remarks  concerning  certain  general 
facts  of  which  the  above  six  cases  afford  illustration. 

Of  the  six  cases,  IV.  and  V.  are  cases  in  which  Lta,+i/a,  =  1,  or  a, 
increases  less  rapidly  than  e*^.  In  these  two  cases,  and  under  the  various 
restrictions  placed  upon  z,  we  have  been  able  to  find,  in  terms  of  known 
analytic  functions,  an  expression  which  proceeds  to  precisely  that  order 
of  approximation  which  our  theory  allows  as  valid. 

III.  and  VI.  are  cases  in  which  Lta,+i/a,  =  oo,  or  in  which  a,  in- 
creases more  rapidly  than  e^.  These  two  cases  are  distinguished  by  the 
presence  of  terms  of  the  expansion  of  logF(^)  involving  a,  where  a  is 
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determined  by  means  of  the  fractional  part  of  some  analytic  function 
of  r.  Now  such  a  function  of  r  as  a  cannot  possible  be  expressed  in 
terms  of  the  ordinary  known  analytic  functions,  and  I  think  it  is  obvious 
from  the  manner  in  which  a  enters  into  the  expansions  in  cases  III.  and 
YI.,  that  the  whole  expansion  cannot  possibly  be  expressed  in  terms  of 
known  analytic  functions.* 

It  is  easy  to  multiply  instances  of  both  types,  and  we  are  led  to  these 
conclusions  :  If  a,  increases  less  rapidly  than  e^  (for  all  positive  values  of 
o)),  and  is  expressed  in  terms  of  known  analytic  functions,  then  the  terms 
in  P  which  our  theory  permits  us  to  retain  as  an  approximation  for 
log-F(^),  can  be  expressed  in  terms  of  known  analytic  functions  of  n  and  r, 
and,  moreover,  the  problem  of  finding  these  terms  is  practically  soluble,  how- 
ever complicated  a  function  of  s  as  may  be.  Further,  provided  we  can 
invert  the  equation  a„  =  t,  into  an  equation  of  the  form  w  =  x(0+t, 
where  x  (^)  is  expressed  in  finite  terms,  and  in  terms  of  known  functions 
of  t,  and  where  |  r  |  is  finite  for  all  values  of  7i,  then  we  can  express  the 
above  expression  (for  P  in  terms  of  n)  in  terms  of  known  functions  of  r. 

If,  on  the  other  hand,  a^  increases  more  rapidly  than  e*^,  then  there 
will  be  large  terms  in  the  expansion  for  log  F{z)  which  involve  a  number 
a  analogous  to  the  a's  in  cases  III.  and  YI.,  and  consequently  the  com- 
plete expansion  cannot  be  effected  in  terms  of  known  functions  of  r. 

Again,  when  Lt  a,+i/a,  =  00,  it  is  not  always  possible  in  practice  to 
find  all  the  terms  of  P  which  are  admissible,  even  by  the  introduction  of  a 
number  a,  nor  is  it  always  possible  even  to  find  all  the  large  terms  of  P. 
For  example,  if  a«  ="exp[exp(exp  s)],  to  determine  all  the  large  terms 


n 


of  P,  we  should  have  to  sum  the  series  2  exp  (eO  with  an  error  only  finite, 

which  is  impossible  by  any  known  analysis. 

It  is  found  that  the  more  nearly  the  rate  of  increase  of  a«  approaches 
that  of  e^  (while  remaining  greater  than  that  rate)  the  smaller  is  the 
order  of  the  highest  term  of  logjP(-2r)  which  involves  a,  in  comparison 
with  the  order  of  the  dominant  term.  In  consideration  of  this  fact,  and 
of  the  behaviour  of  functions  for  which  Lta,+i/a,=  1,  we  might  expect  in 
the  case  when  Lt  a^+i/a^  =  a  finite  number  greater  than  1,  which  separates 
the  two  cases  which  we  have  been  considering,  all  the  large  terms  of  log  F(z) 
are  sometimes  expressible  in  terms  of  known  functions,  while  the  finite 
part  is  not  so  expressible.  This  we  see  to  be  the  case  in  cases  I.  and  II., 
and  instances  can  be  multiplied. 

It  will  be  noticed  that  our  conclusions  confirm  those  of  Dr.  Barnes  t 

♦  It  Ib  easy  to  see  that  the  occurrence  of  a  is  not  due  to  the  fact  that  we  have  expressed  the 
▼arious  terms  of  the  expansion  in  terms  of  r,  instead  of  in  terms  of  z. 
t  Cf.  §  1. 
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as  to  the  impossibility  of  solving,  by  the  method  of  contour  integration, 
the  problem  of  the  complete  asymptotic  expansion  of  log  F{z)  when  a,  is 
of  high  order  in  s. 

We  might  expect,  however,  that  when    Lt  a«/a«+i  =  1,   this  method 

might,  in  certain  cases,  be  applied  to  obtain  a  complete  expansion. 

This  is,  as  a  matter  of  fact,  the  case,  and  it  is  possible  to  obtain  such 
an  expansion  for  the  function  lY.  I  shall  reserve  this  theory  for  another 
paper. 

It  may  be  remarked  that  the  property  of  requiring  non-analytic  func- 
tions for  the  complete  asymptotic  expansion,  is  not  confined  to  functions 
of  zero  order,  and,  indeed,  has  no  real  connection  with  the  order  of  the 
maximum  modulus. 

The  same  property  belongs  to  certain  functions  *  defined  by  a  product 
form  of  the  type  n[14-('2^/a«)'^^'^]>  where  f{s)  becomes  infinite  with  s,  and 
I ^ l>  \(h\f  '"  ^6^^  i^  value  to  infinity,  or  to  a  finite  limit. 

These  functions  may  be  integral  functions  of  any  order — zero,  finite, 
infinite,  or  transfinite.  They  may  also  be  functions  whose  Taylor  series 
has  a  finite  radius  of  convergence. 

The  property,  however,  does  appear  to  be  intimately  connected 
with  the  rapidity  of  the  convergence  of  the  product  form.  In  the 
particular  case  of  functions  of  zero  order  of  standard  type,  the  general 
condition  for  the  property  is  equivalent  to  the  condition  that  a,  should 
increase  as  rapidly  or  more  rapidly  than  e*",  and  this  condition,  again, 
can  be  expressed  in  terms  of  the  order  of  l-FWI  qtia  function  of  \z\, 
but  the  question  of  ord^r  is  really  quite  irrelevant. 


*  I  hope,  in  another  paper,  to  develop  a  theory  of  these  functions,  which  is  somewhat 
analogous  to  that  of  the  present  pax>er.  It  is  easy,  in  this  theory,  to  give  a  multitude  of 
particular  examples,  which  bear  out  the  rule  governing  the  property. 
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The  object  of  this  paper  is  to  extend  to  functions  of  two  variables  the 
results  of  an  earlier  one*  {Proc.  London  Math,  Soc,  Ser.  2,  Vol.  8, 
pp.  88-108),  and  so  to  establish  the  validity  of  such  expansions  in  series 
of  partial  harmonics  as  have  been  proposed  by  Klein  and  Bocher.t 

Each  of  two  real  variables  x,  y  has  a  range  from  0  to  1,  and  a  fairly 
general  function  of  them  is  expanded  in  a  double  series,  each  term  of 
which  is  the  product  of  a  function  of  x  and  a  function  of  y  ;  these  func- 
tions are  respectively  determined  by  differential  equations,  in  which  occur 
two  parameters  X,  jul,  which  have  different  values  in  the  different  terms  of 
the  series. 

By  means  of  Poincar^'s  extension  of  Cauchy's  residue  theorem  an 
expression  is  given  for  the  sum  of  a  finite  number  of  terms  of  the  series 
as  a  multiple  integral :  the  choice  of  a  suitable  field  for  the  integration  is 
a  matter  of  some  difl&culty.  The  convergency  is  investigated  by  a  dis- 
cussion of  the  order  of  magnitude  of  the  remainder,  in  which  certain 
approximate  solutions  of  the  differential  equations  are  used.  This 
discussion  is  somewhat  intricate,  owing  to  difl&culties  which  do  not  present 
themselves  in  the  simpler  case  of  functions  of  one  variable. 

The  question  of  the  expansibility  of  a  given  function  in  a  series  of 
multiples  of  given  functions  divides  itself  into  two  parts,  one  relating  to 
the  nature  of  the  function  to  be  expanded,  and  the  other  to  what  may  be 
called  the  completeness  of  the  proposed  series.  For  instance,  it  is 
impossible  to  expand  sin  a;  (0  <  x  <  w)  in  multiples  of  sin  2x,  sin  Sx, 
sin  4x,  ...,  because  this  series  of  functions  is  incomplete;  but  even  the 
complete  series  sin  x,  sin  2x,  ...   is  inadequate  to  express  a  function  which 


*  Hereinafter  referred  to  as  I.     There  are  important  papern  on  the  same  subject  by  Stckloff 
in  the  Compter  Rendiu  for  1902,  pp.  848-851,  and  Hilbert  {Gott,  Nachrichtm,  1904). 
t  For  references  see  §  32  (note)  below. 
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is  not  a  limit  of  continuous  functions.  It  follows  from  the  result  of  this 
paper  that  the  double  series  discussed  are  equivalent  in  this  kind  of  com- 
pleteness to  double  Fourier  series ;  it  is,  in  fact,  possible  to  expand  in  a 
series  of  the  present  kind  the  general  term  of  a  double  Fourier  series, 
and  conversely. 

The  following  is  a  list  of  the  headings  of  paragraphs,  and  under  each 
heading  are  indicated  the  symbols  introduced  in  the  corresponding 
paragraph  and  used  afterwards : — 

1.  The  Fundamental  Differential  Equations,     {x,  y^  \y  fi^  S,  T^  Uy  V,  X^  Y,  ^,  4^.) 

2.  ^  and  its  DeriYatives.     [^  (x,  a),  ^\  ^\  ^'\  Jf. ) 

3.  Functions  ^  with  different  Parameters. 

4.  Reality  of  Solutions  of  e  »  0,  Z  -  0.     (e,  Z,  E,  fJi,  ...,  O,  G^,  ....) 

5.  Distinotuess  of  Solutions  of  6  »  0,  Z  —  0.     {H,) 

6.  A  certain  Double  Integral.      (♦,  Y.) 

6a.  Known  Results  relating  to  Double  Contour  Integrals.     (Z,  if,  A.) 
66.  G^eral  Idea  of  the  Proposed  Application  of  these  Results. 

7.  Approximations  by  means  of  Hyperbolic  Functions  when  A, /a  are  Great.    (P,  Q,/,  8,  dp, 

dif.k,  II,  "normaL") 

8.  Approximation  by  means  of  Riccati  Functions,     (w,  ir.) 

9.  Approximate  Value  of  w. 

10.  Approximations   to  w  (a,  0)    and    its    DeriYativcs,    when   a    is   Negative  and  Great. 

{A,  a,  B,  $,) 

11.  The  same  when  the  Vectorial  Angle  of  a  is  between  )ir  and  |ir.     ( V) 

12.  The  same  for  other  Great  Values  of  a.     Values  of  AB^  a,  fi. 

13.  The  Function  x-     (xO 

14.  Approximation  to  »  {by  a). 

15.  Application  to  ^. 

16.  Gaiie  when  I*  Vanishes  near  a  Terminus. 

17.  Case  when  P  Vanishes  more  than  Once.     (T.) 

18.  Can  the  Terms  in  2T  destroy  each  other?     {Pj  ^t  ^u  ^2 ) 

19.  Another  Method. 

20,  21.  Case  of  Terminal  Short  Set'tions.     («.) 

22.  Stationary  Values  of  S/T.     Riccati  case.     (£,  17,  C»  «•) 

23.  Hyperbolic  Case. 

24.  Combination  of  the  Two  Casen. 

25.  Short  Sections. 

26.  Approximate  Values  of  0,  ♦.     (5.) 

27.  Distribution  of  the  Values  of  fx  for  which  9  =  0.     (/?i,  p^,  y„  q^,  r,,  r,,  *i,  wj,  t,  C,  D, 

C,  //.) 
28-31.  The  Field  of  Integration  (X-,  ;;,  7,  ^,  A)  (wq,  w„  ...,  /*,„  /*„  ...,  o,  0,  7,  /,  A',  r)  {K)  0/',  Q)- 

32.  Supplement  to  §  6 A.     (A.;.,,  fi„.) 

33.  ExpaiiHion  of  an  Arbitniry  Analytical  Function.     (/,  if,  jp,„  *i,  yo,  //».) 

34.  The  Remainder.     A  Lemma. 
35-37.  DiHcuKHion  of  the  Remainder. 

38.  Statement  of  the  Result. 

39.  Case  when  E^  or  6^4  =  0. 

40.  Double  Solutions  of  the  Eiiuationft  e  =  0,  y?  =  0. 

41.  Form  of  the  General  Term  in  the  Expansion. 

42.  Special  Cases. 

43.  Validity  at  the  Boundary. 
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The  Fundamental  Differential  Equations. 

1.  Let  a?,  y  be  two  real  variables,  each  of  which  may  have  any  value 
from  0  to  1,  inclusive,  and  let  X,  /a  be  parameters. 

Let  <l>  denote  a  function  of  x  and  the  parameters,  satisfying  the  equa- 
tion ^^ 

+  (XS-/xr+X)0  =  O,  (1) 


d^ 


where  S,  T,  X  are  real  analytical  functions  of  x  only. 

Let  yfr  denote  a  function  of  y  and  the  parameters,  satisfying  the  equa- 
tion ^ 

|^  +  (-XC^+/xF+ 7)^^  =  0,  (2) 

where  17,  F,  Y  are  real  analytical  functions  of  y  only. 

Suppose  also  that,  for  all  values  of  x,  y,  the  sign  of  SV—UT  is  con- 
stant, say  positive.  By  a  simple  transformation  of  X,  jj,  we  may  make 
S,  T,  Uf  Fall  positive.  For  since  SV^UT  is  never  zero,  no  value  of 
S/T  can  be  equal  to  any  value  of  17/ F,  and  one  of  these  two  fractions, 
say  17/ F,  must  be  always  finite.  Let  a  be  a  real  value  which  neither  of 
the  fractions  takes :  then  iS— aT,  17— a  Fare  of  constant  signs.  If  these 
signs  are  opposite,  let  a  be  changed  and  let  it  travel  through  all  the  values 
of  17/ F  to  another  value  a',  which  is  never  taken  by  either  fraction  ;  then 
S— aT,  [7— a'F  will  have  the  same  constant  sign.  The  values  a,  a'  are 
only  restricted  by  inequalities,  and  we  may  therefore  take  two  values  a,  13, 
such  that  g_^y^  g_^y^   U-aV,   U-I3V,  fi-a 

have  the  same  sign.     Then 

XS-zxT  =  XiSi-Mi  r„         -XC^+/xF  =  -  Xi  U,+^,  Fi, 
where  S,  =  {8-l3T)l(fi-a),        T,  =  (S-aD/OS-a), 

\  =  )u  — aX,  iJ-i  =  /jL—^\, 

Si  Fi-  Ui  Ti  =  {SV-  UT)l{l3-a), 

Hence,  if  X^,  /a^  are  used  as  parameters  instead  of  X,  /x  the  signs  will 
be  positive  as  desired  unless  )8— a  is  negative ;  if  )8— a  is  negative  we  may 
take  — /ii,  —  Xi  as  parameters. 

It  will  be  supposed  that  this  transformation  has  been  made,  so  that 
S,  T,  ?7,  F,  SV—UT  are  all  positive,  and  never  zero. 
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0  and  its  Derivatives. 

2.  The  notation  (pix^  a)  will  be  uned  for  a  function  </>  satisfying  the 
equation  (1),  and  also  the  initial  conditions  </^=^  &/ d<f>ldx  =  1,  when 
X  =  a,  0'(aj,  a),  ^'{x,  a),  ...  will  be  used  for  3/3«  ^(a;,  a),  dlda<f>(Xf  a),  ...  . 

Here  a  may  be  any  particular  value  of  x,  and  if  b  is  another  value  of  x 
a  second  solution  of  (1)  is  </>  {x,  6) ,  and  therefore 

0(a;,  a)  </>'  (x,  h)—<f/  {x,  a)  <f>{x,  h) 

is  independent  ot  x,    - 

Putting  a;  =  a,  6  in  turn,  we  have 

0(6,a)  =  -0(a,6).  (3) 

Taking  c  to  be  a  third  value  of  x  we  have  a  third  solution  <f>{x,  c)  which 
must  be  a  linear  combination  of  the  other  two,  so  that 

A</>{x,  a)+B(f>(x,  6)+C0(a;,  c)  =  0, 

where  A,  B,  C  do  not  depend  on  x.     Their  values  are  found  by  giving  to 
X  the  values  a,  h,  and  thus  we  have 

0(j;,  a)  (/>{b,  c)4-0(aJ,  b)  <f>{c,  a)+<p{x,  c)  (f>{a,  b)  =  0. 

From  (8)  it  follows  that 

0'  (6,  a)  =  —  0'  (a,  6), 

80  that  <l>  (a,  a)  =  —  1 ; 

also  0''  (6,  a)  =  —  0''(a,  6), 

80  that  (/>'  (a,  a)  =  0. 

Hence  —  ^'(iC,  a)  is  the  solution  of  (1)  which  satisfies  the  initial  con- 
ditions 0  =  1,  dif>ldx  =  0  when  x  =  a.     We  have  therefore 

(f>{x,  a)  0"  {x,  a)— 0'(jr,  a)  <f>{Xj  a)  =  1. 

A  like  notation,  ^(y,  a),  ...  will  be  used  for  the  solutions  of  (2). 

Ar  an  illustration  take  the  equation 

ax- 
where  k  is  constant.     Here 

<^(r,  a)  =»  —sin  /:(j;— a),         4>'  {x^  a)  ««  cobAtCx— «), 

<p*  (x,  rt)  =»  —COM  A:  {x  —  a)t  <p'^  (r,  a)  =  A* sin  A'  (x— »»), 

If  0^  denoteH  any  solution  of  the  ec^uation  (1),  and  wo  suppose  z  to  follow  a  path  beginning 
at  n  and  ending  at  b^  the  final  values  <!>/>,  <p'b  depend  on  the  initial  values  <pa^  <ft*a^  and  are  in  fact 
derived  from  them  by  a  homogeneous  linear  transformation  whose  matrix  is 
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GalliDgthii  W {by  a),  we  have 

dx  I  -x^  +  M^-JIC,  0| 

and  the  initial  oondition    W{ay  a)  =s  I, 

If  W{by  a)  .and  W{e,  b)^  the  nMitrioes  corresponding  to  the  paths  ab,  be  are  known,  the 
matrix  for  the  whole  path  ac  is  given  hy  the  relation 

JF{e,  a)  -  ^K  *)  '^(*,  «), 
which  holds  for  the  solutions  of  the  equation 

where  W^  K  may  be  matrices  of  any,  the  same,  order  whose  constituents  are  functions  of  x^  und 
if  is  supposed  known,  ^unknown. 

If  the  equation  is  -r  -  =  WM^ 

ax 

the  corresponding  relation  is  W^c^  a]  =.  W{bf  a)  W{ef  &), 

the  initial  oondition  being  still  JF  (a,  a)  =.  1. 

When  W,  M  are  single  functions  these  relations  are  immediate  consequences  of  the  relation 

exp  K  exp  V  =  exp  (m  +  r), 

and  when  they  are  matrices  there  is  no  difficulty  in  the  proof. 

Fufictions  <l>  with  Different  Parameters. 

3.  In  ^  3-6  there  is  not  much  that  is  new  in  substance  and  the  methods  and  results  are 
therefore  not  given  at  great  leng^. 

It  is  known  that  0(x,  a),  \[r{y,a)  and  their  derivatives  are  analytical 
functions  of  the  parameters  X,  m,  having  no  singularity  except  at  infinity, 
that  is,  are  integral  functions.  This  is  true  even  when  S,  T,  U',  F,  X,  Y 
are  not  analytical  functions,  but  only  integrable  ;  the  following  method  of 
proof  enables  us  to  find  their  expansions  in  powers  of  X,  /x,  as  well  as 
other  results  of  importance. 

Suppose  <p  to  become  ^^  when  X,  /jl  are  turned  into  X^,  /i^,  then  we  have 

0(x,  a)  </>lix,  6)-^i(j:,  b)  ^"(x,  a)  =  \  (X-Xi)  S-(ja-jjli)T\  </>(x,  a)  0i(x,  6), 
and  therefore  by  integration  between  the  limits  c,  ii, 
4/> {u,  a)  </>\  (li,  b)  —  ^i  (w,  b)  <p'  (it,  a)  —  ^  (c,  a)  <f/i  (c,  6) + ^i  (c,  b)(l>'{c,a) 

=  (X— Xi)  I   S^(x,  a)  <pi(Xj  b)dx—(jA—/jLi)     T<p  (x,  a)  ^i(x,  b)  dx. 

The  substitution  of  0,  1  for  a,  6,  c,  \l  in  this  gives  an  important  series  of 
relations,  as  in  I.,  pp,  85,  86.     Making  X— X^  small  and  m  =  /xj,  we  have 

'N  Ci  '^  Ci 

^ (u, a)  ^ <j,' (tt,  6) - ^' (M,  a) ^ ^ («,  6) - ^  (c,  a) -^ <p' (c,  b) +</>'{c, a) ^<l>(c.b) 


=  —  \   S<l>  {x,  a)  <p  (x,  b)  dx  ; 
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and  on  putting  t^  =  a»  c  =  6, 


0ia,  6)  =  —  I  S<t>  (a,  x)  </>  (x,  6)  dx, 


from  which  the  more  general  result  could  be  derived  after  differentiation 
as  to  a,  b.     Similarly, 

5—  ^  (a,  6)  =  I  r^(a,  x)  if>  (.T,  b)  dx. 

The  higher  derivatiYes  may  also  be  found  ;  the  general  fonnula  is 
^,^  ,^  ,  9 (a:©,  ^«*i)  =  the  coefficient  of  ic'*-''  in 

{n-^ry.rl  fff  ...  n   (7;,-ic5,)  n  p{x^,  x^^i)  U  dxp, 

Jjj  J»-l  P'O  pml 

the  integration  being  over  all  such  values  that  x^^^  Xi,  x^,  ...,  Xn,  'm>i  lie  in  leyerse  order  on  the 
path  chosen  from  x^^i  to  XqI  that  Lb,  we  are  to  integrate  first  as  to  X}  from  x^  to  Xq,  then  as  to  r, 
from  r,  to  Xq,  and  so  on. 


Reality  of  Solutions  0/  0  =  0,  Z  =  0. 

4.  Now  let  -B,  G,  JE?i,  ...,  E^,  Gi,  ...,  G4  be  real  constants,  and  write 
e,  Z  for 

JS?i0(l,  0)+B3^'(l,  O)+i?30^(l,  0)+E,<l>''{h  0)-2B, 

respectively,  so  that  9,  Z  are  integral  functions  of  X,  /a.  It  is  to  be 
proved  that  the  values  of  X,  fx  for  which  0  =  0,  Z  =  0  are  real  and 
generally  distinct,  if  the  coefficients  Ei,  Gi,  ...  satisfy  certain  inequalities. 
With  the  notation  of  §  8,  we  have  (as  in  I.,  pp.  87,  108) 

0  {£3^1(1,  O)+£?,0;(l,  0) }  -01  {E^^pih  0)+B4^'(l,  0)} 

=  {\{E^<f>{x,l)+E,<t;{x,l)+E<f>(x,0)\ 
Jo 

X  \E^<p,{x,  1)+E,<p\{x,  1)+E<f>^{x,0)\ 

+  {E,E^^E^E^-E^it>{x,0)i/>,ix,0)]  |(X-Xi)S-Oi-Mi)r!^^.  (5) 


Suppose  that  0  =  0  for  values  of  X,  jm  that  are  not  real,  and  let  X^,  /xj  be 
conjugate  imaginaries  to  X,  /a  ;  then  0^  is  conjugate  to  0  and  must  vanish, 
so  that  the  left-hand  side  of  (5)  is  zero.  Also  <f>(x,  0)  and  (f>i{x,  0),  ...,  are 
pairs  of  conjugates,  and  thus  if  EiE^-^E^E^—E^  is  positive  the  ex- 
pression in  square  brackets  on  the  right  in  (5)  is  always  positive. 
Since     the    whole     integral     vanishes     the    purely     imaginary     factor 
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(X— Xi)  iS— 0*— /ii)r  cannot  be  of  constant  sign,  but  (X— Xi)/(/i— mi) 
must  be  a  mean  among  the  values  of  T/S. 

It  Z  =  0  for  the  same  values  of  X,  /x,  and  if  GiGi—G^Gs—G^  is 
positive,  it  follows  in  like  manner  that  (X— Xi)/Ou~/A])  must  be  a  mean 
among  the  values  of  VIU.  Hence  6,  Z  cannot  both  vanish  except  for 
real  values  of  X,  /ul,  since  the  greatest  value  of  T/S  is  less  than  the  least 
of  V/U. 

The  same  conclusion  follows  if  jBi  Jr4— SajBg— £*  =  0  ;  see  I.,  p.  87. 
We  shall  assume  that  EiE^—E^E^^E^  and  GiG^—G^G^—G^  are  positive 
or  zero  so  that  the  equations  9  =  0,  Z  =  0  cannot  both  be  satisfied  by 
imaginary  values  of  X,  /a. 

Distinctness  of  Solutions  o/  9  =  0,  Z  =  0. 

5.  The  values  of  X,  /a  given  by  the  equations  9  =  0,  Z  =^  0  are 
generally  distinct  as  well  as  real.  If  they  were  not,  the  Jacobian 
3(9,  Z)/3(X,  fi)  would  vanish  as  well  as  9,  Z.     But  we  have 

g^  =  -J  {Ei,f>a,x)^{.x,0)+Eti,' a, x)jl>(x,0)+E,,f,{l,x)  if,' {x,0) 

+Etip' (1,  x)  ^' («,  0)\8dx, 
with  like  expressions  for  the  other  derivatives*  and  hence 

ifrS  ^  f  f  1^1^(1'  *>  ^<*'  0)+Ei<f>'a,x)  ^(x,  0)+E^,f,{l,x)  i>'(x,  0) 

+Ei^'a,x)</>{x,0)} 
X{Giir{l,y)ylr(y,0)+Giylr'(l,y)y}^(y.O)+Gsy}^(l,y)ir'(y,0) 

+  G4  V  (1.  y)  ^'  (y,  0) }  (S7-  UT)  iy  dx. 


*  A  more  general  formula  is 

©«e-We  =  -  [  {^[^(a;,0)]«  +  2^^(4r,0)^^(a:,0)  +  C[^'(ar,0)]«}(58A.-2^/4)rf4:, 
Jo 

where  0  =  «i<^(l,0)  +  ^,^' (l,0)  +  tfi^'(l,  0)  +  ^4^"(l,  0)-2^ 

^  =  (12)-(13)0^2-(14)^>'^-(23)4»>'^-(24)^'^«+(lO)  24»^  +  (20)2^'\ 
B  =  (13)9<^^  +  (14)«^''  +  (23)4»VH-(24)^y^-(l0)4»-(20)4>'  +  (30)^'  +  (40)<^'\ 
C  =  (34)-(13)<^»-(14)<^''-(23)<^'-(24)0'2-(3O)2^-(4O)2^', 

(12)  =  ^i^j-*,^2,     (30)  =  -E8*-^8iS:.     ..., 
^,  <P\  <t>\  ^"  =  ^(1,0),  <^'(1,  0),  <p'  (1,0),  ^'MUO)  respectively. 
The  quadratic  in  p  (;r,  0)  and  p"  {x,  0)  has  for  its  discriminant 

AC-m  =  (^i-E4-Jff,F8-J?»)e'-(^l*4  +  ^4^,-^5^3-^S«f3-21>)etf+(<*>4--<'8^3-r-)0- 

and  is  therefore  of  constant  sign  if 

is  never  negative  for  any  real  value  of  k . 
8KB.  2.     VOL.  5.     NO.  970.  2    B 
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In  this  expression  the  subject  of  integration  has  a  constant  sign  when 
O,  Z  vanish,  for  while  SV^UT  is  always  positive,  the  first  factor  is 

+  { -£i0(l,O)--E?af  (1,  O+^a^^ (1,  0)+JS4^'^(l,  0)}  0(0:,  0)^\x,  0) 

+  { -^8^(1,  0)^E,<p'(h  0)]  [0\x,  0)]^,  say  H, 

a  quadratic  in  ^(x,  0),  ^\x,  0)  whose  discriminant  is 

4{EiE^-E^E^-{e+2E)\ 

so  that  H  is  of  constant  sign  when  6  =  0;   the  second  factor  can  be 
similarly  expressed. 

Hence  the  Jacobian  can  only  vanish  when  one  factor  or  the  other 
vanishes  for  all  values  of  x,  y^  so  that  we  have  either 

Si  =  JSf^(l,0),     B3  =  -jB0^(1,O),     S3  =  --E?0'(1,O),     JEf,  =  -E?0(l,O), 

EiE^-E^E^-ip  =  0,  E^o,  ae/ax  =  o  =  ae/a/x, 

or  else  (?i  =  G^^'d,  0),  ,..,     dZ/dX  =  0  =  az/a/x. 

(Compare  I.,  p.  88.) 

Thus,  if  X,  JUL  are  taken  as  Cartesian  coordinates,  the  two  curves  6  =  0, 
Z  =  0  have  their  intersections  all  distinct  unless  one  passes  through  a 
node  on  the  other.     Neither  curve  can  have  a  triple  point,  for 


a^e 


=  2  r  r  I Bi 0(1,  Xi)0(xi,  x)  0(a;,  0)+E^<t>' (1,  x^  i>(x^,  x)</>(x,  0) 

+JE?30(1,  x^)  il>{xi,  x)  <p'{x,  0)+E^<f>'{h  xi)  0(xi,  x)  </>\xy  0)}  SSidx^dx, 
which  reduces  to  —  2i?  I  I  \_(/>{xij  x)J  SSidxidx 

or  —  £  [   [  [0  (xi,  x)J  SSi  dxi  dx, 

Jc  Jo 


when  JE?i  =  -B0"(1,  0),     JE?a  =  •"  ^^'df  0),     ..., 

that  is,  when  the  curve  6  =  0  has  a  double  point. 

Similarly         ^  =  ^  £  T  T  [^  {x,,  x)]  ^  TT^  dx^  dx, 

j^=  E^  ^  \jl>{x^,x)Y  ST^dx^dx. 
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These  second  derivatives  cannot  vanish,  so  that  there  can  be  no  triple 
points.     In  the  case  of  a  double  point 


=  -  ^  (T  [0  (aji,  x)y  (a8-fiT){aS,-l3T^)dxidx, 
JoJo 


which  cannot  vanish  if  aS—l3T  is  of  constant  sign. 

Hence  on  each  branch  djuL/dX,  if  real,  must  be  a  mean  among  the  values 
of  SIT.  Also  dfi/dX  must  be  real,  for,  if  not,  the  equation  6  =  0  could 
be  satisfied  by  giving  X  a  consecutive  real  value  and  fx  an  imaginary  one, 
which  we  know  to  be  impossible,  since  the  ratio  of  the  imaginary  parts  of 
X,  /A  is  a  mean  among  the  values  of  T/S,  and  T,  S  are  always  positive.* 
For  the  same  reason  if  the  values  of  dfildX  are  equal,  the  point  must  be  a 
tacnode  and  not  a  cusp. 

A  tacnode  is  not  impossible,  nor  is  any  order  of  contact  between  real 
branches  of  the  curve  9  =  0  impossible,  as  may  best  be  seen  by  the 

example  of  the  differential  equation 

> 

0"+(X-/x)  0  =  0, 
when  i?i  =  0  =  £?4,       £3  =  —  £3  =  JS?  =  1. 

We  then  have         0(1, 0)  =  (X-/i)-i  sin  (X— /x)*, 

0'  (1, 0)  =  -  0^1,  0)  =  cos  (X-M 

e  =  0'(l,O)-0^(l,O)-2  =  2cos(X-m)*-2, 

so  that  the  curve  6  =  0  consists  of  the  straight  line  X  =  /a  counted  once. 


*  The  foUowing  is  another  proof.    Let 

«  =  f  TIP  (X,  0)]«  dx,        $=Cs  l0  {X,  0)y  dx, 
Jo  Jo 

then    a«^-h2«3^^   +3«ff 

^-^CCC  f  [{ip  {X,  X,)  ^  (r„  0)  <^(jr8,  0)}«-  {4*  {^y  t^  <P (^f,,  0)  ^  (t,.  0)}« 
Jo  Jo  Jo  Jo 

X  5^1  Tj  T^dxdxi dx^dx^ 

Jo JoJoJo 
=  2-E I  r  [%  (x,  0)  ^  (a;,,  0)  ^  (4;,  x,)  STy^  dxdx,  J  *, 

a  qaantity  which  is  of  opposite  sign  to  the  coefficient  of  a*  in  the  quadratic  form,  or  else  is  zero. 
Hence  the  factors  of  the  form  are  real. 

2   B    2 
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and  the  lines  X  =  /i+4?iV,  each  counted  twice,  where  n  =  1, 2,  S,  4, ... ; 
any  point  on  a  repeated  branch  must  be  reckoned  as  a  point  of  contact  of 
two  branches. 

At  any  ordinary  point  of  the  curve  0  =  0,  the  value  of  dfji/dX  is  also  a 

mean  among  the  values  of  S/T,  for  « ;5T"  H'i^  '^    is  *h®  integral  of  the 

product  when  — aS+^T  is  multiplied  by  the  quadratic  H  in  ^(x,  0), 
<l>  {x,  0)y  which  has  been  proved  to  be  of  constant  sign.  Similarly  on 
the  curve  Z  =  0,  dfxIdX  is  always  a  mean  among  the  values  of  U/V,  and 
thus  the  curves  cut  at  a  finite  angle  whether  at  an  ordinary  or  a  double 
point. 

A  certain  Double  Integral. 
6.  The  main  question  we  have  to  discuss  relates  to  the  double  integral 

where     ^{x,t)  =  JE?i0(l,  ^)  ^(x,  O)+^a0'(l,  O0(x,O) 

+B8^(1»  ^) 0^(^»  0)+E^<f>'ih  t)il>'{x,0)+E<t>{t,  X), 
^(y,  e^)  =  GiV^d,  w)  V^(y,  0)+G3^' (1,  M)  V^ (y,  0) 

Since        0(1,  t)  <f>{x,  0) -0(1,  x)  <f>{t,  0)  =  0(1, 0)  0  (x,  t), 

it  will  be  seen  that 

*(a-,  «-*(^x)  =  90(^,0, 

and  that  when  G  vanishes  *  is  a  symmetric  function  of  x,  t ;  similarly 

^{y,  u)-^  (u,  y)  =  Z^  (y,  «), 

so  that  '^  is  a  symmetric  function  when   Z  =  0.* 


he 


•  The  following  are  properties  of  ♦,  e  given  here  for  reference. 

=  -  f \s#  (jr,  X)  dx,        ^®  =  f  r*  {X,  X)  dx, 
Jo  **/*       Jo 

« {X,  t)=-  C  .V,*  (X,  Xi)  ^  (J^i,  0  ^^1- r  'S*  {x^f  n  1>  (^.  -Ti)  <ir,  +  A  j   'S4>  (^i.  «)  4»  (*i,  0  ^ir 
and  8o  for  (•♦/()yu.     Whore  there  i»  a  node  on  the  curve  e  -  0,  ♦  =  0  for  all  values  of  ar,  /,  and 

«♦  (X,  t)  =  >;  j'  (*Si5A-  7i5/*)  4>  (.'•„  r)  <t>  (JTi,  O^'-Ti* 

■   ■ 

from  wliich  «.'ould  be  ftiuiid  the  values  alrendy  given  (^  .*))  fir  tlie  second  derivative  of  B. 
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Since  *,  "ir^  0,  Z  are  integral  functions  of  X,  m>  the  value  of  the 
double  integral,  when  taken  over  a  closed  region  of  two  dimensions,  will 
depend  on  the  situation  of  that  region  in  relation  to  the  values  of  X,  /x  for 
which  QZ  vanishes,  and  will  be  unaltered  by  continuous  deformation  of 
that  region  so  long  as  it  contains  no  point  where  OZ  vanishes.  (Picard 
and  Simart,  Fonctions  algebriqtces  de  deux  variables  vndependantes, 
Vol.  I.,  ch.  iii.) 


Known  Results  relating  to  Double  Contour  Integrals, 

6a.  Suppose  that  in  the  second  or  outer  integration,  with  respect  to  X, 
the  path*  is  a  closed  contour  L,  and  that  to  each  point  of  L  there  corres- 
ponds a  certain  closed  path  of  integration  ilf ,  in  the  /x-plane :  as  X 
moves  round  L,  M  may  vary  continuously,  but  its  final  position  must 
coincide  with  its  initial  one,  and  in  no  position  may  it  pass  through  any 
of  the  points  where  O  vanishes,  say  /a',  or  the  points  where  Z  vanishes, 
say  fi.". 

For  certain  values  of  X  there  will  be  coincidences  among  the  points 
/a',  /a",  and  if  L  encloses  none  of  these  values  of  X,  the  value  of  the  double 
integral  will  be  zero.  If  such  a  point  Xr  is  enclosed,  it  may  be  (1)  a  branch 
point  for  jjJ  (or  /x") ,  or  (2)  correspond  to  a  double  point  on  the  curve  6  =  0 
(or  Z  =  0),  or  (8)  be  such  that  6,  Z  vanish  for  a  common  value  of  /x, 
say  /Xr,  when  X  =  Xr.  These  three  alternatives  do  not  exclude  each 
other. 

In  case  (1)  the  effect  will  depend  on  the  position  of  the  value  ij.'  (or  /x'O, 
affected  by  the  branch  point,  in  regard  to  the  contour  M.  In  the  initial 
position  M  will,  in  general,  enclose  some  of  the  points  /x',  /x",  and  exclude 
others.  As  X  travels  round  L  the  points  /x',  /x"  describe  paths  which, 
singly  or  together,  form  one  or  more  closed  circuits.  The  circuits 
described  by  the  enclosed  points  will  be  separate  from  those  described  by 
the  excluded  points,  since  the  curve  M  separates  the  two  sets  of  points  in 
all  positions.  (This  does  not  hinder  an  excluded  point  from  taking  a 
position  which  has  formerly  been  occupied  by  an  enclosed  point,  since  the 
value  of  X  has  changed.) 

Now,  if  L  encloses  a  branch  point  which  affects  only  enclosed  points, 
or  only  excluded  points,  the  resulting  contribution  to  the  double  integral 
is  zero.  If,  on  the  other  hand,  L  contains  branch  points  which  permute 
enclosed  with  excluded  points,  one  or  more  of  the  circuits  described  by 


*  Each  of  the  complex  variables  X,  /a  ift  of  course  represented  by  a  point  in  a  separate  plane, 
Bfi  in  Argand's  diagram. 
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the  enclosed  points  may  be  irreducible,  and  thence  will  arise  a  contribution 
equal  to  a  period  of  a  certain  single  integral  of  the  Abelian  type. 

As  an  illustration  of  the  effect  of  branch  points  take 

where  the  problem  is  somewhat  simplified,  but  not  essentially  changed,  by  the  absence  of  any 
second  factor  in  the  denominator  of  the  subject  of  integ^tion.     Here  there  are  two  Talues  of  /a', 

namely  ±.  (l^\*)^,  and  they  are  permuted  by  a  circuit  round  any  one  of  the  branch  points  in  the 
A-plane,  ±1,  ±t. 

Hence,  if  L  consists  of  a  simple  contour  enclosing  one  of  these  branch  points,  JT  must  enclose 
both  or  neither  of  the  values  fi' ;  otherwise  its  final  position  could  not  be  the  same  as  its  initial 
one,  and  the  region  defined  would  not  be  closed.  If,  however,  L  encircles  two  branch  points,  or 
the  same  one  twice,  M  may  be  taken  a  simple  contour  enclosing  one  of  the  fi    points,   Mty 

(1-A*)*. 

The  integration  with  respect  to  fi  now  gives  the  result 


2tir  f    ^    d\     or    *»  f  (l-A*)-*r/A, 


and  this,  when  L  encircles  two  branch  points,  is  one  of  the  periods  of  an  Abelian  integral 
aHsociated  with  the  equation  x^  +  o^— l  =  0. 

In  case  (8)  when  6,  Z  vanish  together,  the  result  may  be  stated  in 
the  same  way,  the  Abelian  integral  being  of  the  third  kind,  and  the 
period  that  associated  with  a  contour  encircling  its  parametric  points. 
The  value  of  the  contribution  is,  however,  capable  of  being  directly  ex- 
pressed in  a  simple  form. 

Suppose  X  to  leave  the  path  L  and  travel  inwards  to  Xr,  the  point 
under  discussion,  without  passing  through  any  position  in  which  there 
is  a  coincidence  among  the  points  jm',  jul".  As  X  travels  we  can  deform 
M  continuously,  so  that  M  does  not  pass  through  a  /x'  or  a  m"  until  X 
actually  reaches  Xr.  Then,  if  at  Xr  an  enclosed  /a'  comes  into  coincidence 
with  an  excluded  /x"  or  conversely,  it  ceases  to  be  possible  to  make  M 
pass  between  them,  and  there  will  be  a  contribution  to  the  value  of  the 
double  integral  of  ^ 

where  fi  =  *  (a:,  ^)  ^  (y ,  ^)/|f^ 

(in  general,  the  numerator  of  the  subject  of  integration  divided  by  the 
Jacobian  of  the  factors  of  the  denominator).  The  lower  sign  is  to  be 
taken  when  )u"  is  excluded,  the  upper  when  it  is  enclosed. 

When  the  coincidence  is  between  an  enclosed  )u'  and  an  enclosed  fi'\ 
or  between  an  excluded  ij.'  and  an  excluded  /x",  there  is  no  contribution, 
and  the  coincidence  does  not  hinder  us  from  drawing  M  in  the  way 
prescribed. 
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Case  (2)  is  essentially  the  same  as  case  (8),  for,  when  the  curve  6  =  0 
has  a  node  at  (Xr,  Mr)»  Q  may  be  expressed  as  the  product  of  two  functions, 
each  without  singularity  in  the  domain  of  (Xr»  Mr)»  and  each  vanishing  at 
that  point  to  the  first  order  only. 


General  Idea  of  the  Proposed  Application  of  these  Besults. 

66.  The  values  of  X  for  which  a  /jl'  coincides  with  a  /jl''  form  an  infinite 
series,  and  it  will  be  our  object  so  to  choose  the  region  of  integration 
that  the  value  of  the  double  integi'al  will  be  expressed  by  the  corre- 
sponding series  20,  multiplied  by  {2i7r)^.  We  must  avoid  the  possibility 
of  contributions  from  branch  points  as  in  case  (1),  and  take  in  all  possible 
contributions  under  case  (8). 

The  general  idea  will  be  to  have  the  )u"  points,  where  Z  vanishes, 
enclosed  by  M,  and  the  |a'  points,  where  6  vanishes,  excluded.  If  there 
is  a  node  on  Z  =  0,  so  that  two  m''  points  coincide,  this  will  make  no 
difference  in  the  form  of  the  result,  since  the  coincidence  will  be  between 
two  enclosed  points ;  and  similarly  if  the  node  is  on  9  =  0.  For  the 
present  we  shall  suppose  the  intersections  of  the  two  curves  to  be  simple, 
so  as  to  avoid  complications  that  fall  beyond  the  scope  of  the  account 
that  has  been  given. 

It  will  be  noticed  that  the  terms  of  the  series  SQ  are  symmetric 
functions  of  x,  t  as  well  as  of  y,  u. 

In  order  to  decide  on  a  suitable  region  of  integration,  we  must  study 
the  distribution  of  the  values  of  /j,  for  which  O,  Z  vanish  severally  when 
X  has  a  fixed  value,  and  more  particularly  when  that  value  is  great  and 
not  real.  With  a  view  to  this  we  find  approximate  values  for  0,  ^  and 
their  derivatives. 

Ab  an  iUuatration  of  the  use  to  bo  made  of  the  double  integn:al  here  given,  it  may  be  pointed 
oat  that  the  Fourier  expansion  in  a  Beries  of  sines  depends  on  the  series 

*     . 

2   sin  nwx  sin  nwtf 

which  is  the  series  of  periods  of  the  integ^ral 


4iir  J 


eiii{x  y/\)  mn  {{\  - 1)  ^\} 


\/A.  sin  ^X 


dk. 


Here,  again ,  the  subject  of  integration  is  unsymmetrical,  but  the  residues  are  symmetrical,  as 
functions  of  x  and  t.  The  subject  of  integration,  moreover,  is  very  small  when  \  is  great  and 
complex  or  negative,  provided  x  <  t.  The  object  of  my  former  paper  (I.)  was  to  generalize  this 
expression  and  apply  it  to  the  series  of  Liouville  and  Sturm  for  functions  of  one  variable.  It  is 
now  to  be  further  extended  to  functions  of  two  variables. 


(6) 


424  Prof.  A.  C.  Dixon  [Nov.  8, 

Approximations  by  means  of  Hyperbolic  Functions  when  \  ^  are  GreaL 

7.  If  we  write  P{x)  for  —XS+inT—X,  and  suppose  X,  m  to  be  great, 
the  foUowing  formulse  are,  in  general,  approximately  true.* 

0(6,  a)  =      {P(a)P(6)}-*sinhrP*dx' 
0'(6,  a)  =      |P(5)/P(a)}i  cosh  P  P^dx 
^\b,  a)  =  -]P(a)/P(6)}^  cosh  Pp* da; 

0'^ (6,  a)  =  - iP(a)P(6)}*  sinh  Tpida; 

In  proving  these  formulse  and  discussing  the  restrictions  under  which 
they  hold,  we  shall  use  the  following  lemma,  which  is  closely  related  to 
the  formulse  of  §  8. 

Let  f(Xy  a)  denote  the  function  which  satisfies  the  equation 

and  the  further  conditions  that  when  x  =  a,  /  =  0,  and  df/dx  =  1. 
Let  Q  be  changed  to  Q+SQ,  and  suppose  Sf  to  denote  the  consequent 
increase  in  /.     Then 

Sf{b,  a)  =  r  fib,  X)  {fix,  a)+Sf{x,  a)}SQdx  (7) 

Ja 


=  £  \f(b,  x)+Sf{b,  x)}f(x,  a)SQdx. 


(8) 


For  f'{x,b)  =  Qf(x.b) 

and  /'  ix,  a)+8f'  (x.  a)  =  (Q+SQ)  \f{x,  a)+Sf{x,  a) } . 


*  Awmrately  ^(*»«)  *•  (<r'ii<r'ft)'*8inh(ai— o^a), 

where  axiB  a  function  defined  by  the  equation 

(cr':r)»-i{crx,  x}  «  F{x). 

If  we  put  y  for  (</x)~^,  thin  equation  becomes 

which,  with  the  slightly  more  general    y"  +  e/i/^  -=  y  F{x) , 

may  be  added  to  the  list  of  forms  associated  with  the  linear  equation  of  the  second  order,  and 
which,  like  the  linear  equation,  is  such  that,  if  one  solution  is  known,  all  the  rest  can  be  deduced. 
If  ^1,  ^1  are  two  solutions  of  (1)  and  are  such  that  <t>j^i^^*^<Pi  ■»  1,  then  the  most  general 
▼alne  of  y  is  M^i  +  ^^^i^-i-C^)^  where  A^  B,  C  are  constants  such  that  B^^AC  ««  t : 
a  value  of  vx  is  tanh~   ^i/^s* 
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Hence 

/'(«,  b)  [fix,  a)+8f{x,  a)]-f{x,  b)  {f'{x,  a)+Sf{x,a)] 

=  -  SQfix,  h)  {/(x,  a)-\-6f{.x,  a) } . 
Hence 

[jib,  x){f(x,  a)+Sf{.x,  a)}SQdx 

=  'T  [f  (X,  b)  \f{x,  a)+Sf(x,  a)  \  -fix,  b)  {f(x,  a)+Sj'{x,  a)  \  ] 

=  [fib,  a)+Sf(b, «)]-[-/ (a,  6)]  =  Sf{b.  a). 
since  /{a,  a)  =  f(b,  b)  =  0 

and  f{a,  a)  =  fib,  b)  =  1  =  fia,  a)+Sfia,  a) ; 

80  that  Sfia,a)  =  0. 

Interchanging  a,  6  in  the  resolt,  we  have  the  second  form  (8)  for  Sfib,  a). 
Now,  in  order  that  f(b,  a)  may,  for  all  values  of  a,  b,  have  the  value 

{P{a)Pib)}-iBmh?  Pidx, 

Ja 

proposed  above  as  an  approximation  to  0(6,  a),  we  must  put 

Q  =  P+^(P'IP)'-iF'IP. 
since  this  is  then  the  value  of  f'(x,  a)lf{x,  a),  as  may  readily  be  verified. 
'^^^^^  ^*  SQ  ="  j%(P'IPf+iP'lP, 

we  have  Q+SQ  =  P      and      f+Sf  =  <f>. 

The  error  committed  when  f(b,  a)  is  taken  as   the   value  of  0(6,  a)  is 
Sf(bf  a),  and  an  estimate  of  its  magnitude  can  be  formed  by  the  use  of 
the  Lemma  (7)  as  follows. 
If  a,  13  are  real  quantities, 

sinh(a+£)8)  sinh(a— £/8)  =  sinh^a+sin^jS  =  cosh^a— cos^^S. 

Hence  |  sinh  (a+£j8)  |  ^  |  sinh  a  |  and  ^  cosh  a. 

Thus,  if  the  element  P^dx  is  separated  into  a  real  part  dp  and  a  purely 
imaginary  part  ida-, 

sinh  I  P*eZa;^  cosh  I  dp, 

and  this  again  does  not  exceed  cosh  I  \dp\,  where  the  integral  contains 
the  same  elements  as    I  dp   but  all  taken  positively,  and  is  less  than 
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cosh  I  I  e2/>  I   unless  dp  is  of   constant  sign,  since  the   hyperbolic  cosine 

increases  continually  with  its  argument. 

Suppose  17  to  be  the  greatest  absolute  value  of 

<S/(a^i, ^0)/ 1 -P(«i) i'C^o)  1' -* cosh  T\dp\ 

for  all  positions  of  X|,  Xq  on  the  path  from  a  to  6. 
We  have 

|/(x„Xo)  I  =    {P(xi)P(xo)}-*8inhpP»<?x  I  <  |P(xi)P(Xo)|-*coBhr!rf,>|, 
and  therefore 


^(x„Xo)l  =  |/(xi,Xo)+5/(xi,Xo)|  <  (I+.7)  |P(xi)P(a;o)h*co8h  r  \dpl 
But,  by  (7), 


<  ri/(i.*)ll^(*.a)||<5<3ll<^^ 

<  r  |P(6)P(x)P(x)P(a)|-* cosh  r  \dp\(X-\-n) cosh  T  \dp\  \6Q\  \dx\. 

Now  Udp\-\-Udp\  =  \  \dp\, 

jx  Ja  Ja 

and  therefore       cosh  l   \dp\  cosh  l  \dp\  <,  cosh  I  \dpl 

Let  M  be  the  greatest  value  of  |P~^^Q|  and  h  the  length  of  the  path 
of  integration,  that  is,  \   \dx\.     Then  we  have 

Ja 

I Sf  (6,  a) I  <  (1 +17)  I P(b)  P(a)  1"^  cosh  ^  \dp\  Mh, 

and  the  same  is  clearly  true  if  intermediate  values  Xi,  Xq  are  put  in  the 
places  of  b,  a.     Thus  we  must  have 

i;  <  a+fi)Mh        or         17  <  Mhia-Mh) 

if  ilf/t  <  1.  Now  a,  h  are,  in  our  case,  between  0  and  1 ;  so  that  h  is 
finite,  and  therefore  n  will  be  small  if  M  is  small.  In  applying  the  result, 
we  shall  be  able  to  suppose  X,  ix  to  have  finite  ratios  to  l^j  where  A;  is  an 
integer  that  is  increased  without  limit.  If  two  quantities  A^  B,  depending 
on  X,  fUL^  are  such  that  A/B  and  BjA  do  not,  in  absolute  magnitude. 
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increase  beyond  a  fixed  finite  limit  when  k  is  increased  without  limit, 
we  shall  say  that  A^  B  are  of  the  same  order  of  magnitude,  or  that  B  is  of 
the  same  order  as  ^4,  or  that  B  is  comparable  with  A,  or  symbolically 
A\\B. 

Thus  P,  P',  P"  are,  in  general,  of  the  same  order  of  magnitude  as  A^, 
but  for  special  values  of  x  one  or  more  of  them  may  fall  below  that  order, 
that  is,  the  ratio  Pjl^y  for  instance,  may  diminish  without  limit  as  k 
increases,  and  it  will  do  so,  for  example,  if  X,  fx  depend  on  k  in  such  a 
way  that  X/^t  constantly  =  TjS  for  the  value  of  x  in  question. 

^"^^®  5g  =  -  ^(P7P)2+iP7P 

and  M  is  the  greatest  value  of  {P'^SQl  it  follows  that  M  ;i  Ifk  if  P  ||  A;^ 
throughout  the  path  of  integration. 

Hence,  under  the  same  restriction,  j?  will  H  Ijk  and  the  error  Sf{b^  a) 
will  tend  to  vanish  in  comparison  with  /(&,  a)  as  k  increases  (1)  if  the 

argument  I   dp  is  not  less  than  I   \dp\,  that  is,  if  the  sign  of  dp  is  constant 

Jo  Ja  ^ 

along  the  path,^  and  also  (2)  if  the  argument  i  \dp\  does  not  increase 
beyond  a  finite  limit  when  k  is  increased,  in  which  case  I  dp  is  finite 
also,  and  the  factor  sinh  I  P^dx  will  be  finite. 

We  are  not  generally  entitled  to  use  /(6,  a)  as  an  approximation  for 
0  (6,  a) 

(1)  if  for  some  value  of  x  on  the  path  a6,  P/P  tends  to  zero  as  k 
increases :   for  then  SQ  may  increase  without  limit  with  k  ; 

(2)  if  dp  is  not  of  constant  sign  on  the  path  db,  and  I  |eZ/>|  increases 
indefinitely  with  k,  for  then  the  possible  error 

i7{P(6)P(a)[-icoshr|d/> 
may  much  exceed  the  estimated  value 

{P(6)  P(a)[-i  sinh  r  pi dx. 

The  last  exception  (2)  can  easily  be  avoided  in  the  application  we  have 

*  Since  a:  is  a  real  variable,  this  implies  that  the  real  part  of  i^  is  of  constant  sign.  It  may 
be  remarked,  once  for  all,  that,  if  h  is  positive,  the  real  part  of  {u  +  iv)^  lies  between  -/u  and 
(k'  +  i;*)*,  and  the  lateral  part  between  \iv/\/n  and  |iv  («-  +  »*)-*,  and  that,  if  «  is  negative,  the 
lateral  part  lies  between  <v/i<  and  i{u^  +  v^)^,  the  real  part  between  ir/'v/(— m)  and  ir(w'-hr*)-l. 

Neither  part  of  (m4-  ir)i  can  vanish  or  change  sign  unless  v  does  so. 

When  V  is  small  as  compared  to  m,  and  h  is  positive,  the  real  part  of  (i<+  iv)^  differs  from 
^u  by  a  quantity  <  (w'  +  r*)*  —  y/it  and  therefore  ||  r*/"*  at  most. 
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to  make,  but  the  restriction  implied  by  (1)  is  a  difficulty  that  must  be 
removed. 

Under  the  same  restrictions,  the  derivatives  of  /(&,  a)  famish  approx- 
imate values  for  those  of  </>{b,  a).    For  instance, 

Sf(b,a)  =  i>'(h,a)-f{b,a), 
and  by  differentiating  (7)  with  respect  to  b,  we  have 


But 


Sf  (b,  a)  =  £/(».  x)  {/(■'=.  a)+Sf{x,  a) } SQdx. 


f(b,a)  =  {P(6)/P(a) }*  cosh  fpidaj-iP' (6) [P(a)]-i[P(6)]-*sinhrp4dx, 

and       \f(b,a)\  >  |P(6)/P(a)|»co8h  [  |d/>|  {H-J|P'{6)[P(6)]-»|}. 

Thus 

I  Sf(b,a)\  >  [  I P(6)/P(x) |» cosh  r  \dp\  {H-J|P'(6)[P(6)]-»|} 

X(l+fi)\P  (x)P  (a)  |-*  cosh  r  I  d/)  1 1 5<3|  I  <ir  |. 

Ja 

or     I P  (b)lP{a)  I  i  (1 + ,)  { 1+ iP'  (6)  [P  (6)]-» }  £  |  P-»  iQ  |  cosh  [\dp\\dx 

or  I P (i)/P (a) I M 1+ i-P' (6) [P (6)]-* } itf A(H- ,) cosh  ?\dp\. 

Under  the  restrictions  assumed,  P'(6)[P(i)]~',  M,  »j  are  |i  Ijk,  so  that 

i/(6,o)ll  f» 

*-MP(6)/P(a)|»cosh|   \dp\, 

that  is,  1/A;  of  the  estimated  value  /  {b,  a). 

Moreover,  the  second  term  in  the  value  of  f{b,  a)  is  only  ||  Sf(b,  a), 
and  thus  we  have,  as  stated  in  (6), 

^'{b,  a)  =  {P{b)IP(a)}i  cosh  T  P»dx 

Ja 

with  an  error  ||  k'^  \  P(b)IP{a)  \ *  cosh  [  '  dp  \. 

Ja 

The  same  method  applies  to  <f>  (6,  a)  and  <f>'  (b,  a). 

We  shall  apply  the  term  *'  normal "  to  approximations  in  which  the 
error  is  of  the  order  of  l/k  of  the  estimated  value  or  1/A:^  of  the  derivative 
of  the  estimated  value.  The  reference  to  the  derivative  is  meant  to  save 
misunderstanding  in  the  neighbourhood  of  a  point  where  the  function 
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vanishes.*  The  values  given  under  (6)  are  normal  approximations  under 
the  restrictions  assumed  ;  they  are,  however,  valid  approximations  under 
less  narrow  restrictions.  The  relative  magnitude  of  the  error,  >7,  at  most 
II  the  greatest  value  of  SQ/P^,  that  is, 

F74P»-5P'*/16P*       or       -P-*(?/da:^(P-i), 

and,  since  P',  P"  do  not  exceed  the  order  of  k^,  the  error  will  be  relatively 
small  if  P^  does  not  fall  as  low  as  the  order  k^,  that  is,  if  P  is  always 
great  in  comparison  with  k^.     Also,  when  dp  is  not  of  constant  sign,  the 

approximation  is  valid  if  M  exp  I  \dp\  is  small,  which  will  happen  if  the 

real  part  of  P  is  always  negative  and  !|  1^,  and  the  lateral  part  small  in 
comparison  with  k  log  k. 

The  results  of  §§  8~I4  are  not  wanted  till  §  22,  and  the  reader  is  advised  to  skip  them  for  the- 
time  being.    They  relate  to  exceptional  cases  in  which  the  formulse  of  §  7  do  not  apply. 

ApprooBimatton  by  means  of  Uiccati  Functions. 

8.  We  must  now  seek  for  approximate  values  of  ^  and  its  derivatives  when 
there  is  a  value  of  x  on  the  path  of  integration  at  which  P/A?*  diminishes  without 
limit  when  k  increases.  The  case  that  is  of  importance  is  when  the  lateral 
part  of  P  is  of  a  lower  order  than  k*  hut  of  constant  sign,  while  the  real  part  is 
generally  ||  /^  hut  occasionally  zero.  Thus  the  patli  of  integi*ation  passes  near 
a  value  of  x  for  which  P  =  0,t  and  in  such  a  neighbourhood  the  values  (6)  could, 
not  well  be  approximations  to  ^(&,  a),  ...,  since  they  are  not  one- valued  functions 
of  6,  on  account  of  the  surd  factor,  whereas  ^(6,  a)  and  its  derivatives  are 
one- valued  functions  of  h. 

When  the  zero  of  P  is  simple  and  isolated;!;  we  may  use,  instead  of  the  hyper- 
bolic sine  of  the  former  approximation,  the  function  cd  which  satisfies  the  equation 

This  equation  is  included  in  Riccati's,  and  the  functions  satisfying  it  are  as 
definite  as  the  sine  and  cosine,  though  not  so  familiar.  The  notation  a>(!;,  a), 
ai'(6,  a),  ...,  will  be  used  as  in  former  cases. 


•  For  instance,  if  the  approximate  yalue  were  coh  kx,  with  a  possible  error  of  1/Ar,  the 
approximation  would  be  normal  even  when  x  ■=  ir/'lky  although  for  that  value  the  error  would 
exceed  the  estimated  value. 

t  If  we  write  Pj,  iPj  ^or  the  parts  of  P  which  are  real  and  purely  imaginary  when  x  is  real, 
and  suppose  P,  =  0  when  x  ^  a^  then  i*  =»  0  for  a  value  of  x  which  is  approximately 

and  which  tendn  to  coincide  with  a  when  k  is  made  gfrcat,  since  ij  ^•>  ^y  supposition,  of  a  lower 
order  than  k-. 

X  That  is,  when  no  other  zero  tends  to  coincide  with  it  as  k  increases. 
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Now,  if,  in  (1),  we  change  the  independent  variable  from  a;  to  fr,  a  known 
function  of  x^  the  equation  becomes 

^  (,^  y «,-)  =  ,^  ^/«'  [P+ 1  {«,  x}yia'*, 

where  {u^,  ;e}  is  the  Schwarzian  derivative. 

We  choose  ta  so  that  P/w^  =  tr,  that  is,  we  take 

ifixing  the  lower  limit  in  this  integral  at  the  (complex)  value  of  x  for  which  P 
vanishes.  Then  tr  is  an  analytical  function  of  x  for  values  within  a  certain 
domain  which  includes  the  point  where  P  vanishes  and  which  does  not  diminish 
indefinitely  as  k  increases.     When  x  is  in  the  domain  at  a  finite  distance  from 

the  zero  of  P,  tr  ||  k^.  The  domain  includes  the  real  value  of  x  for  which  the 
real  part  of  P  vanishes,  since  the  zero  of  P  tends  to  that  value  as  a  limit  when 
k  increases. 

We  propose  to  prove  that  an  approximate  value  of  ^  (x,  a^)  is 

And  therefore  substitute  this  expression  for  f(Xy  x^)  in  the  Lemma  (7).  We 
must  then  have 

(2  =  f7/=P-|{tr,aj},      hQ  =  ^{w,x}=:to"'/2w'^'Sto''*/4Mn,       Q+8Q  =  P; 

so  that  /+8/  =  <^. 

In  the  domain  SQ  is  finite,  however  great  k  may  be,  since  we  may  exclude 
from  the  domain  values  of  x  for  which  w'  tends  to  zero  as  k  increases.  To 
ascertain  the  degree  of  approximation,  we  must  find  the  order  of  magnitude 
of  f(hyX)f(Xj  a)/f(hj  a)  by  a  discussion  of  the  function  «. 

Approximate  Value  of  o>. 

9.  Now,  for  great  values  of  the  argument,  we  may  approximate  to  »  by 
means  of  the  functions  x  which  satisfy  the  equation 


ii=h4?}^ 


And  which  are  known,  since  we  have,  in  fact, 

X(fe,  a)  =  a-*6-*  sinh  t(6*-a*). 
In  the  Lemma  (7)  we  may  put  x  ^or/,  «d  for /-|-5/,  and  —  ,^-i  for  ^Q.     Thus 

i*  dx 

X(6,a;)w(a-,a)^. 

Suppose  now  that,  as  x  travels  from  a  to  6,  the  real  part  of  x^  does  not  ever 
•decrease ;   then  the  real  part  of  ^f  ^^J  is  positive  or  zero,  and 

Isinhf  (arf-a^J)!  >  fexpf  (arf-ajj); 

a  x^Xi  are  two  values  on  the  path  a6  in  the  order  stated. 
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Suppose  ic  to  be  the  greatest  valae  of 

I  «(«i,  «o)-x(«i»  «•«)  I/I  «r*«o"*  exp  f  (xf-a^J)  I 

for  all  each  positions  of  a^o,  sc^  on  the  path. 
Then  we  have,  as  in  §  7, 

and  thus  «  *  xV  (1  + «)      '  a^"*^  !• 

Now  I    \x'-idx\  =  i    of  the  length   of   the   path    described   by   the  point 

representing  x~^,  and  this  will  be  of  no  higher  order  of  magnitude  than  the 
greatest  value  of  \x^^\  on  the  path.  Hence  k  is  of  the  same  order  also  when 
X  is  great  all  along  the  path  ab. 

We  conclude,  therefore,  that,  if  a,  h  can  be  joined  by  a  path  along  which 

X  is  always  great,  and  the  real  part  of  x^  does  not  ever  decrease,  the  difference 

between    a^*«(6,  a)    and    aH*x(^>  ^)»    *^**  is,  8inhf(fe*— a*),  ||  exp  f  (6*— a") 
multiplied  by  the  greatest  value  of  x^^  on  the  path. 
As  in  §  7,  it  follows  that 

a*6-*i«'(6,  a)-co8h  f  (6*-a*),         a-*6*o>X5,  a)  +  co8h  f  (6*-a«), 

a-*6-*ia'X^  a)  +sinh  f  (6*-a*) 
are  also  of  the  same  order  of  magnitude. 

Approximations  to  (tf(a,  0)  and  its  Derivatives  when  a  is  Negative  and  Great, 

10.  The  approximations  here  given  do  not  apply  immediately  to  (tf(a,  0)  and 
its  derivatives.  In  order  to  deal  with  these  we  notice  first  that  they  can  be 
expanded  directly  from  the  differential  equation  in  series  of  ascending  powers 
of  a,  which  are  absolutely  convergent  for  all  finite  values  of  a.     Thus 

«(a.  0)  =  a+  ^  +  3-^  +  g_^_-  + ..., 
<tf'(a,  0)  =  1+  T+  Q-T-g  +"•' 
-a.\a, 0)  =  1  +  ^  +  2  3%. 6  +  2.3 . 0~8:9  +  -' 

-«,'>(«,  0)=     1  +  ^-^+.... 


When  a  =s—  1,  in  particular,  these  are  all  numerically  less  than  1. 

dx* 


Again,  if  — ^  =  ajw. 


Ixl"^       X  \dx)   )        x'Xdx)  ' 


d 
dx 
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a  poBitive  quantity ;   so  that,  if  x  is  negative,  i^^ta^jx  decreases  as  ^x  increases. 
Hence,  when  a  <  —  1, 

{a.(a,0)}»-.{a,'(a,0)}Va  <  2,         {a,*(a,0)}'-{a.'  (a,0)}Va  <  2, 

since  each  of  these  <  2  when  a  =  —  1. 
Thns,  since  a  is  negative, 

01  (a,  0)  <  V2,      o>  (a,  0)  <  v/2,      w  (o,  0)  <  a/(— 2a),      «"  (a,  0)  <  V^C— 2a). 

Now  the  approximate  values  found  for  u  (5,  a)  and  its  derivatives  may  be 
used  when  a,  h  are  both  negative,  since,  on  the  negative  part  of  the  real  axis, 

the  real  part  of  x^  is  always  0.     Also,  if  a  is  numerically  less  than  6,  the  error 

II  a~^,   since   |(&^—a^),    the  argument  of  the   exponential   factor,   is  a  pure 
imaginary. 

We  have  then,  as  in  §  2, 

cd(6,  0)  =  — cD(a,  0)  «  (6,  a)'\-iJ{a,  0)  «(5,  a) 

accurately,  and  approximately 

6*a)(6, 0)  =  j*a>(a,  0)  cosh  f  (6*-a*)  +  a-*«'  (a,  0)  sinh  f  (6»-a»).        (10) 

Since  iu(a,  0)  <  -^2,  ci)'(ct»  0)  <  a/(— 2a),  and  the  hyperbolic  &ctor  is  subject  to 
a  possible  error  ||  a~*,  the  whole  expression  is  subject  to  an  error  ||  a~*  at  most. 

Also,  since        ^^^^^  0)  =  -  a> (a,  0)  o>'*  (6,  a)  +  i«'(a,  0)  cd'(6,  a), 
we  have 

fe-*a,'(6,0)  =  a*a,(a,0)  sinhf  (5»^a')  +  a-*«'(a,  0)  coshf  (6*-a»),       (11) 

with  a  possible  error  of  the  same  order  again.     From  (10),  (11)  we  have 

6*0) (6,0)  coshf!)^— 6"^o/(?),  0)  sinh  1 5*  =  a*«(a,0)  coshfa*— a""*ctf'(a,  0)  sinh  fa*, 

with  a  possible  error  ||  a~*  at  most.     This  is  true  when  a,  h  are  real  and  negative, 
and  h  is  nnmerically  greater  than  a. 

Hence,  as  n  travels  along  the  real  axis  towards  — oo  , 

c^iii^a^  0)  cosh  fa*— a~*w'  (a,  0)  sinh  fa* 

tends  to  a  finite  limiting  value,  say  il,. 
In  the  same  way 

6*a>(fe,  0)  sinh  f6»-6-l«'(fe,  0)  cosh  f6l.=  a^i^(a,  0)  sinh  fa«-a-*cD'(a,  0)  cosh  fa*. 


_» 


with  a  possible  error  ||  a   %  and  the  last  expression  also  tends  to  a  finite  limit, 
say  ^1,  as  a  travels  towards  —  cx)  on  the  real  axis. 

a^ia  (a,  0)  =  -^,  cosh  §a* — A^  sinh  fa*, 

and  a~^ia' (a,  0)  =  A^^ sinh  fa* — A^ cosh  fa*, 

with  an  eiTor  in  each  case  ||  a~^  at  most.     In  forming  this  estimate  of  the  error, 
we  used  the  inequalities   <i>(a,  0)  < -x/2,   ©'(a,  0)  <  v/( — 2a)  ;    but,   as   it   now 

appears  that  a*a)(a,  0)  and  a'^w'Ca,  0)  do  not  exceed  certain  finite  limits,  how- 
ever great  —a  may  be,  we  may  say  that  the  enx)rs  are  ||  a~*  at  most. 
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Again  «(a,  0),  «'(a,  0),  coshfa*,  a^sinhfa*  are  real,  and  thus  AiQ"^,  -4,a* 
are  real.     We  may  therefore  put 

Ai=i  A  sinh  o,         A^^^A  cosh  a, 

where  a  is  a  pnre  imaginary  and  A  a  complex  quantity  whose  amplitude 
(vectorial  angle)  is  — i^  or  fv,  that  of  a  being  ir. 

ftf  (a,  0)  =  Aa"^  sinh  (fa*  +  a),      «'  (a,  0)  =  Aa^  cosh  (|a*  +  a) 
nearly.     In  the  same  way,  starting  with  the  accurate  equation, 

cd'  (6, 0)  =  —  «  (a,  0)  (o*  (5,  a)  +  a.''  (a,  0)  c:  (5,  a), 
we  may  prove  the  approximate  formulae 

aV(a,0)  =  Bsinh(|a*+/3),         a~*iu'^(a,0)  =  Bcosh(|a*-!-/3), 

where  the  error  ||  a~*  in  each  case,  /3  is  a  pure  imaginary,  and  B  a  complex 
quantity  of  amplitude  —  Jir  or  fir. 

r^c  «am«  ti'^en  the  Vectorial  Angle  of  a  is  hetwe&ii  \ir  aiul  fir. 

11.  These  expressions  have  been  found  on  the  supposition  that  a  is  reaU- 
negative,  and  great.    They  may  be  extended  by  the  use  of  the  formul»  for  ia  (5,  a) 

and  its  derivatives.     Since  the  vectorial  angle  of  a  is  ir,  that  of  a*  is  fir ;   so 

that  a*  lies  on  the  lower  part  of  the  imaginary  axis.     If,  then,  along  the  path 

ah  the  real  part  of  a;*  constantly  increases,  6*  must  lie  in  the  fourth  or  fifth 
quadrant,  and  the  vectorial  angle  of  h  must  lie  between  ir  and  fir.  For  such 
a  value  of  h  we  may  use  the  approximate  values  of  (d(6,  a),  ...,  but  the  smallness 
of  the  error  depends  on  our  being  able  to  keep  the  path  ah  well  away  from  the 

origin,  since  the  order  of  the  possible  error  is  that  of  the  least  value  of  |  x"^  \  on 
the  path.  Hence  the  approximation  would  not  be  valid  if  the  vectorial  angle 
of  h  were  actually  fir. 

The  approximate  formulae  give 

«  (5, 0)  =  —  CO  (a,  0)  w  (6,  a)  +  a>'  (a,  0)  a>  (6,  a) 

=  Aa"^  sinh  (fa* -fa)  a*6"*  cosh  f  (6*— a*) 

+  Ja*  cosh  (|a"+a)  a"* 6"*  sinh  I  (fe*-a*) 

=  ^6-*  sinh  (f  6*  + a), 

with  a  possible  error  ||  x^^h~^  cosh  f  (fc*— a*),  where  by  x^  we  are  to  understand 
the  least  absolute  value  taken  by  x  on  the  path  ah.  Now  a  may  be  as  great 
numerically  as  we  please,  and,  if  we  restrict  h  to  have  an  amplitude  between 

ir  and  fir,  6*  will  lie  in  the  fourth  quadrant,  and  the  path  ah  may  be  so  drawn 
that  I  a;  I  is  never  less  than  1 6  |,  so  that  we  have  a^^  =  1 6 1. 

Hence,  as  a*  is  a  pure  imaginary,  the  possible  error  in  the  value  of  m  (6,  0) 

II  6-i  exp  f  6*. 
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Similarly  a)'(6, 0)  =  Ah^  sinh  (|6*-ha), 

with  a  possible  error  ||  6~*  exp  f  6*. 

To  the  same  respective  degrees  of  approximation 

a>X5,  0)  =  Bh'^  sinh  (f6*+/3),         «"  (6,  0)  =  jB6*  cosh  (f6«  +  /3). 

The  amplitude  of  h  has  been  restricted  to  values  greater  than  ir  and  less 
than  fir,  but  it  is  easily  se^n  that  it  may  be  greater  than  fir  so  long  as  it  does 
not  approach  fir.     Also,  if  it  is  less  than  ir  but  greater  than  ^ir,  a  path  ab  can 

be  drawn  along  which  one  of  the  two  values  of  x^  has  an  increasing  real  part, 
and  the  expressions  given  still  held.     We  may  say  that  the  errors  are  || 

h~^  exp^Vb*    and    6""' exp  f  a/6*, 

using  ^/h*  for  that  value  which  has  a  positive  real  part,  while  we  keep  the 

fractional  power,  such  as  &^  to  denote  the  value  whose  amplitude  is  f  of  that 
of  fe. 

The  sa/me  for  other  great  values  of  a.     Values  of  AB,  a,  /3. 

12.  It  is  now  easy  to  find  approximate  values  for  (tf(a,  0)  and  its  derivatives 
when  the  vectorial  angle  of  a  takes  any  value  whatever,  as,  for  instance,  a  value 
between  ±fir. 

The  expressions  for  ni{a,  0),  ...  as  series  shew  that 

cD(ae»'',0)  =  e'"a)(a,  0), 

a)'(ae^',0)  =co'(a,0), 

w  (ae^'',0)  =  a>Xa,0), 

«'X(ie5*',  0)  =  ^-2*'w(a,  0). 

When  the  amplitude  of  a  is  between  0  and  ^ir,  that  of  oe'*'  is  between  fir  and 
ir,  and  we  may  therefore  use  the  known  formuleD  for  <i)(ae**"",  0). 

Thus 

ai(a,0)  =  e-"*''w(a6*'',  0)  =  e-'''-4a-*e-**' 8inh(-fa*-ha) 

=  Je-«*'a-"*  sinh  (-fa*-f  «) 
approximately.     So  also 

a)'(tt,  0)  =  ile**'ai  cosh  (-fa*+a),         o)^(a.,  0)  =  Be'^^a"^  sinh  ( - f a*  + /3) , 

o,'^(a,  0)  =  Be^'^a^  cosh  (-fa*+/3), 

nearly,  the  possible  erroi*s  being  as  before. 

The  values  of  a,  /3  can  now  be  found  from  the  consideration  that  (i>(a,  0)  and 
its  derivatives  are  real  when  a  is  real  and  positive,  as  follows  at  once  from  the 
expansions  in  powers  of  a.  As  a  increases,  sinh  ( — |a*-|-a)  tends  to  equality 
with  — |exp(|a*— «),  so  that  its  vectorial  angle  is  ta  in  the  limit,  and  ^e~^*""~* 
must  be  real.     Since  the  vectorial  angle  of  A  is  ^^tf,  we  must  have 

— ^tir— f  tTT — a  =  a  multiple  of  tir, 
80  that  we  may  take  a  =  —  tV*^»  say.    In  the  same  way  we  may  take  /3  =  —  iViir. 
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Again     1  =  a)(a,0)  w'^o,  0)-ai'(a,  0)  «  (a,0).=  ilB8mh(a-/3), 

60  that  AB  =  cosech  ^tir  =  --2t/  a/3. 

Since  the  amplitude  of  -4  is  —  ^ir  or  \v  and  that  of  AB  is  —  ^ir,  it  follows  that 
BIA  is  positive. 

When  the  amplitude  of  a  is  between  0  and  -  |ir  similar  expressions  can  be  found.  The 
same  expressions  may,  in  fact,  be  used  for  amplitudes  between  ^-^ir,  exehuive  ;  we  apparently 
get  different  results  by  deriving  the  functions  of  a  frum  those  of  ae^*^^  and  ae~^^^f  but  the 
difference  disappears  if  we  use  the  f ormulse 

— sinh  (—!«*  + o)  »  cosh(— |«*  +  o)  «  iexp(|«^— o), 
which  hold  approximately  when  a  is  gpreat  and  has  an  amplitude  between  dz-iir,  exdusive. 


The  Function  x. 

13.  As  a  tends  to  +oo ,  (i)(a,  0)/<i)'(a,  0)  tends  to  the  value  —A/B.  Let  x{d) 
be  written  for  ©(a,  0)  +  '4/-BwXa,  0) ;  then  x»  x'  cannot  vanish  except  for  real 
negative  values  of  the  argument,  though  they  tend  to  zero  when  the  argument 
is  positive  and  increasing.     For  we  have 

nearly,  and,  by  integi*ation  between  a  and  +  go  , 

<i>(a,0)        A       A* 
if  a  is  a  great  quantity  of  amplitude  between  ±  Jir.     Thus 

x(a)  =  |o,(a,0)2^e-»»', 

which  tends  to  zero  as  the  real  part  of  a*  increases,  being  ||  d'^e"^    . 
Similarly 

dx  a)'(aj,0)  ^      ^  '^^    ' 

from  which  it  follows  that  x'(^)  ^.Iso  tends  to  zei*o. 

As  X  increases  from  0,  <i>\a;,  0)/«(ar,  0)  continually  increases,  beginning  at 
— QO,  while  a)"(a?,  0)/<o'(aj,  0)  continually  decreases,  beginning  at  0.  Thus  x(*)» 
X'(«)  can  never  vanish  for  positive  values  of  x.     Moreover, 

x(«+*y)x'(a^-^y)— x(^'-^y)x'(«+^y)  =  %  J   x(^+'y)x(^— ^y)<^» 

from  which  it  follows  in  the  asual  way  that  x(^  +  ^y)  ^^*  x'(^  +  'y)  can  only 
vanish  when  y  =  0.  It  is  therefore  proved  that  x»  X  ^^^  ^^^J  vanish  for  real 
negative  values  of  the  argument. 

2  F  2 
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Approximation  to  oi(5,  a). 

14.  We  can  now  find  approximate  values  for  «d(6,  a)  and  its  derivatives 
whatever  the  amplitudes  of  a,  6,  provided  the  absolute  values  of  a,  b  are  great. 
Take,  for  instance,  the  amplitude  of  b  to  be  small  and  that  of  a  nearly  equal 
to  7 :  to  fix  the  ideas,  let  these  amplitudes  be  between  it^ir  and  ir^\ir  respectively. 
These  limits  are  amply  wide  enough  for  the  application  that  is  to  be  made  of 
the  results;  if  they  were  not,  somewhat  wider  ones  could  be  taken  without 
affecting  the  argument. 

Now  the  real  part  of  h^  is  great,  and  thus 

sinh  (|6*-a),      cosh  (|6*-a),      ^  exp  (|6*-a) 

are  practically  the  same,  the  differences  being  inconsiderable  even  in  oomparison 

with  6~*.     The  same  is  true  when  the  argument  is  J6*— /3. 
Also,  we  have 

0)  (6,  a)  =  CD  (a,  0)  «  (6, 0)  -  CD  (6, 0)  w  (a,  0), 

the  approximate  value  of  which  is 

^a-'  sinh  (|a*  +  a)  ^Be^'b"^  exp  (f 6*-/3) 

-Ji4e**'fe-i  exp  (f  6*-a)  Ba'^  sinh  (fa* -4-/3) 
or 

MBa-lfc-l  |ainh  (|a»-  J|)  exp  (|6»+Jt»)- sinh  (*«'-yj)  exp  (i6»+  *|)  | 

or,  on  simplifying  and  substituting  the  value  of  AB, 

a-*6-*  exp  (|fe*  -hltir)  sinh  (|a*-  -j) . 
For  this,  again,  we  may  write 

a-*fe-*{isinhf(6»  +  a*)-H8inhf(fe»-a*)}, 

Ko  long  as  the  I'eal  parts  of  b^zka^  are  both  positive  and  great ;  this  is  really  no 
i*estriction,  for,  when  a  is  negative,  a*  is  purely  imaginary  and  the  condition  is 
certainly  fulfilled.  When  the  amplitude  of  a  is  below  tt,  the  real  part  of  a*  is 
negative,  and  in  b^-j-a^  it  is  possible  that  the  real  part  may  not  be  great  or  may 
even  be  negative;  but,  if  this  happened,  the  first  term  tsinh  f  (&^+a^)  would 
be  inconsiderable  in  comparison  with  the  second  sinh  f  (6* — a*).  The  converse 
would  happen  if  the  amplitude  of  a  were  above  ir. 

The  second  term  a""^  6 ~*  sinh  J  (6*  — a*)  in  the  expression  for  cd(6,  a)  is  the 
same  in  form  as  the  original  expression  which  we  found  by  supposing  a,   6 

negative.  The  other  term  ta~«fe~*sinhf  (fe*  +  a*)  can  be  derived  from  the  same 
expression  by  putting  6e^'  for  b,  that  is,  by  travelling  from  a  to  6  through  the 
third  and  fourth  quadrants  instead  of  through  the  second  and  first.  Hence  the 
result  may  be  stated  in  the  form  of  a  rule ;  take  the  two  paths  from  a  to  6 
one  above  the  origin,  the  other  below,  apply  the  formula  a~^6~*sinh|-(6*— a»)  to 
each  of  the  two  paths  and  add  the  results :   the  sum  is  the  approximate  value 
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for  «(l>,  a).  There  is  a  similar  rule,  similarly  proved,  for  the  derivatives  of 
ca  (6,  a).     The  expressions  are 

<i,'(6,a)  =  a"*fe^{ico8h|(5^  +  a*)+co8h|(5*— a*)}, 

o)^(6,a)  =  aH"*  {i  cosh  1(6' +  a0--co8h|(fe*-a*)}, 

a>'^(6,  a)  =  a*6*{tsinh|(6*+a»)-sinhi(6*-ai)}. 

It  is  found  without  difficulty  that,  when  a,  h  are  both  ||  A:',  these  approximations 
are  normal  in  the  sense  of  §  7. 

When  a  or  6  is  of  a  lower  order  of  magnitude  than  k^,  the  approximations 
are  not  so  good,  and  when  either  a  or  6  has  a  finite  value,  not  increasing  in- 
definitely with  k^  the  error  is  of  the  same  order  of  magnitude  as  the  estimated 
value,  so  that  we  can  only  say  that  the  estimated  value  is  of  the  right  order 
of  magnitude.  We  can  truly  say  so  much  in  general,  for,  when  a  is  finite, 
(tf(a,  0)  and  its  derivatives  are  finite,  and  the  hyperbolic  functions  of  f  (fe*±o*) 
are  ||  those  of  f  6^ ;   also  the  formula 

CO (6,  a)  =  o)(a,  0)  a>\fc,  0)-«  (a,  0)  «(fe,  0) 

shews  that  fu(&,  a),  in  general,  ||  tt\h,  0)  and  a>(5,  0).  It  must  be  added  that 
the  factor  a**  or  6**  is  to  be  dropped  when  a  or  5  approaches  0,  say  when 
I  a  I  or  I  5  I  <  1. 

AppliccUton  to  ^. 

15.  We  are  to  apply  these  results  to  the  problem  of  finding  an  approximate 
value  for  ^  (6,  a)  and,  in  fact,  finding  the  possibility  of  error  when  /  (6,  a)  is 
put  for  <^(6,  a),  where  f(x,  ar^)  =  {w'w^~^u»(w,  w^)  as  in  §8. 

Now  \tc^  =  J  P*  cZaj,  vanishing  with  P,  and  the  lateral  part  of  P  is  of 
constant  sign,  say  4-i,  but  of  lower  order  than  k^,  while  the  real  part  vanishes 
and  changes  sign  at  a  point  of  the  path  of  x,  but  is  generally  of  the  order  of  k* : 
suppose  the  change  to  be  from  —  to  +  as  a;  increases.  Before  the  change  the 
amplitude  of  P*  is  slightly  less  than  ^ir ;  after  the  change  it  is  slightly  greater 
than  0.  In  both  parts  of  the  path  the  real  part  of  w^  increases  with  x  and,  in 
fact,  the  point  w*  comes  up  to  the  neighbourhood  of  the  origin  along  a  path  in 
the  third  quadrant  which  lies  near  the  imaginary  axis,  then  crosses  the  real 
axis,  describes  a  small  arc  in  the  second  quadrant,  and  comes  out  into  the  first 
H|uadrant,  where  it  follows  a  path  slightly  above  tlie  real  axis.  The  point  w 
describes  a  path  slightly  above  the  real  axis  which  begins  far  on  the  left  in 
the  second  quadrant  and  ends  far  on  the  right  in  the  first.  We  have  found 
approximate  values  for  u)  (6,  a)  and  its  derivatives  when  ah  is  such  a  path,  and 
we  can  also  approximate  to  (i>(&,  c),  (tf(c,  a)  when  c  is  any  point  on  the  path. 

We  have 

/(aj,a'o)  =  («'X)~*<«>(«^»^o)  =  («'X)"*S(M7«7o)"*8inh|(w*— U7j) 

nearly,  the  2  referring  to  the  two  possible  paths  from  w^^  to  w, 

[The  notation  has  been  changed,  t^o,  to  taking  the  place  of  a,  h,  and  x^^  x  being 
the  corresponding  values  of  the  original  variable  z  in  (1)]. 
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But  w'^w  =  P,  |?r*  =  I  P'iiaj,  so  that 

f{x,  Xo)  =  2(PPo)-*  sinh  [    P^dx  nearly. 

Let  rj  be  the  greatest  absolute  value  of 

.S/(^„a^)/(P,P,)-»exprP*(fe 

for   any  positions  of  ar,,  a,  on  the  path  x^^x,  such  that  aj,„  ar,,  a?,,  a;  occur  in  this 
order.     Also,  let  y  be  the  greatest  absolute  value  of 


f{x„<,;)j{P,P,r^exp['pidx. 


m.dx,\. 


Then  we  know  that  y  does  not  exceed  a  fixed  finite  limit,  however  great  k  may 
be,  since  there  is  a  finite  limit  to  the  absolute  value  of 

o) (?r„  w?,)  / {u\ ir,)"^  exp  J  (u?*— ir*) 

whether  w^j,  w^  are  small,  finite,  or  gi'eat,  provided  that  the  real  part  of  w^ 
ronstantly  increases  along  the  path  w^w^. 

Now  <fi  =  /+  8/,  and  thus  |  4>  (a^,  a;,)  |  is  not  greater  than 

By  the  Lemma  (7), 

I  f 

iJ'o 

<  r  y(y+^)  I  PP\Po\'^  I  exp  r  P*c2aj    I  exp  P  P^dx 

J'o  I  J'l  I  J'o 

and  in  this  any  two  points  on  the  path  may  be  put  for  ar^,  ar,  so  that 

Now  8Q  is  finite;  suppose  m  to  be  its  greatest  value.  P"*<ia;  =  2(i(P*)/i\ 
and  P'  always  ||  V ;  suppose  |  P'  |  always  >pk^,  where  p  is  a  fixed  finite  number. 
Thus  r,. 

v^My-^v)  ~,\^  M(P*)|, 

and  the  last  factor  is  the  length  of  path  described  by  the  point  P^,  which  ||  k  and 

<  kq,  say,  where  q  is  finite. 

Thus  ri  <  2y{y '^rj)mq/pk. 

Hence  rj  \\  1/k,  that  is,  /  («,  Xq)  is  a  normal  approximation  to  4>  {^t  ^o)- 

Since  our  approximation  to  <o(6,  a)  was  normal  when  a,  6  were  ||  A;*,  it  follows 
that  r, 

(PPo)-*Ssinh       P^dx 

is  also  a  normal  approximation  to  <^  (a;,  Xq)  unless,  as  k  increases,  a;  or  a^  tends 
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to  the  value  where   P  =  0.      Similar  results  hold  for  the  derivatives,  only 
differing  in  form  from  those  of  §  7  in  the  presence  of  S. 

Gase  when  P  Vanishes  near  a  Terminus, 

16.  When  the  path  x^x  begins  or  ends  in  the  neighbourhood  of  the  point 
where  P  =  0,  the  Riccati  function  o>  still  gives  a  normal  approximation,  but  the 
hyperbolic  function  has  a  greater  possibility  of  error,  and,  in  fact,  it  gives 
a  wrong  order  of  magnitude  when  w  or  w^  is  small. 

Since  w^w  =  P,  a  finite  value  of  w  corresponds  to  a  value  of  P  of  the  order 
of  h* ;  when  P  is  of  a  lower  order  than  this,  w  is  small  and  the  factor  to"*  is  to 
be  dropped  in  the  expression  for  (i>(m»,  w^.  Hence,  when  |  P  |  is  less  than  A;^,  we 
are  to  substitute  k~^  for  P~*  in  the  expressions  for  if>{x,x^),  <^'(aj,  ajo).  The 
results  will  give  the  true  order  of  magnitude,  but  will  not  be  normal  approx- 
imations.   Similarly,  in  the  expressions  for  <fi'{x,  a;o),  <^*\x,  x^),  we  must  substitute 

k^  for  P*.     When   \P\  ^  k^  these  substitutions  are  not  to  be  made,  and  the 
ordinary  expressions  give  the  true  order  of  magnitude. 

Case  when  P  Vanishes  Tnore  than  Once, 

17.  We  may  combine  the  results  for  <f>  and  its  derivatives  in  the  statement 
that  the  value  of  the  matrix  W  (x,  Xq)  (§  2)  is  nearly  2Y  (oj,  aj^)*  where 

(  P-iP*  cosh  r  P^dx,      P-iP;*  sinh  r  P^dx  ) 


PiPjsinh  r  P^dx,       PiP;* cosh  ['  P^dx 


the  approximation  being  normal  except  as  noted.     It  is  readily  verified  that 

Y  (x^,  x)  Y(.r,  ajo)  =  Y(aJi,  x^), 

and  that  this  product  is  again  a  normal  approximation  to  W(x^,x)  W(x,  Xq),  or 
W(xi,  x^f  if  the  real  part  of  P^dx  has  a  constant  sign  along  the  whole  path 
x^xxi,  and  if  the  factors  in  the  one  product  are  normal  approximations  to  those 
in  the  other. 

We  also  have,  since  the  multiplication  of  matrices  is  distributive, 

2Y  (04,  x)  2Y  (x,  X,)  =  2Y  (x,,  x,). 

where,  if  the  first  summation  refers  to  a  paths  from  x  to  x^,  and  the  second  to 
P  paths  from  Xq  to  x,  the  third  refers  to  the  afi  combined  paths  x^xx^. 

Hence,  when  on  the  path  ab  the  real  part  of  P  vanishes  (simply)  at  several 
points,  say  three,  Cj,  c,,  c,  in  order,  we  have 

Wib,  a)  =  W  {b,  'rpi^  W{^,  ^)  W  (£i±^.  a) . 

Each  factor  refers  to  a  part  of  the  path  in  which  there  is  only  one  of  the  points 
Ci,  C|,  C|,  so  that  the  approximation  by  means  of  the  Riccati  function  can  be  used. 
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The  result  is  W  (6,  a)  =  SY  (6,  a),  nearly, 

where  the  sammation  refers  to  the  eight  paths  which  are  possible  when  one  may 
go  either  above  or  below  each  one  of  the  zeros  of  P.  The  approximation  is 
normal  unless  a  or  6  tends  to  a  zero  of  P  when  k  increases. 


Can  the  Terims  in  2Y  destroy  each  other  ? 

18.  It  is  important  to  prove  that  the  order  of  magnitude  of  the  constituents 
of  W{b^  a)  is  not  reduced  by  cancelling  among  the  terms  in  SY. 

We  may  write 

^  (6,  a)  =  iS  {FajThy  {PaY^  exp  f*  P»(te,  nearly,  (12) 

where  the  summation  now  refers  to  the  different  paths  ah  and  also  to  the  two 
initial  values  of  P*.  Each  of  the  paths  may  be  deformed  so  as  to  pass  through 
the  zeros  of  P,  and  thus  all  the  paths  may  be  taken  to  coincide ;  each  is  divided 
into  sections  by  the  zeros  of  P  and  the  distinction  between  any  two  paths  con- 
sists in  a  difference  in  the  sign  of  P^  on  one  or  more  of  the  sections. 

The  straight  path  for  x  and  corresponding  path  of  2;  =  J  P^dx  are  exemplified 
in  a  figpire  (Fig.  1).     The  lateral  part  of  P  is  supposed  to  be  always  of  the  sign  + 1 


■•■ 


•-  — •- 


Xg 


FlQ.  1. 

when  X  is  real,  so  that  o^,  a;,,  a*,,  0*4,  the  zeros  of  P,  lie  on  the  two  sides  of  the 
straight  path  alternately.  The  path  of  z  is  zigzag  with  rounded  comers,  and 
^o»  ^1)  ^f  ^1'  ^49  ^  correspond  to  a,  x^,  x^,  x^,  x^,  h  respectively.  The  dotted  line 
shows  the  deformed  path  for  x,  and  its  division  into  sections  :  in  the  z  plane  the 
deformed  path  follows  the  dotted  line  if  x  originally  follows  the  straight  path, 
so  that  the  real  part  of  P^  is  of  constant  sign.  If  the  a;-path  passes  to  the  other 
side,  say  of  o^i,  then  in  the  z-plane  the  sections  of  the  dotted  path  from  z^  onwards 
are  to  be  reversed.  The  sections  of  the  ;?-path  are  nearly  horizontal  and  nearly 
vertical  alternately.     If  we  write  p  for  J  P^dx  on  a  nearly  horizontal  section,  and 
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q  for  J  P^dx  on  a  nearly  vertical  one^  the  real  part  in  each  being  taken  positive, 
then  on  the  whole  path 


I 


and  all  possible  combinations  of  the  signs  in  this  expression  are  to  be  taken  into 
account  in  the  summation  in  (12). 

The  number  of  sections  is  limited,  being  at  most  two  more  than  the  number 
of  stationary  values  of  S/T,  Those  terms  in  which  one  or  more  of  the  p's  or  q'a 
are  negative  are  comparatively  small,  and  may  be  neglected,  if  the  real  part  of 

jF^dx  IB  great  on  each  section. 

Now  we  are  supposing  the  real  parts  of  X,  fi  and  therefore  generally  of  P,  to 
be  II  ^ ;  let  the  lateral  parts  be  ||  kki,  so  that  k^/k  is  small.  Then  the  real  and 
lateral  parts  of  P'  are  ||  k^  kiOn  a  ^^-section  and  ||  AE|,  k  on  &  ^-section,  and  there- 
fore we  need  to  have  k^  great.  If  k^  increases  indefinitely  with  k,  then  the 
approximate  value  of  <^  (&,  a)  is 

^  (PaPh)-^  exp  (l,p+lq)     or    i  (PaPb)  "* exp  f*  y/P dx, 

as  in  the  simpler  case  when  the  hyperbolic  approximation  is  valid  and  the  real 

part  of  J  \/P  dx  is  great ;  so  that  the  terms  of  2Y  do  not  cancel. 

This  result  holds  if  we  are  able  to  use  the  hyperbolic  value  for  the  Biccati 
function  on  each  section  of  the  path,  but  the  proof  fails  when  the  path  begins  or 
ends  so  near  a  zero  of  P  that  the  argument  of  the  Riccati  function  involved  is 
finite  or  small.  This  cannot  happen  when  k^  is  great  in  comparison  with  k^y  and 
the  error  will  not  vitiate  the  proof  if  the  argument  of  the  Biccati  function 
exceeds  a  certain  finite  limit,  that  is,  if  k^k'^  exceeds  a  certain  finite  number: 
when  this  is  not  so,  further  investigation  is  needed. 


Another  Method. 

19.  The  following  method  of  combining  the  sections  is  slightly  different,  and 
may  be  used  when  the  path  ah  begins  or  ends  near  a  zero  of  P.  Let  a^,  ;B|,  ..., a;^ 
be  the  zeros  of  P,  occurring  on  the  two  sides  of  the  real  path  ah  alternately,  then 

W(Jb,a)  =  W{h,x^)  ...  W{x,,x,)  W{x,,a), 

Suppose  to  fix  the  ideas  that  x^  is  on  the  upper  side  of  a&,  then  a^jO^  is  a  ^-section, 
x^x^  a  j[>-section,  and  so  on.  We  shall  take  the  amplitade  of  P  to  be  nearly  0  on 
aj>-section,  and  nearly  «*  on  a  ^-section;  the  amplitudes  of  -^P^i^P^^  —  i^»  ...  will 
be  nearly  0. 

When  X  is  between  a^  and  a;,,  but  not  near  either  of  them,  we  have  the 

approximation  /   /   /\.4     /      m 

""  ^  (aj,  a?,)  =  {w  W2)  * »  (07,  0), 

where  fw*  =  I  P^dx,  w'  =  dwjdxy  and  tcj  is  the  value  of  w  when  x  =  a*,, 
namely  PJ*. 
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Thus  on  the  section  x^x^  we  have,  by  the  approximation  to  » 

^  (as  ar,)  =  A  (ti^VJ)-*  w'^  sinh  ffu^'  +a)  =  ^P^^P"*  sinh  ^a-  ["  P^dx), 
and  also 

«^^  (ar,  X,)  =  5  (tr:,/«?')*  «^"*  sinh  (iw^  -h /9)  =  BPi^  P"^  sinh  ()8-  f  * P^dx) , 

where  il,  P,  a,  )8  have  the  meanings  of  §  10.     On  the  section  a?,  x^, 

4>{x,  ajj)  =  2li(«Mr.;)-*w-*8inh(fu7*-a,)  =  il, l^-*p-*  sinh  (['  P*ete-o,), 

<^^  (aj,  aj.)  =  B,P',^P'i  sinh  (['  P*daj-)9i), 

where,  since  the  distinction  between  sinh  and  cosh  disappears,  we  may  pnt 

a,  =  ^j  =  0,         Ai  =  Ae^'%         Pi  =  -  Pe***  ; 

thus  A^,  Pj  are  real.     These  approximate  equations  may  be  differentiated  with 
respect  to  x  ;  there  are  similar  expressions  in  the  domains  of  x^,  a;^,  ... . 

When  X  is  between  x^  and  a;^,  we  use  an  auxiliary  variable  w  which  decreases 
as  X  increases,  and  we  have 

<l>  (aj,  a?,)  =  (tvwi)  -*  w  (w,  0), 

where  now  §tr*  =  I    P*iaj,  to*  =  dw/dx,  and  Wj  is  the  value  of  w'  when  x  =  a:.,, 

that  is,  -(-PJ)*.  ' 

Hence  on  the  section  a;|a;„*  approximately, 

<k(x,x,)  =-A(-P',)-»P-l8inh  (|^'P«(ir-o,), 

<^'  («,  «,)  =     B,  (  -Pi)»  P-»  sinh  (  p  P»  J*  -  A  ) . 
and  on  the  section  a;,a;4, 

^  (as,  ai)  =  -  4  ( -.Pi)"*  J'"*  sinh  (a-  f'  P*<ir) , 

*>  (»,  «,)  =      B  (-PJ)i  p-i  sinh  (p-  {'  Ptdx), 

with  similar  expressions  for  the  domains  of  a;,,  a^gt 

Now  W{x^,  aJi)  =  TF(a^,  x)  W{x,  a;,),  where  x  is  on  a^,a;| : 

Tr(aj„aj)=  (^^*"*'       ^      )  (cosh(r,-a),   sinh  (ir,-a)  )  rpi,     0    ) 
1     0,         BP'^^     \co6h(z,-fi\  sinh(ij,-)9)|        0,  P"*     ' 


*  There  is  a  difficidty  in  getting  the  signs  right  in  these  expressions  ;  it  may  be  overcome  by 
taking  a  partioular  form  for  P,  say  —  m'(r— arj)  where  m  is  positive. 
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where 

and  W{x,Xi)  = 

where 
thus 


-i 


P*dx, 


0.     P' 


sinh  (s, 
cosh  (z, 


•)8),  8mh(5,-«))  (B(-P;)»,        0         ), 
■)8),  cosh  (2, 


i-a) 


0,       A{-P{)-i 


=i: 


Z,  =  P*AC; 


jo,       BPi^      \smh{zi-\-z^-2P),       sinh  (zi+«,-a-)8)  1 


where 


«i  +  ^s 


=i: 


(B(-PO^      0       ) 
0,    A{^p[y^\ 


F^dx. 


This  is  the  typical  expression  for  a  g-section;  if  ajjar,  had  been  a  p-section  we 
should  have  had  F[  for  — PJ  and  — P^  for  PJ,  and  also  A^,  — P„  aj,  jSj  for^,  B, 
a,  )8. 

Since  a^a?,  is  ap-section,  the  product  W  [jx^^  a?,)  W{x^y  arj  is  now  resolved  into 
six  factors  of  which  the  two  middle  ones  are 

(-p,pj^      0    ){Ap:r\    0    )^ 

1       0,        A,F:rA     I      0,        BF'A  ' 

whose  combined  effect  is  simply  a  multiplication  by -^jP,  since  AB^^^  —  A^B, 
All  such  factors  may  therefore  be  put  outside  the  product. 

Moreover  in  a  p- section,  such  as  a;|a;„  the  middle  factor  is  simply 

(1.1), 

1,  il ' 

multiplied  by  the  common  factor  sinh  I    P'  dx^  which  may  also  be  put  outside. 

Thus  now,  apart  from  factors  at  the  two  ends,  every  alternate  matrix  in  the 

sequence  is  of  the  form  , ,     _ 

CI,  1)^ 

(1,  l)fa,6)(l,  l)^^^^^^^^^)(l,  1)^ 
|l,  11       c,  d        l,\  1,  1 


But 


and  thus  if  a   g-section   lies   between  two  j7-sections  we  may  strike  out  two 
matrices  from  the  sequence,  putting  outside  the  factor 

2  sinh  (g-a— )8)  +  sinh  (g-2o)H-sinh  (9— 2)8) 

=  4  sinh  [q ~a-)9)  cosh*  ^  (a-)8)  =  4i  cosh  q/(-A^B^) 
=1  4  coah  a /AIB\ 
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This  is  consistent  with  the  former  resnlt,  if  we  take  accoont  of  the  factors  A^  B 
and  sinh^?  that  have  been  pat  oatside  already,  and  substitate  ezp  9,  exp  p  for 
2  cosh  9,  2  BmYip, 


Case  of  Terminal  Short  Sectionf. 

20.  The  factors  corresponding  to  the  terminal  sections  are  also  found  on 
examination  to  agree  with  those  already  fonnd,  when  those  sections  are  of  finite 
length,  so  that  the  approximation  to  «>  is  available ;  this  approximation  cannot, 
however,  be  used  for  a  section  so  short  that  the  argument  of  the  corresponding 
«  does  not  become  infinite  with  k.  Denoting  a  short  section  by  «,  we  have  to 
consider  the  following  possible  arrangements : — 

«p,  ps,  sq,  qs,  sps,  sqs,  spq,  pqs,  sqp,  qps,  ftpqs,  sqps,  sqpq,  qpqs,  sqpqs ; 

here  spq,  for  instance,  means  a  short  section  ax^  followed  by  a  )7-section  x^  x^,  and 
then  by  a  9-section  x^b:  we  have  shewn  that  the  sequence  |>^  can  be  replaced 
by  p  and  an  outside  factor,  so  that  any  possible  sequence  can  be  reduced  to  one 
of  those  written,  so  far  as  concerns  the  matrices  involved.  The  matrix  corre- 
sponding to  I?  is  (1,  1  )  with  an  outside  factor.     There  is  no  reduction  in  the 

order  of  magnitude  on  account  of  these  outside  factors,  as  has  been  pointed  out. 
When  a  |7-section  is  between  two  others  we  have  a  product  of  the  form 

(a,  6)  (1,  1)  (a,  )8) 

\c,  d       1,  1       !y,  8  I 

OP  ((o+6)(a+y),     {a  +  b){P+S)) 

(c+dXa-hy),     (c+d)(/84-8) 

Here  the  orders  of  magnitude  are  found  at  once  if  we  know  those  of  a  +  6,  c+#l, 
a-f  y,  /8+8  which  are  the  coefficients  in  the  separate  products 

(a,  h)  (1,  1)     and     (1,  1)   (a,  fi) 


c,  d        1,  1 


1, 1     r.  8 


Hence  the  consideration  of  the  different  arrangements  is  simplified,  for  they 
all  depend  on  the  following  : — 

sqs,  sp,  sq,  sqp, 

and  the  last  three  reversed,  ps^  qs,  pqs. 

For  an  arrangement  ending  in  qs  (or,  reversed,  beginning  with  aq)  we  may 
make  use  of  the  foimulaB  of  §§3,  4,  for  instance, 

^  (6,  a)  *;  (6,  a) -^  (6,  a)  *'  (6,  a)  =  P  (P,  -  P)  ^  {x,  a)  ^  (a?,  a)  dx, 
where  the  suffix  1  now  indicates  the  change  of  X,  fi  into  the  conjugate  quantities. 
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Here  Pi— P  is  of  oonstant  sign  and  always   ||  kk^.     Also  ^  {x,  a)  ^  {x,  a)  is 
always  positive  but  may  oscillate  about  a  mean  value 


jK:*{P(a;)Pi(ar)+A;*}-'expr  {y/P-^  y/P^)dx, 

where  K  does  not  depend  on  x,  and  the  term  A;"  in  the  bracket  is  added  to  pro- 
vide for  the  case  when  P  falls  below  the  order  of  k^. 

There  is  a  zero  of  P  near  to  &,  suppose  at  x^.  The  period  of  oscillation  of 
M  {Xy  0)  is  variable  but  finite  so  long  as  a;  is  finite,  and  hence  in  the  neighbour- 
hood of  Xtt  the  period  of  oscillation  of  ^  is  greater  than  in  the  body  of  the 
^-segment  and  reaches  the  order  of  magnitude  of  k'^,  which  in  the  present  case 
is  not  higher  than  l/k[. 

In  the  neighbourhood  of  ar^,  P  ||  A;'  |  «— ««  |  ,  and  the  lateral  part  of  P  ||  kk^ 
on  the  path,  so  that  on  the  path  the  real  part  of  \/P  is  ||  k^lx—Xn  \  on  the 
short  |7-section  and  ||  k^/y/lx—Xn]  on  the  ^-section  ;  the  integral  of  \/P-f  y/P^ 
is  therefore  finite  on  the  ^^-section  so  long  as  k  (x — 0;^)^  is  finite,  that  is,  X'—x^ 
II  ^~*,  and  on  the  g-section  so  long  as  k^  (aj— a;«)*  is  finite,  that  is,  x  —  x^  \\  k{^. 

Hence  in   I  ( P^— P)  (/>  {x,  a)  <fii  {x^  a)  dx,  the    argument    of    the  exponential 

factor  in  ^^  is  only  reduced  from  its  maximum  by  a  finite  quantity  if  x  travels 
back  from  the  upper  limit  b  through  a  distance  of  the  order  of  k{^,  that  is,  the 
order  of  magnitude  of  the  exponential  factor  is  at  its  maximum  through  such  an 
interval ;  such  an  interval  can  also  be  made  to  include  complete  periods  of 
oscillation,  so  that  we  may  neglect  the  oscillation*  in  estimating  the  order  of 
magnitude  of  the  integral :  we  shall  also  neglect  the  whole  path  ab  except  this 
interval  at  the  upper  limit .f 

The  integral  is  therefore  at  least 


kkjK*exp[\y/P'^^P,)dx  {{P{x)P^{x)'^k^]-^d^, 

the  integration  in  the  last  factor  being  taken  over  the  interval  at  the  upper 
limit.     The  last  factor  is  then  || 

{{k*\x-x„\^-^k*]'^dx    or     k'{{\x-x^\'  +  k'^}-'^dx. 


Jff 

II  3  — a,  that  is,  ||  the  range  multiplied  by  the  moan  value,  unless  the  range  is  a  small  fraction  of 
the  period  of  oscillation  and  is  near  to  a  zero  of  the  subject  of  integration. 

t  Similarly  in  estimating  the  mere  order  of  mag^tude  of  |  e^'dx  one  may  take  the  upper 
part  I  e^dXy  and  neglect  the  rest.     The  subject  is  now  alwavs  >  e^/e,  and  therefore  ||  ^, 

while  the  range  in  1  //-.    Thus  the  integral  is  at  least  ||  e^/k. 
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which  comes  oat  ||  {kki)'\     The  resalt  is  therefore  that 


is  at  least 


6  (6,  a)  it>\  (b,  a)— <^i  (6,  a)  4>'  (&,  a) 
iTexp  [VyP-h  y/P,)  dx. 


and,  since  ^{  and  <^i^'  are  conjugate  imaginaries,  each  of  them  mast  be  of 
this  order. 


Bat 


and 


4>,  ^i  are  at  most  \\  Kk"^  exp  I    VP  Jaj, 
4>'y  ii  are  at  most  \\  Kk^  exp  I    \/P  dx. 


Hence  we  mast  have 


«^,  <^  II  Kh'^  exp  r  ^/P(Za;, 

^',  i^\  II  ZA;*  exp  T  VP  dx, 

that  is,  the  oscillation  does  not  affect  the  order  of  magnitade,  when  the  arrange- 
ment begins  with  sq  or  ends  with  qs. 


21.  An  arrangement  ending  with  ps  nx&y  be  treated  as  follows, 
ment  gives  a  factor  (1,  1  )  to  whose  left  are  the  matrices 

(tc'Zu    0    )  (-»(w.,„0),  c»(u>..„0))  {u/i,     0    ) 


The  p>Beg- 


0,    w'i^i        -w'Xw.,!,  0),  oi'(w„,,  0)1       0,   w 


''.-* 


( A,  (-Pi)-*,  0  ) 


0, 


-B,(-p:)i 


where 


§M;ti  =  rP*cic     and     «,i=-(-Pi)». 


The  prodact  of  these  five  matrices  is 


where  the  constitaents  in  the  right-hand  factor  are  constant  multiples  of  x(^m«i) 
and  X  (^«*i)  (§  1^)«  Now  in  the  present  case  w„^i  is  small  or  finite  and  thus 
Xi  X  ^''^  ^^^  great,  nor  will  either  be  small  except  when  w^+i  is  near  one  of  its 
zeros  :  it  has  been  proved  that  these  zeros  are  real,  whereas  w^^i  will  be  found 
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to  have  a  lateral  part  at  least  ||  k^k'^.  Hence  the  order  of  x  {^\*\)  or  x'  (*^'«*i) 
is  at  least  ^  A;*.* 

Thas  in  the  case  of  a  short  terminal  section  there  is  no  reduction  in  order  of 
magnitude  when  the  next  section  is  of  the  9-kind,  but  there  may  be  a  reduction 
by  a  factor  ||  k^k'^  when  the  next  section  is  of  the  p-kind  ;  this  may,  in  fact, 
happen  at  both  ends  of  the  path  simultaneously. 

The  short  section  may  be  either  forwards  or  backwards,  so  that  the  discussion 
serves  even  when  x^  is  near  the  terminus  a  or  &  but  on  the  far  side. 

Stationary  Values  of  S/T.     Btccatt  case, 

22.  When  S/T  has  a  stationary  value,  say  p,  there  appear  to  be  further 
complications  when  /x/X  is  nearly  equal  to  p^  but,  in  fact,  the  foregoing  approx- 
imations give  aU  that  is  wanted  for  our  purpose. 

Let  c  be  the  value  of  x  for  which  S—pT  =  0,  and  m  the  order  of  multiplicity 
of  the  factor  x—c.     Let  X  =  f +  «;,  ft  =  C-f  t«,  then 

P  =  a(a;-c)-  +  )8  +  ty, 

where  a  (aj-  c)"  =  f  ( —  6^  -^pT), 

Thus  when  |  x—c  \  is  below  a  certain  finite  value,  a  is  of  constant  sign  and  of  the 
order  of  ^,  y  is  of  constant  sign  and  of  the  order  of  A;A;i,  P  is  either  finite,  and 
therefore  of  lower  order  than  y,  or  else  is  of  constant  sign,  namely  that  of 
—pi-\-i'  suppose  /c,  then  to  be  the  order  of  magnitude  of  jS+iy. 

P  vanishes  at  a  cluster  of  m  points  which  are,  approximately,  placed 
symmetrically  round  a  circle  with  centre  c ;  the  path  of  integration  passes 
diametrically  across  the  circle ;  let  Xi  be  the  nearest  of  the  m  points  where  P 
vanishes  to  one  end  of  this  diameter,  and  take  the  Biccati  approximation  with 
origin  at  x^,  that  is,  put 

•tt*  =  I     VP  dx. 

The  relative  magnitude  of  the  error  is  (§§  8,  15)  that  of 

J  I  {w^x}  dxjw'  ^/w  I . 

*  The  method  which  was  applied  to  the  other  kind  of  short  section  would  also  gfive  this  result, 
the  only  change  being  that  the  interval  at  the  upper  limit  of  which  account  is  taken  in 

is  now  ji  A-1  instead  of  ||  Arf ',  so  that  the  integral  is  now  || 

*,ife-ijn  exp  f*  (  yp+ -yPi)  eir. 

Thus  the  lowering  of  order  is  possible ;  the  method  of  the  text  'has  the  advantage  of  shewing 
when  it  happens. 
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The  distances  between  the  m  points  of  the  cluster  and  their  distances  from  c 
are  ||  {kjl^y'".  Suppose  x—x^  not  to  be  above  this  order,  and  the  distance  of  x 
from  c  or  any  other  point  of  the    cluster  not  to  be  below  it.      Then  P'  is 

II  a  (ar-c)"-\  that  is  ||  k,  {J^lk;^'^ ; 

P  II  k,{kyk,Y-{x^x,\ 

w  II  k\{v/k,y^{x--x,\ 
tt^'ll  ki{v/k,y^. 

since    ^to^  =  I     v^P  dx  and  10*^10  =  P :  also  since  tr,  as  a  function  of  x^  has  no 

singularity  in  a  domain  whose  linear  dimensions  ||  {kJIt^Y'"^  and  is  of  the  order 
just  given,  the  orders  of  w'\  w'"  are  at  most  ^  {]^/k^y''^y  A^  (Jk*//f,)^'*". 

Thus  w'"/w'  and  {w'jw'y,  and  therefore  {w,  «},  are  not  of  higher  order  ihan 

WKf- 

The  other  factor  under  the  integral  sign  is 

2 

dxjw'  ^/w  =  dxj  y/F  =  r^  ^  v^P, 

and  thus  the  integral  on  the  part  of  the  path  now  in  question  is  || 

the  first  factor  being  given  by  [«r,  ajj,  the  second  by  2/P,  and  the  third  by  the 
length  of  path  of  the  point  y/F.  The  product  is  1^'^ki^'^*'^  and  this  is  therefore 
the  relative  order  of  error  when  all  points  of  the  path  are  at  distances  not  below 
the  order  of  {kjk^y'^  from  c  and  from  all  the  points  of  the  cluster  but  x^,  and 
not  above  this  order  from  Xi, 

Hyperbolic  Case, 

23.  To  combine  the  section  thus  limited  with  other  parts  of  the  given  path 
we  can  use  the  hyperbolic  approximation,  the  error  in  which  (§7)  is  compara- 

P"*  -— •  P'^dx     is  small  on  that  section.     This 
I  dxr 

integral  does  not  exceed  the  product  of  the  greatest  value  of  |  P~M  ^^^  ^^® 
length  of  path  of  the  point  d/dx  P'*  or  of  F'l^F^, 

Now,  when  the  real  part  of  P  vanishes,  P  ||  kk-^,  which  may  or  may  not  be 
lower  than  A;,. 

If  kk^  II  A;,,  or  if  the  section  does  not  extend  to  any  point  where  P  is  below  the 
order  of  A;,,  the  greatest  value  of  |  P'*  |  is  ||   Acj^  and  the  length  of  path  of 

P'/4P*  is  II  the  greatest  value  of  |  P^jl^  \ ,  that  is,  ||  ki^  Qc^lKY^-  Hence  under 
these  restrictions  the  relative  magnitude  of  error  for  the  section  is  A:,"*'*  "•Ac*^^*. 

If  the  section  is  not  thus  restricted,  but  includes  the  point  where  the  real 
part  of  P  vanishes,  the  greatest  value  of  |  P"*  |  is  ||  (A;A:,)"*  and  the  length  of 
path  is  II  (AjA?,)""*  Af,  (AcV^i)*'"*,  so  that  the  relative  order  of  possible  error  is  raised 
to{kk,yH\''''^k'''^. 
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Even  this  tends  to  zero  as  k  increases,  if  A;,  <  kk^,  and  if  k^  increases  in- 
definitely with  A;,  for  it  may  be  written  (kjkky-^^^  (A;/A;,)-**»''*A;f  *"•  and  m  =  2, 
at  least. 

Combination  of  the  Two  Oases, 

24.  These  results  are  to  be  applied  as  follows,  when  i/(  is  nearly  equal  to  p. 
Let  C^pi  =  fcj,  and  rf  =  kk^,  where  A:,  increases  indefinitely  with  k ;  the  value  of  « 
is  such  that  —  i;5+o>T  is  of  constant  sign,  and  always  ||  kk^. 

If  /.'s  ^  kk^^  the  hyperbolic  approximation  is  valid.  If  k^  >  kk\,  so  that 
Af,  =  A?5,  let  r  =  |  x^ — c  \ ,  the  radius  of  the  circle  on  which  the  m  zeros  of  P 
approximately  lie.  Divide  the  path  into  sections  at  the  points  czk  ^r,  c  ±  \r. 
Between  c  ±  ir,  and  outside  c  ±  |r,  the  hyperbolic  approximation  is  taken,  since 
P  does  not  fall  below  the  order  of  k^.  Between  c—^r  and  c  —  ^r  or  c4-^r  and 
c+fr  a  Riccati  approximation  may  be  used,  with  origin  at  the  nearest  zero  of  P 
in  either  case.  The  matrices  corresponding  to  the  different  sections  are  then 
to  be  compounded,  and  the  error  in  the  result  is  relatively  || 

which  tends  to  zero  as  k  increases,  since  k^k  increases  indefinitely  with  k  and 
m  <  2. 

For  the  Riccati  functions  we  may  substitute  their  approximate  values  in 
terms  of  hyperbolic  f mictions,  since  the  arguments  are  great,  as  will  appear 
from  the  following  discussion  of  the  present  nature  of  the  sections  into  which 
the  path  was  divided  in  §  18.  Then  the  resulting  approximate  formulee  will  be 
the  same  as  in  the  simpler  case,  being  formed  in  exactly  the  same  way. 

If  m  is  even  and  the  circumference  of  a  circle  is  divided  into  m  equal  parts 
the  points  of  division  are  diametrically  opposite  in  pairs.  Thus  the  origins  in 
the  two  Riccati  approximations  are  almost  diametrically  opposite,  and  the 
diameter  between  them  forms  a  section  which  may  be  of  either  kind,  p  or  q,  but 

is  short.  It  has  to  be  shewn  that  the  real  part  of  |  VPdx  on  this  section  is 
great. 

If  VI  is  odd  the  points  of  division  of  the  circle  are  not  diametrically  opposite. 
If  at  one  end  of  the  diameter  the  Riccati  approximation  mast  be  used  on  account 
of  its  origin  coming  so  near  the  path  that  P  falls  below  the  order  of  k^  on  the 
path,  then  at  the  other  end  of  the  diameter  this  does  not  happen,  and  the 
hyperbolic  approximation  will  serve:  hence  there  is  no  short  section  when  m 
is  odd. 

There  will  be  a  terminal  short  section  for  any  value  of  m  when  c  falls  at 
one  of  the  termini  of  the  path,  but  as  c  does  not  depend  on  k  it  cannot  tend 
to  one  of  the  termini  as  a  limit,  and  some  complication  is  thus  saved. 

Short  Sections. 

25.  When  x  =  c,  P  =  )8+iy,  and  there  are  two  cases  according  as  )8  is 
great  and  positive  or  great  and  negative.     When  j8  is  finite,  or  indeed    below 
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the  order  of  A:^,,  there  is  no  short  section,  for  we  use  the  hyperbolic  approxi- 
mation. 

In  the  other  two  cases  we  need  to  discuss  the  order  of  magnitude  of  the  real 

part  of  I    a/P  dx. 

Now,  so  long  as  x—c  \\  (kjk^y'*  or  less,  we  have  P"  at  most   ||   a  (ic— c)"*"^   || 
^  (kjk^y-^"''.     Thus,  by  two  integrations,  since  P  =  0  at  a?,, 

p-p;  (;r-xo  II  ^  {kjj^y-""  (x^x,y, 

where  P(  is  the  value  of  P'  at  ar,. 

Hence,  since  P[  \\  k^  (VA:^)*-"",  we  have 

v/P-  VP{  (x-x,y  II  k  {kjk^y-'^-  {x^x,)\, 
and  ['  VP fix~|  VPl  (x-x,)^  \\  k  (VA:')*-''^-  (x-x,)^. 

Xow,  if  we  take  a  triangle  a;,e/,  having  its  base  ef  on  the  real  axis,  its 
vertical  angle  equal  to  fir  and  neither  of  its  base  angles  less,  say,  than  ^^v,  the 
amplitudes  of  f  \/P,' (a?— aj,)*  at  e,  /  differ  by  w,  and  cannot  in  all  positions  of 
e,  /  be  ±^ir:  thus  we  may  choose  positions  of  e,  /  where  f  \/2^(«— ajj)*  has 
substantial  real  parts  with  opposite  signs.  Since  at  e,/,  x—x^  \\  the  lateral  part 
of  Xi — c,  that  is  ||  kkjk^{kjl^^''^^  the  absolute  value  and  real  part  of 
\VP[  (aj-a;,)*  are  ||  k  {kJl^Y''"^  (kkjk,)^  (^,/A^)'^'",  that  is,  k  (^A--)**' "*  (kkjk^)l 

while  r  y/Pde  differs  from  i^/P[(x-x,)*  by  a  quantity  ||  kikjk^*'''^  {kkjk^y, 

which  may  be  neglected  since  k^/kk^  increases  indefinitely  with  k.  Thus  the 
real  part  of  I     y/Pdx  has  opposite  signs  at  e,  f  and  must  vanish  at  some    in- 

termediate  point,  say  g.  Also  the  distances  ce,  cf  are  equal  to  r  in  the  limit. 
Thus  we  have  real  part  of 

["     x^Pdx  =  R.P.  of  r      VPdx>  R.P.  of  p*'  VPdx. 

Je^kr  Je*ir  je*ir 

In  this  integral  the  range  ||  {k^WY""  and  the  real  part  of  the  subject  is  ||  y/k^ 
if  P  is  positive  and  ||  kkj  s/k^  if  )8  is  negative.  The  real  part  of  the  integral 
is  therefore  ||  AJ^'^^A;-^'"  and  k^k;^"^''*k'-'""  in  the  two  cases  respectively:  in 
each  case  it  incresuses  indefinitely  when  k^,  kjk,  and  li^/k^  do  so. 

The  limits  in  the  integral  have  been  taken  to  be  c  -h  Jr  and  x^  ;  the  same 
method  would  have  applied  if  they  had  been  aj,  and  c  +  fr,  or  c  and  .Tj,  or  if 
we  had  taken  the  other  Biccati  origin  instead  of  Xy 

Thus  the  arguments  in  the  Riccati  appix)ximations  must  be  great,  since  the 

corresponding  values  of  j  VP  dx  are  great :  we  are  therefore  entitled  to  use  the 
hyperbolic  approximate  values  of  the  Riccati  functions. 
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Also,  if  we  go  back  to  the  form  (§  18), 

the  real  part  in  each  section,  p  or  g,  increases  indefinitely  with  k  in  all  cases  that 
come  within  the  scope  of  the  last  investigation  (§§24,25).  Thus  the  whole 
expression  is  ||  its  greatest  term 

|(PaPfc)-»exp  r  VPdie. 

in  which  all  the  upper  signs  are  taken,  that  is,  where  the  integration  is  along 
the  straight  path,  the  real  axis. 


Approximate  Values  of  6  and  #. 

26.  Using  the  hyperbolic  formulae  of  §  7,  we  have  as  the  approximate 
value  of  0, 

[JS,  \P(0)P{l)\-^-'E,  |P(0)  P(l)}i]  sinh  [  P^dx 

Jo 

+lE^{P(l)IP{0)}i-Es{P{0)IPa)]^']coQh[p^dx'-2E. 

Jo 

Suppose  E^  -=4=-  0.     Then  the  predominant  term  in  6  is  the  one  that  eon- 
tains  E^y  the  other  terms  merge  in  the  error,  and  thus  the  approximation 

to  0  is  —  JS4  {P(0)P(1)  }^  sinh  I  P^dx  under  the  restrictions  stated  in  §  7 

Jo 

as  necessary  for  the  validity  of  the  hyperbolic  approximation. 

If  the  real  part  of  P,  and  consequently  that  of  P^,  is  positive  and  great 

along  the  whole  2;-path,  the  hyperbolic  sine  and  cosine  of      P^(2x  are  great 
also,  and  thus  0  cannot  vanish.  ^ 

Also,   if  X,  p.  are  such  that  the    lateral   part  of    I  P*&c  =  an    odd 

Jo 

multiple  of  \nr,  the  absolute  value  of  the  hyperbolic  sine  is  not  less 
than  1,  and  0  cannot  vanish  for  values  of  X,  p  in  the  neighbourhood. 

Thus  the  formulae  of  §  7  enable  us  to  say  that  in  two  important  cases 
0  cannot  vanish.  In  conjunction  with  the  results  of  §§  8-25,  they  also 
enable  us  to  form  an  estimate  of  the  orders  of  magnitude  of  the  factors 
*(j;,  0/0  and  ^{y,%C)\Z  of  the  subject  of  integration  in  §  6. 

The  approximate  values  found  in  §  15  by  means  of  the  Kiccati  func- 
tions were  substantially  the  same  as  those  of  §  7,  unless  P/A;^  was  small 
at  an  end  of  the  path ;  it  was  assumed  that  the  values  of  X,  p  were  such 
that  the  lateral  part  of  P  was  1|  kh^  and  of  constant  sign,  k^  increasing 
indefinitely  with  A:. 

2  o  2 
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If  Pjk^  is  small,  say  when  x  =  0,  the  same  expression  gives  at  least 
the  true  order  of  magnitude,  provided  when  Pjk^  is  small  we  substitute 
ft**  for  P(0)**  in  the  formulse,  except  that  (§  21)  when  the  next  section  is  of 
thep-kind  there  may  be  a  loss  in  order  of  magnitude  by  a  factor  li  k^k~^, 
either  in  the  pair  ^(1,  0),  ^'(1,  0)  or  the  pair  ^'(1,  0),  0"(1,  0).  These 
changes  do  not  affect  the  predominance  of  the  term  E^<I>'{1,  0). 

In  *  {x,  t)  the  predominant  term  may  be  J5J4  0'  (1,  t)  <f>(Xy  0)  or  Eif>  (t,  x) 
according  to  the  positions  of  x,  t  on  the  path  0,  1.  The  latter  would,  for 
instance,  be  the  most  important  if  we  had  x  =  0,  ^  =  1,  P  being  great 
and  positive.     When  the  E^  term  predominates  in  ^,  we  have 

*(a.,  t)  =  -E^  {P(0)P(l)/P(^)P(j;)}*cosh  jV&ccosh  Tp^rfx 

approximately  in  general,  so  that 

e-'Mx,t)  :    {PU)P(x)}-^exp(-j'p4rfx), 

which  is  small  if  /  >  x  and  the  real  part  of  P^  is  positive  and  great  along 
the  whole  path. 

The  statement  as  to  the  order  of  magnitude  is  not  affected  even  when 
P(0)lk^  is  small,  for  it  will  be  seen  that  the  changes  to  be  made  in  B  are 
accompanied  by  similar  changes  in  ^,  and  the  ratio  of  the  two  is  not 
affected.  Similarly  when  P(l)/A'^  is  small.  When  x  or  Ms  near  to  a 
zero  of  P  there  may  be  modifications  in  the  order  of  magnitude  of  ^,  but 
these  are  alwavs  in  the  way  of  reduction. 

^Vhen  the  term  Eif>  (^  x)  predominates  in  ^,  it  is  also  easy  to  see  in  a 
general  way  that  <^/6  is  small  under  the  restrictions  that  have  been 
assumed. 

The  approximate  values  of  c*/cx,  c^lct,  and  r^,cxot  differ  from 
those  of  ^,  when  the  real  part  of  P^  is  great  throughout,  by  the  factors 

^^llen  the  real  part  of  P^  is  great  and  not  of  constant  sign  we  cannot 

conclude  that  ^/O  is  small  even  when  ^  >  x.  A  case  of  importance  is 

when  the  real  part  of  P  is  always  negative  and  A-^,  while  the  lateral  part 
is  of  variable  sign  and     k  log  log  Ar,  in  fact 

j|  =  A*  log  log  A*. 

The  real  part  of  P^  is     log  log  A%  and  so  therefore  is  I    \dp\.     Thus 
n  _  Jo 

oxp  I    '  ilp\  is  at  most     a  finite  power  of  log  A',  say  (log  A*)',  and  the  error 

is  relatively  small  since  (log  A*^'  A*  is  small. 
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Also 
{P(x)P(t)]^i{x,  t)    Q  is  II  cosh  \  dp  cosh  i  dp/sinh  j  dp 

(or  else  |P(0)P(l)}-ismh  T  dp /sinh  Tdp), 

and  this  cannot  be  more  than  ||  exp  |  |  (2/9 1  or  Gog  h)^. 

Jo 

The  same  method  can  of  course  be  applied  to  Z  and  "^ ;  we  shall  write 
BtorXU-juiV-Y. 

The  same  number  S  will  serve  for  both  x  and  y  if  it  is  not  too  small. 


Distribution  of  tlie  Values  of  jx  for  which  G  =  0. 

27.  Let  Ply  p2  be  the  greatest  and  least  values  of  S/T,  ^'i,  32  those  of 
U'/F,  and  take  four  positive  constants  rj,  r2,  Si,  S2»  so  ^^^^ 

n  >Pi>P2  >  ra  >  5i  >  31  >  32  >  53. 

Now         P  =  -X-XS+AtT  =  (fr-^S-X)+£  (coT-i/S), 

where  X  =  ^+£i;,  /x  =  f+'w  as  in  §  22,  and  therefore  if  f— i^af*  f^JPi^ 
are  both  positive  and  great,  the  real  part  of  P  is  positive  and  great  along 

the  straight  path  for  x  from  0  to  1 :  the  real  part  of  I  P*  do:  is  positive 

Jo 

and  great ;  hence  G  cannot  vanish  (§  26).  Thus  when  X  is  fixed  and  G 
vanishes,  a  superior  limit  to  f  is  rj  (i+r)  when  i  is  positive,  ra  (i+r) 
when  i  is  negative,  where  t  may  be  zero  when  i  is  of  the  order  of  k^,  but 
is  a  positive  quantity  of  the  order  of  A:^  when  ^  falls  below  that  order. 

We  also  know  from  §  4  that  when  G  =  0,  co  must  lie  between  pi  j? 
and  p^rj*  Hence  when  X  has  a  given  value  and  G  =  0,  ^i  must  lie  in  a 
region  C  bounded  on  the  right  by  a  vertical  line,  and  above  and  below  by 
two  straight  lines  at  constant  distances  piti,  p^n  from  the  real  axis ;  on 
the  left  C  is  unbounded.  G  also  contains  the  values  of  /x  for  which  P  =  0, 
whatever  the  value  of  x. 

The  values  of  /x  for  which  Z  =  0  are  similarly  all  to  be  found  in  a 
region  D  bounded  by  two  parallels  to  the  real  axis  at  distances  3117,  32  ^7 
from  it,  and  bounded  on  the  left  by  the  vertical  line  f  =  §2  {i^^)>  or  when 
$  is  negative  f  =  5i  (^— r) ;  D  contains  also  the  values  of  ^  for  which  R 
vanishes. 

We  shall  also  speak  of  regions  C\  U  having  the  same  vertical 
boundaries  as  C,  D  respectively,  but  bounded  horizontally,  C  by  the  lines 
0)  ^  rji;,  (a^=  r2^f  and  D'  by  o)  =  s^j;,  o)  =  ^a*;. 
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When  X  is  real  and  positive,  C,  D  are  simply  segments  of  the  real 
axis,  and  overlap.  When  \  is  complex,  C,  D  have  no  common  point,  nor 
have  C\  D'.  When  $  is  negative  and  of  the  order  of  l^,  the  vertical 
bomidaries  of  C,  D  are  f  =  ^2^,  f  =  Si^;  hence  the  regions  are  separated 
by  a  horizontal  distance  (rg— Sj)  ^,  which  is  of  the  order  of  Jc^.  In 
particular  this  holds  when  i;  =  0,  and  C,  D  are  again  segments  of  the 
real  axis. 

Thus  generally,  except  when  X  is  real  and  positive,  we  can  make  a 
contour  include  zeros  of  Z  and  not  of  9  by  making  it  cross  D  once  and 
avoid  C. 

Th€  Field  of  Integration. 

28.  For  the  starting  point  of  the  field  of  integration,  when  £4,  G4 
do  not  vanish,  such  real    positive  values  of    X,    /x    will    be  taken  that 

I  P^dx  and  I  B^dy  are  nearly  equal  to  odd  multiples  of  ^itt  :  we  must 

Jo  Jo 

prove  that  such  values  exist.     Now  the  ratio  of 


[  {\S-fiT)Hx    to    [  i^V-XlD^dy 
Jo  Jo 


depends  only  on  that  of  X  :  ^i,  and  decreases  continually  as  /x  increases 
from  SiX  to  rgX:  take  a  fraction  piq,  whose  numerator  and  denominator 
are  odd,  and  whose  value  is  a  mean  among  the  values  of 


^{\S-fjiT)^dxl^(^V-\U)^dy, 


when  SjX  <  /x  <  r^\.     Then  the  equations 


\{\S-'fiT)^dx  =  Ikpir, 
Jo 

Jo 
determine  uniquely  first  the  ratio  and  then  the  separate  values  of  X,  /x, 

and  if  k  is  great  l  F^dx  and      B^dy  will  differ  from  i^kpin  and  ^kqin 

Jo  Jo 

respectively  by  small  quantities  of  the  order  of  Ijk,  since 

pi-£(XS-/xD*    and    JB*~i  OuF-XU)* 

are,  throughout  the  range,  of  that  order.     Let  </,  h  be  the  values  of  X,  jjl 
thus  determined. 
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We  shall  take  A:  to  be  a  great  odd  integer,  and  choose  g,  h  for  the 
initial  values  of  X,  m,  which  are  real  and  positive,  and  such  that  9,  Z  do 
not  vanish,  as  was  pointed  out  in  §  26.  The  conditions  of  validity  of  the 
hyperbolic  approximation  (§  7)  are  fulfilled  by  both  P  and  B. 


i 


29.  Let  the  values  of  m  for  which  0  =  0  when  X  has  any  particular 
real  value  be  Wq,  m^,  w^,  ...  in  descending  order  of  magnitude,  and  let 
those  for  which  Z  =  0  be  /xq,  mi,  /xg,  ...  in  ascending  order.  Then,  when 
X  has  its  initial  value  g,  no  member  of  either  series  is  equal  to  h,  the 
initial  value  of  /x.  Suppose  h  to  be  between  7na  and  nia+i,  also  between  /ul^ 
and  jULp+i. 

Again,    when    X  =  gr  and  /x  is  zero  or    negative    I  P^dx  is    purely 

Jo 

imaginary ;      let    A'    be    the  '  lowest    negative    value    of    m    for    which 
(gS—jUiT)^  dx  is  equal  to  an  odd  multiple  of  ^Attt,  and  let  this  multiple 

0 

be  ^krir.  Then  the  circle  on  hh'  as  diameter  will  be  chosen  for  the 
/x-path  when  X  =  gr.  JB  is  constantly  positive  when  X  =  gr,  /x  =  A',  and 
hence  ^t^,  /x^,  ...  are  all  greater  than  h' ;  also  h'  cannot  be  equal  to  any 
member  of  the  series  7}Iq,  m^,  ...  (§  26).  If  we  suppose  A'  to  lie  between 
niy  and  m^+i,  the  /x-path  will  enclose  /xq,  /x^,  ...,  /x^,  and  also  ma+i,  Wa+2» 
...,  my,  but  no  others  from  either  series:  it  will  also  include  the  point 
where  JB  =  0,  and  exclude  that  for  which  P  =  0,  for  any  values  of  y,  x. 

The  path  followed  by  X  will  consist  of  the  circle  on  gg'  as  diameter 
where  g^  is  a  negative  quantity  of  the  order  of  k^  (see  §  31  below).  The 
/x-path  may  vary  continuously  with  X,  but  must  never  be  crossed  by  any 
of  the  points  where  9,  Z,  P,  or  R  vanishes. 

Now  when  X  moves  away  from  the  real  axis,  the  regions  C,  D'  do  the 
same,  and  also  widen  out  and  separate  from  each  other,  their  widths  and 
distances  from  the  axis  and  each  other  being  proportional  to  the  lateral 
part  of  X.  Their,  vertical  boundaries  depend  only  on  the  real  part  of  X, 
and  when  X  moves  parallel  to  the  real  axis  the  two  regions  have  a  motion 
of  translation  in  the  same  direction,  but  with  velocities  respectively  r^  and 
$2  times  the  velocity  of  X  (or  rg  and  Sj  times  when  X  has  a  negative  real 
part).  Hence,  as  the  real  part  of  X  changes  from  g  to  g't  C  moves  to  the 
left  faster  than  Z)'  until  there  is  a  clear  space  between  them  in  the 
horizontal  direction.  Then  X  moves  down  again  to  the  real  axis  at  g\ 
and  C,  D'  also  move  down  to  the  real  axis,  but  there  is  a  gap  between 
them ;  the  process  is  reversed  as  X  travels  from  g'  to  g  along  the  lower 
half  of  its  path. 
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The  /x-path  must  cross  D'  once,  between  /x^  and  /x^+i*  and  C  twice, 
between  nia  and  nia+i  and  also  between  niy  and  my+i,  as  shewn  in  the 
figure  (Fig.  2)  by  the  dotted  line.     When  the  two  regions  are  well  apart 
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the  path  may  be  reduced  to  a  pair  of  ovals,  one  including  mo  •  •  •  M/8»  and 
the  other  ma+i ...  m^,  joined  by  a  line  which  is  travelled  in  both  directions 
and  may  be  left  out.  Then,  when  X  is  in  the  lower  part  of  its  path,  the 
ovals  may  be  joined  again,  so  that  the  final  /x-path  will  coincide  with  the 
initial  one,  which  it  would  not  do  without  some  such  transition. 

80.  In  the  region  of  integration,  if  ^  >  a*,  u>  y,  the  subject 
^{x,  t)  "^{y,  u)IQZ  is  generally  small  in  comparison  with  any  negative 
power  of  k,  but  there  are  parts  of  the  region  where  this  will  not  always 
be  the  case,  and  these  occur  first  near  the  initial  values  g,  h,  and  secondly 
when  fi  is  in  the  region  C  or  Z),  X  having  any  value. 

First,  as  to  values  near  g,  h ;  let  i/i  denote  for  a  moment  the  greater  of 
1  ff  I  and  I  ft)  I  and  let  iji  be  <  kK  Then,  since  the  path  of  X  is  circular 
with  diameter  gg\  the  real  part  of  X—^  is  of  no  higher  order  than  i;V*^> 
and  we  shall  subject  )u  to  a  like  restriction,  so  that  i—g,  f— A  will  lie 
between   +  erj^k^  where  e  is  finite  and  fixed.      If,  further,  jj^  <  k^,  the 

lateral  parts  oi   \  P^dx  and   I  B^dy  will  differ  from  ^kpiri  and  ^kqwi  by 

Jo  Jo 

quantities  i|  A"*.     Denoting  by  K  this  part  of  the  region,  where  fii  <  A;*, 

we  have  that  6  and  Z  do  not  nearly  vanish  within  K. 

Outside  K,  so  long  as  fx  is  not  in  C",  D'  the  real  parts  of  P*,  R^  are  of 

constant  sign  and  great,  so  that  the  subject  of  integration  is  small  when 

t>  Xy  u>y.     It  does  not  matter  how  this  part  of  the  ^i-path  is  drawn, 

so  long  as  (1)  the  terminals  are  rightly  placed  and  the  condition  just 

stated  is  satisfied  near  ^,  h  ;  (2)  P,  B  are  always  ||  k^  for  all  values  of  x,  y  ; 

(8)  the  length  of  the  path  is  ||  /c^,  as  will  naturally  follow  from  (2). 

81.  It  remains  to  define  the  path  of  /x  within  C  or  D\  and  it  will  in 
fact  be  necessary  to  vary  X,  ix  together. 
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When  ^,  j;,  0)  have  given  values  such  that  «  =  r^j;  (or  r^fj)  the  lateral 
part  of  XS^jJiT  is  of  constant  sign,  and  thus  the  real  part  of  ^^(KS^iuiT)  is 
of  constant  sign,  say  positive :  it  is  increased  by  decreasing  ^  and  con- 
versely.  Hence,  by  varying  f,  we  can  make  the  real  part  of  1  \^(\S—iuiT)dx 

have  any  positive  value  from  0,  when  f  is  +  oo ,  to  oo ,  when  f  is  —  oo . 
We  may  therefore  prescribe  that,  when  m  in  its  path  is  on  the  upper  or 
lower  boundary  of  C"  (o)  =  rjj;  or  r2fi)  at  the  first  crossing,  the  real  part  of 

I  \^(\S—iJLT)dx  shall  be  equal  to  ikpir*  as  at  the  starting  point  \^=  g, 

juL^  h:   in  the  passage  between  these  two  points  we  shall  make  X  vary 

as  well  as  m,  keeping  ^ constant  and  the  real  part  of  I  ^(\S—iuLT)dx  equal 

to  ikpir,  but  varying  i;,  w  as  follows. 

If  i;  ^  Okf  where  6  is  log  log  /c,  let  ij  be  kept  constant  and  oo  increased 
continuously  from  r2i;  to  rjiy.  If  fi>6ky  then  diminish  «,  j;  together, 
so  that  w/ij  keeps  the  constant  value  r2  until  i;  =  d/c  ;  then  keep  17 
constant  and  increase  w  from  r2ri  to  Viij  (this  is  the  actual  crossing), 
and  then  increase  07,  17  together,  keeping  (a/fi  constantly  =  r^  till  the 
original  value  of  X  is  regained. 

We   have   proved   that  f  can   be   so   chosen   that   the   real   part   of 

1  ^/(XS—juLTjdx    shall  have  the  value  ikpir  when  ft)  =  rii7  or  r2rif  but 

the  proof  does  not  apply  in  the  actual  crossing  when  Tiij  >  (a  >  r2ri' 
However,  as  long  as  rj^— f,  rg^— f  are  both  positive  and  j  Ar*,  the  real 
part  of  XS^/jlT  is  positive  and  of   the  same  order,  and,  since  1;,  co  are 

now  only  ||  Ok,  the  real  part  of  \  ^/(XS—iuLDdx  differs  from  ^^/HS—^Tjdx 

by  a  small  quantity  ||  ff^/k  (§  7,  note) :  thus  as  a  first  approximation  we  give 

f  such  a  value  that  l  ^{^S—^Tjdx  =  JApTr,  and  a  change  'j  0^  in  f  will 

give  the  true  solution,  provided  always  that  we  do  not  make  ri^— f  or 
ra^— f  negative.     Now  the  greatest  value  of  i  is  its  initial  one,  g,  and  we 

then  have  f  =  A,  which  is  less  than  r2g-    If  ^decreases  and  i  ^/{$S^^T)dx 

Jo 

is  constant,  ^  must  decrease  too,  and  so  also  must  ^/^,  until  ^  vanishes, 
$  being  still  of  the  order  of  k^.  Then  f  decreases  further  and  i  also 
vanishes  and  becomes  negative.     When  both  are  negative  and  decreasing 

*  This  condition  fixes  two  of  the  terminals  of  the  path  outside  C^  ly^  and  in  a  way  consistent 

with  the  restriction  that  near  g^  A,  when  rii<k^j  ^~g  and  (—h  shall  be  ||  rfjk'^  :    within  C^  jy 

this  restriction  may  be  igfnored.  The  path  outside  C,  D'  is  in  three  detached  part6,  and  its  other 
four  terminals  are  fixed  in  the  same  manner  at  the  second  crossing  of  C  and  the  crossing  of  If. 
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algebraically,  the  fraction  f/^  must  decrease,  beginning  at  +®»  and  it 
reaches  the  value  Vi  when 


i  =  -  [^kpir I ^y(r,T^S)dx]\ 


If  gr'  is  algebraically  greater  than  this  quantity,  r^^— f  and  rg^— f  are 
always  positive :  and  thus  the  value  of  ^  is  satisfactorily  given  by  the 
prescribed  condition. 

There  is  a  second  crossing  of  C  in  the  opposite  direction,  where  the 
process  will  be  the  same  reversed  and  ikrir  will  take  the  place  of  ikpir. 
Similarly  for  the  crossing  of  Z)',  where  the  values  of  w  on  the  upper  and 
lower  bounding  lines  are  s^v,  82^1,  and  ^  is  made  to  vary  so  that  the  real 

part  of  1  A^(iJ.V—\U)dy  =  ^kqir.     From  each  crossing  there  is  derived 

an  inferior  limit  for  g* :  only  the  highest  of  the  three  need  be  attended  to. 
We  have  supposed  n  positive,  but  there  would  be  no  essential  change  if 
it  were  negative,  and,  in  fact,  the  whole  region  of  integration  will  be 
supposed  symmetrical  about  the  real  axes. 

The  advantages  of  this  way  of  crossing  C",  D'  are  as  follows ;  in  the 
case  of  the  first  crossing  of  C,  for  example : 

(1)  Since  the  lateral  part  of   I  P^dx  is  nearly  iikpiri,   its   hyperbolic 

sine  cannot  nearly  vanish. 

(2)  Since  the  real  part  of  P*  is  |,  d  during  the  crossing,  the  hyperbolic 
approximation  may  be  used  for  0 ;  and  so  0  cannot  nearly  vanish. 

(8)  We  do  not  need  to  trace  the  variations  of  the  points  /xq,  /x^,  ..., 
viq,  m^,  ...  for  complex  values  of  X  in  order  to  make  the  ^t-path  avoid 
these  points.  Difl&culties  that  might  be  caused  by  branch  points  are  thus 
evaded. 

(4)  ^{x,  t)  {t  >  x)  never  becomes  too  great  in  comparison  with  0  as 
it  sometimes  would  if  P*  had  a  real  part  great,  but  not  of  constant  sign, 
that  is,  if  /x  were  in  the  region  C  when  1;  was  of  the  order  of  1^. 

(5)  The  results  of  §§  22-25  may  be  applied  to  \jr  when  necessary, 
and  ki     log  log  A;  at  least. 

The  region  of  integration  is  now  finally  fixed ;  let  it  be  called  Q. 
The  general  idea  is  that  \  travels  round  a  circle  of  great  radius,  and  that 
/x  describes  a  simple  closed  path  varying  with  X  ;  the  region  so  generated 
differs  from  Q  in  that  Q  has  suffered  deformation,  but  no  essential  change, 
for  the  sake  of  the  advantages  just  now  enumerated. 

An  effect  of  the  deformation  should  be  noted,  namely,  that  |X|  is 
brought  down  below  the  order  of  k^  in  certain  parts  of  Q.  When  this 
happens,  f  and  |  fi  \  are  not  brought  down,  but  are  still  of  the  same  order 
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as  1^.     Hence,  of  P  and  22,  both  do  not  at  the  same  time  fall  below  the 
order  of  k^. 

Stipplevient  to  §  66. 

82.  To  complete  the  discussion  of  §  66,  we  shall  subject  Q  to  a  de- 
formation as  follows  : — For  every  point  (f+ti;,  f+tco)  belonging  to  Q  write 
($-\-ievi,  f+«ea)),  and  let  e  be  changed  continuously  from  1  to  a  very  small 
positive  value.  This  will  bring  the  whole  region  very  near  to  the  real 
axes,  but  without  affecting  that  relation  between  /x  and  X,  which  consists 
in  /x  lying  within  C  or  D*  or  on  the  edge  of  either  region.  Make  a  further 
deformation  by  keeping  X,  f  constant  while  /x  crosses  C"  or  Z)',  that  is, 
by  abandoning  the  process  of  §  31  :  the  complications  introduced  by  this 
process  are  unnecessary  when  o),  v  are  small,  but  the  conditions  as  to  the 

real  parts  of  l  ^{^S—ixTjdx  and   1  y/(juLV—XU)dy  are  to  be  maintained 

in  C,  D'  respectively. 

In  the  whole  course  of  the  deformation  the  subject  of  integration, 
^^/OZ,  never  becomes  infinite,  and  thus  the  value  of  the  integral  is 
unaffected,  while  now  X  describes  a  path  L  which  is,  in  fact,  a  long  loop 
between  g,  g\  and  to  each  point  of  L  there  corresponds  a  certain  path 
for  JUL,  say  M. 

Initially  il/ excludes  Wq,  mj,  ...,  iria,  and  for  all  positions  of  X  within 
L  these  points  are  separated  from  via+u  Wa+2,  •••  by  the  line  drawn  across 
C"  on  which  f  has  such  a  value  that 


i 


0 

and  on  which,  therefore,  9  cannot  vanish.  Similarly  the  points  m^+i, 
my +2,  ...  are  always  separated  from  w^,  nii,  ...,  niy,  and  /Xq,  /x^,  ...,  /x/i 
from  jULp^i,  iJip+2,  ••••  Hence,  when  L  is  gradually  reduced  to  a  point 
there  are  no  coincidences,  whether  with  branching  or  otherwise,  between 
the  included  and  excluded  members  in  either  one  of  the  series 

VlQy       nily         .   .  .     ;  /Xq,        /Xj,         .... 

Thus  we  have  only  to  discuss  coincidences  between  the  two  series. 

Now,  if  X  moves  along  the  real  axis  with  unit  velocity,  the  velocity 
of  any  one  of  the  points  mg,  mi,  ...  is  a  value  of  d/mldX  given  by  the 
equation  9  =  0,  and  is  therefore  a  mean  among  the  values  of  S/T  (§  5) ; 
the  velocity  of  any  one  of  the  points  julq^  fj.^,  ...  is  similarly  a  mean  among 
the  values  of  17/ F.  Hence  each  of  the  points  m^,,  mj,  ...  moves  relatively 
to  any  one  of  the  points  ^tQ,  mi*  •••   with  a  velocity  at  least  equal  to 
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Pi^Qv  K,  then,  \  starts  at  g  and  moves  to  the  left,  each  of  the 
points  Wq,  nil,  •••>  ^'a  passes  ultimately  from  right  to  left  of  each  of  the 
points  /xo,  ...,  jULp,  the  process  being  complete  before  X  arrives  at  g\  since 
before  that  the  regions  (7,  D  have  drawn  clear  of  each  other. 

Let  X„,  /x„  be  the  values  of  X,  /x  when  nir  =  m«*  so  that  when  X  =  X„ 
and  JUL  =  jULrsy  0,  Z  both  vanish  ;   let  Qr»  be  the  corresponding  value  of  fi. 

JJQ  OZ  r=0«=:0 

Since  Qrs  is  symmetrical  in  x,  t  and  also  in  y,  u,  there  are  three  other 
expressions  for  the  sum  of  the  double  series  on  the  right.  It  will  be  our 
object  to  choose,  out  of  the  four,  one  in  which  the  subject  of  integration 
is  always  small. 

Expansion  of  ayi  Arbitrary  Analytical  Function, 

33.  Suppose  /(x,  y)  to  be  an  analytical  function  of  x,  y  throughout 
a  rectangular  area  JET,  included  in  the  square  O^x^l,  O^^^l,  and 
having  its  sides  x  =  a-Q,  x  =^  x^,  y  =  y^y  y  =  yi  parallel  to  those  of 
the  square.     Then  we  have 

— 4^^  2^  2^  11    fi(ir,  t,  y,  «,  X^,,  /x«)  f(t,  u)dtdu 

=  [[    [[q-^ Z-^i^f(t,u)dtdiLdiidX, 

where  $  will  stand  for  $(^, x)  when  t<x  and  $te,  t)  when  t>  x,  "^  for 
"^(w,  y)  when  u<y  and  "^(y,  w)  when  u>  y. 

*  The  suffixes  r,  a  have  a  definite  meaning.    When  fi  »  mr,  for  instance, 

vanishes  for  exactly  r  values  of  ;r  between  0  and  1,  unless  E^t  ^a  hoih.  vanish.  If  £3  «  £*«  «-  0, 
then  J?  s»  0  also,  and  it  is  E^^^x,  0)  +  J^j^' (r,  0)  that  vanishes  for  r  values  of  x  between  0  and  1, 
as  well  as  when  x  =  \.  (See  Klein,  Math,  Annalen,  Vol.  zvni.,  pp.  410-427  ;  Bocher,  Ueber  die 
Reihenentwiekelungen  der  J\>tentialtheoriej  Teubner,  1894.)  These  things  follow  from  the  con- 
siderations that  the  roots  of  ^^(1,  0)  +  ^4^^(l,  0)  »  0  and  of  e  -■  0  separate  each  other,  and 
that  ii  fi,  X  vary  in  such  a  way  that  £3^  {x,  0)  +  E^4>''  (x,  0)  —  0,  then  they  must  both  increase  or 
both  decrease,  since  the  derivatives  of  this  expression  with  respect  to  /a,  x  have  opposite  signs 
when  the  expression  itself  vanishes,  for 

{ A34,' (jr,  0)  +  B,^'^  (X,  0) }  A  { E.^  (X,  0)  +  E,^'^  (x,  0) } 

"{E^^ix,  0) -I- E,4>' {X,  0)}  ^^  {E,<p'(x,  0)  +  ^,^'^(a:,  0)} 

=  -  {'  T{Eitt>(x,0)  +  E,ft>'(x,0)ydx, 
Jo 

a  negative  quantity.  Thus  it  will  be  found  that  in  our  case  a»i(itj9— 1),  fi  ^  ^i^^l), 
y  mm  ^  {kr^l),  and  in  the  limit  a/fi  has  the  value p/q,  which  is  restricted  to  a  certain  finite  range 
of  values  ({  28). 
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In  this  equation  integrate  by  parts  on  the  right  with  respect  to  t  and 
again  with  respect  to  u.     Since 

the  single  integral  being  taken  along  the  boundary  of  H  and  also  along 
the  two  sides  of  the  lines  t  =^  x,  u  =  y  so  far  as  they  lie  within  H,  The 
line  u  =  j/y  when  y\> y> y^y  thus  contributes 

_  p  a*  ^  a   fit,  y) 

]^'Si^Wt  P{t)B{y)     • 
since  "9  has  different  meanings  on  the  two  sides  of  the  line,  and 

when  u  =  y.     The   contribution  of  the  line   ^  =  x  is  similarly,  when 


aTj  >  a;  >  x^. 


Jvo 


that  is 

e 


ra^  fix, u)y    _e^  rd^  .f(^^T _  e_  p^  a*  _a_  /(x,  u)  , 

P(a;)  LSir    i?(tt)  Jy,      P(a;)L"3tr    i?(M)  J^       P(x)  Jy,'^  Su    B(u) 

On  account  of  the  discontinuity  in  d^jdu^  when  u  =  y^  this  expression, 
when  (aj,  y)  lies  within  fl",  contains  the  term 

eZf(x,y)lP{x)B{y\ 

besides  terms  at  the  actual  limits  yQ,  yi,  and  the  residual  integral.  The 
contribution  to  the  original  quadruple  integral  on  account  of  the  same 
discontinuity  is  therefore      rr      r/       x 

in  which,  for  the  purpose  of  integration,  x,  y  are  constants  and  P(x),  B{y) 
linear  functions  of  \,  /a.  The  )u-path  encloses  the  zero  of  B  and  not  that 
of  P,  while  the  X-path  encloses  the  real  finite  value  of  X  for  which  these 
two  coincide ;  hence  the  value  of  this  contribution  is,  by  the  theory  of  §  6, 

^47ry(x,y)l(SV^UT). 

When  (Xy  y)  lies  outside  H,  this  term  does  not  present  itself. 
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It  is  to  be  proved  that  the  rest  of  the  original  quadruple  integral  tends 
to  zero  when  k  is  increased  without  limit  :  this  remainder  includes 
quadruple,  triple,  and  double  integrals,  and,  in  general,  the  subjects  of 
integration  are  small  on  account  of  an  exponential  factor  of  great  negative 
index :  when,  however,  X  and  fi  are  nearly  real  this  factor  becomes  less 
important,  and  thus  different  parts  of  the  field  Q  have  to  be  discussed 
separately. 

Th^  Remainder. — A  Lemma. 

84.  The  terms  in  the  remainder  are  as  follows,  without  regard  to 
sign  : — 


(1 


(2 


(3 


(4 


(5 


(6 


8*  a^   S* 
ez  vt  vu  ?Fc 


Jj«  J:r«  OZ     dt     du    Ct    P 

ff  P"  j_  a* 


fit,  u) 
u  P{t)B{u) 

fit,  u) 


dtdudjuidX, 


Pit)  B(u) 


dt  dfid\     (u  =  yo,  y^. 


lit_^) 
P(t) 


dudfidX 


J  Jo  ZP{x)  on     B{u) 

[[  [^^l£K^dtd^dx. 

]]q  Jxo  QR(y)  ct  ct    P(t) 


\f  —  •'^o*  "^l'* 


iu  =  yo^Ui), 


When  x<Xq  or  >  x^,  the  terms  (4),  (5)  are  absent,  and  when  y  <  yo  or 
>  yi,  (6)  is  absent. 

The  absolute  value  of  a  single  integral  does  not  exceed  the  product  of 
the  length  of  the  path  of  integration  and  the  greatest  absolute  value 
of  the  subject.  When  we  have  to  deal  with  a  double  integral  JJ  JeZ/xeZX, 
it  must  be  supposed  that  X,  fi  are  differentiate  functions  of  two  real 
parameters  p,  q,  and  that  the  point  whose  Cartesian  co-ordinates  are 
{p,  q)  takes  all  positions  in  a  certain  continuum  s  of  two  dimensions. 
The  region  of  integration  is  defined  by  s  and  by  the  relations  which  give 
X,  JUL  in  terms  of  p,  9,  and  the  integral  is  therefore 

Its  absolute  value  does  not  exceed  the  greatest  absolute  value  of  J 
multiplied  by  the  area  of  the  region  of  integration,  if  we  define  this 
area  as 


I '4^ 

J  J.  I  o(p, 


dpdq. 
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a  quantity  which  does  not  depend  on  the  particular  choice  of  parameters 
p,  q.     This  area,  moreover,  is  less  than  the  sum  of  the  four  integrals 

IlMf^^l*  II|rf«rffl»  flMf<^'?l>  jJl^dvl  taken  over  the  same  region. 

In  the  case  of  the  region  Q,  the  range  of  values  of  each  of  the  reed 
variables  ^,  i;,  f,  w  is  of  the  order  of  Ar*,  and  thus  the  area  is  of  the 
order  of  A:*. 

85.  Let  us  take  first  those  parts  of  Q  in  which  the  lateral  parts  of 
X,  JUL  are  not  both  less  than  k^.  The  lateral  parts  of  P^  and  i?*  are  of 
constant  sign,  since  we  do  not  enter  the  regions  C,  D  ;  also,  either  P  or 
B  is  constantly  of  the  order  of  P  (§  81)  and  the  other  does  not  fall  below 
that  of  kK 

We  have,  approximately,  when  t  <  x,  as  at  §  26,* 

e-^  ^  *a^)  =  ^{P(t)lPix)}^  exp  |- j^picZa:}, 

and   the   absolute   value  of  the   exponential   factor  is  not  greater   than 
expKi(t—x)y  where  Ki  is  the  least  value  of  the  real  part  of  P*,  and  is 
therefore  at  least  of  the  order  of  A:^. 
Similarly,  when  u  <  y, 

Z-'  4  ^(w,  y)  =  i  {R(u)IB{y)}^  exp  j-  f  B^dy], 

Cll  [        Jk  ) 

where  the  exponential  is  not  greater  absolutely   than  expiTaCj^— y),  K2 
being  also  at  least  of  the  order  of  k^. 

is  not  of  higher  order  than  Ac"',  since  /  and  its  derivatives  are  finite,  P', 
B'  of  the  order  of  Ar*,  and  PB  of  that  of  A;"*". 
Again, 

Jo  Jo 


--'"  Ej>--ig3^^l^-— 


♦  When  the  positioDH  of  ^  x  are  such  that  the  £  term  in  ♦  (^,  x)  is  important,  we  ought  to 
add  to  this  expression  for  e~\d*/dt)  the  term 

E{P(t)/I>{x)}^XexpC  P*^/^,{P(l)P(0)}iiexp  r  F^dx, 

which  here  is  small  as  compared  with  any  negative  power  of  A-,  except  when  f,  x  have  their 
extreme  values  (0,  1).     (Compare  I.,  p.  98.) 
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the  integrations  with  respect  to  t,  u  give  a  result  of  the  order  of  l/KiK^k^ 
or  k~^,  and,  since  the  whole  area  of  Q  is  of  the  order  of  i*,  the  quadruple 
integral  is  of  the  order  of  l/k.  The  same  holds  for  the  other  parts  of  ff, 
that  is,  when  t  runs  from  x  to  Xi  or  u  from  y  to  yi  or  both. 

Hence,  on  this  first  part  of  Q,  the  quadruple  integral  (1)  tends  to  zero 
when  k  is  made  great. 

One  of  the  triple  integrals  is  (6), 


-K 


:„^~' '-^ -^t  mmy)  ^*^''^' 


which  comes  out  in  like  manner  to  be  of  the  order  of  k~^  at  most,  and 
the  same  holds  for  the  other  triple  integral  (5), 


In  the  other  parts  (2),  (8),  (4)  of  the  expression,  only  points  on  the 
boundary  of  H  are  concerned,  and  the  exponential  factor,  in  */0  or  '^jZ 
or  both,  ensures  that  the  integrals  tend  to  the  limit  zero. 

86.  Next  consider  that  part  of  Q  in  which,  while  the  lateral  parts  of 
X,  fjL  are  both  less  than  U,  the  real  parts  of  P,  B  are  numerically  greater 
than  k^^  for  all  values  oi  x^y. 

We  may  still  use  the  hyperbolic  approximation  (§  7),  for  P,  B  do 
not  fall  to  the  order  of  A*,  and  when  the  real  part  of  P*  or  12*  is  not  of 
constant  sign,  it  is  at  most  |j  log  log  k  (§  81). 

The  approximate  value  of  (d^jdfjIO  contains  the  factor 

sinh  I  P^dx  cosh  I  P^dx/Qmh  \  P^dx     (t  <  x) 

or,  say,  sinh  (t^i+i^i)  cosh  (w2+£t;2)/sinh  (t^+iVa)* 

in  which  |  t^i  |  + 1  Wa  I "~  I  ^  I  is  negative  unless  the  real  part  of  P*  is  zero 
or  changes  sign  on  the  a;-path  0,  1  ;  only  when  this  happens  can  the 
factor  increase  indefinitely  with  k,  and,  since  l^il  +  lwal""  l^sl  is  ^^  most 
II  log  log  A',  while  the  argument  Ws+'^a  ^^  ^^®  denominator  is  nearly 
\kpnr  or  JZrnTr,  this  factor  and  the  similar  factor  in  (3'*'/3t^)/Z  are  at 
most  li  (log  kf  if  not  small  (§  26),  and,  in  fact,  only  one  of  the  two  can 
increase  indefinitely  with  A:. 

The   other   factor   in   the    subjept   of   integration   of   the   quadruple 
integral  (1)  is  ^        ..      . 


K 
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the  order  of  which  is  at  most  A"^ ;   it  remains  to  find  the  order  of  the 
area  of  the  region  of  integration. 

Now  the  range  of  variation  is  ||  A:^  in  the  case  of  i  or  f,  and  ||  &*  in 
that  of  o)  or  i; ;  but,  when  i  is  constant,  the  range  of  f  is  restricted  either 
by  the  conditions  near  gr,  h  (§  80)  or  those  at  the  crossings  of  C,  D' 
(§  81),  to  the  order  of  A:*,  and  so  the  order  of  magnitude  of  the  area  is 
that  of  Jj|dfia)|  or  II|dj;df|,  namely,  Jc^.k^.  Hence  the  order  of  this 
part  of  the  quadruple  integral  is  (log  kf  k~^ ;  the  same  is  true  of  the 
triple  integrals  (5),  (6),  (2)  contributed  by  the  lines  u  =  y,  t=^x  and  by 
the  lines  u  =  yo»  ^^  =  Vv  The  terms  (4)  at  the  limits  (t  =  Xy  w  ■=  t/Q,  yi) 
give  a  quantity  ||  (log  kf  k"^'.     We  have  left  (8), 

jjj''  e-^  Z-^  ^  * -^^  du dfjidX     it  =  X,,  x,\ 
which,  on  integration  by  parts,  gives 

[[  e-^Z-^  ^  ^    /y^ J  ,  d^jidk   (between  limits  of  ti) 
J  J  ct   ou  P(t)B{u) 

the  two  terms  of  which  are  respectively  |1  (log A:)* A:"»^,  i\Qgkfk~^  again. 

87.  In  what  is  left  of  the  field  Q,  the  crossing  of  one  of  the  regions 
C,  D  happens  comparatively  near  to  the  vertical  boundary  of  the  other. 
Near  the  vertical  boundary  of  (7,  P  falls  below  the  order  of  k^  for  some 
value  of  x  and  the  Biccati  approximation  may  be  used  for  0.  The  real 
part  of  P  falls,  in  fact,  below  A:^,  and  generally  vanishes  and  changes 
sign  ;  the  lateral  part  is  of  constant  sign,  since  C  is  not  entered,  and  of 
some  order  between  k  log  log  k  and  A:*,  in  consequence  of  the  provision 
made  in  §  81  ;  when  P  has  a  cluster  of  zeros,  the  results  of  §§  22-26 
are  applicable,  since  k^  \\  log  log  A:  at  least. 

iJ,  on  the  other  hand,  at  the  crossing  of  Z),  has  a  real  part  ||  1^  for 
all  values  of  y,  and  there  is  nothing  new  in  the  behaviour  of  ^ ;  so  that 
the  factor  (d'irldii)IZ  is  at  most  |;  (log  A;)*.  Leaving  it  out  for  the  present 
and  dropping  also  the  factor  l/JB  or  B'jB^j  which  i;  A;"^,  we  have  two  types 
of  integral  to  consider,  namely : 

in  (1),  (2),  (6), 
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in  the  last  form  (§  86)  of  (8),  and  also  in  (4),  (5)  before  simplification, 
where  F  may  be  /(^,  u)  or  r)//3t^. 

Here  Q'^d^jdt  is  of  no  higher  order  than  the  greater  of 

\P{OlP{x)]^      and      k^{P{x)]'K 

In  (a)  we  may  put 

and,  since  F  is  finite  throughout,  while  P{t)  falls  to  the  order  of  co,  the 
integration  in  {a)  with  respect  to  t^  when  (j^  >  /:^  gives  a  result  1| 

{P{x)]-^  X  length  of  path  of  the  point  {F/P(Q}-^ 

chat  is,  II  \P(x)\'^w-K    When  «  <  A:»,  the  result  is  || 

k^{P(x)\'^  X  length  of  path  of  F/P(0, 

that  is,  II  A:*|P(aj)}"V«.  The  type  (a)  is  thus  reduced  to  the  least 
favourable  case  of  the  type  (6). 

The  further  integration  is  with  respect  to  X,  /x,  which  vary  as  ex- 
plained in  §  81.  Let  us  take  o),  $  as  independent  variables  and  17,  ^  as 
depending  on  them. 

As  ft),  i  vary,  j;  is  either  constant  (6k)  or  equal  to  ft)/si  or  co/sj-  The 
condition  determining  ^  is  that  the  real  part  of 

^  ^/diV-XTDdy  =  Ikqir. 

Thus,  when  w,  tj  are  constant,  the  rate  of  change  of  ^  as  compared  with 
i  must  be  a  mean  among  the  values  of  17/ F,  i.e.,  must  lie  between  qi 
and  q^;  for,  if  /ulV—XU  has  its  real  part  increased  for  all  values  of  y, 
the  real  part  of  the  integral  will  be  increased  and  cannot  be  constant. 

Also,  when  ^  is  constant,  it  is  found  without  difficulty  that  d^/d» 
II  a>IJ^,  and  is  therefore  small.     Thus 

'\)j!    [  =  ^+^+^^/i  ^v  —  ^=  ^+^—^3%  ?^     (since  ^  =  0) 
d(f,  ft))       dft)  d(f,  ft))       df       3ft)  df  dft)      \  df  / 

and  is  a  finite  quantity,  for  the  first  term  is  small  and  the  last  lies 
between  ^iqjs^  and  ^iqjsi  when  it  is  not  zero. 

^^^^  P  =  -  XS+AtT-X, 

and  thus  ^P  =  ^s+T^, 

which  lies  between  the  negative  finite  values  qiT^S  and  q^T—S,  and 
cannot  approach  zero. 
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Hence,  over  the  part  of  the  field  where  w  >  A:^  the  integrals  (a),  (b) 
are  at  most  || 

which  II  jnp-i|Pa,-?d^rf« 

which   !|   length  of   path  of   P*,   when  w  is   constant  X  length   of   path 

of    ftJ*. 

Now  P  has  a  range  of  values  that  |'  Ar*,  and  a>  ranges  from  k*^  to  A*. 
Thus  the  integrals  (a),  (b)  over  this  part  of  the  field  are  at  most  ||  k^.k^, 
that  is,  k^^. 

Over  the  part  of  the  field  where  «  <  A*,  we  have  the  subject  changed 
by  a  factor  A:*ft)"*,  and  thus  the  integrals  are  ||  length  of  path  of  P*  X  length 
of  path  of  log 00. k^,  that  is, 


A:*.logA:.A:*     or     /c^  log  ft. 

In  each  case  the  result  is  small  when  multiplied  by  the  omitted  factor 
II  Oog  k)'lk^. 

The  same  results  follow  when  it  is  R  instead  of  P  that  falls  below 
the  order  of  Jc^. 

Hence  the  whole  remainder  tends  to  zero  when  k  is  increased  without 
limit. 


Statement  of  the  Besult. 
88.  Thus,  writing  F{x,  y)  torf{x,  y)l(SV—TU)  we  have 

F(x,  y)  =  Urn  2    2  [f   Q(x,  t,  y,  w,  \^,  /xJ  [S{t)  V(u)-T(t)  C7(u)] 

XF(t,u)dtdu. 

Each  term  in  the  double  summation  is  the  sum  of  four  parts,  each  of  the 
form  <p{x)  yfriy)  multiplied  by  a  constant  (see  §  6a),  and  F(x,  y)  is  there- 
fore expanded  in  a  series  of  such  terms.  Xrsy  jm-n  are  such  values  of  X,  fi 
that  0,  Z  both  vanish ;  the  meaning  of  the  suffixes  r,  s  was  discussed  in 
§  82  n.  a,  fi  tend  to  infinity  in  a  ratio  that  lies  between  certain  limits : 
the  function  F  can  be  differentiated  as  to  x  and  to  y  successively  at  least 
once :  the  expansion  holds  good  for  any  point  (x,  y)  within  the  rectangular 
area  H,  over  which  the  integration  takes  place  ;  if  (x,  y)  lies  outside  H  the 
sum  of  the  doubly  infinite  series  is  zero. 

The  theorem  can  easily  be  extended,  by  addition,  to  areas  that  lie 

2  H  2 


468  Prof.  A.  C.  Dixon  [Nov.  8, 

witbin  the  unit  square  and  are  bounded  wboUy  by  lines  parallel  to  its 
sides,  and  to  functions  which  have  lines  of  discontinoity  parallel  to  those 
sides. 


Case  when  E^  or  G^  =  0. 

39.  Hitherto  it  has  been  assumed  that  E^  =^0,  G^^  0,  but  only  a 
few  changes  in  detail  are  needed  when  JB4  =  0  or  G^  =  0. 

When  J?4,  E29  E^j  E  are  all  zero,  O,  ^  reduce  to  single  terms,  and  the 
work  is  exactly  the  same  as  when  E^^O.  The  factor  {P(0)P(1)I*  is 
replaced  by  its  reciprocal,  but  as  it  is  common  to  the  approximate  values 
of  9,  ^,  this  makes  no  practical  difference. 

When  E29  E^  do  not  both  vanish  it  is  important  to  notice  that  they 
cannot  have  the  same  sign,  since  E^E^—E^E^—JE!^  must  be  positive  and 
now  -B4  =  0.     The  predominant  terms  (§  26)  in  0  are  apparently 

but  this  may  conceivably  not  be  true  if  there  is  a  terminal  short  section, 

"""'^  £2;p(i)/p(o)r*-£3;p(o)/p(i):* 

is  small,  in  which  latter  case  the  amplitude  of  the  complex  quantity  P 
must  increase  by  nearly  an  odd  multiple  of  2nr  as  x  travels  from  0  to  1. 
This  is  impossible  if  either  the  real  or  the  lateral  part  of  P  keeps  a  con- 
stiint  sign,  which  is  always  the  case  in  the  above  work. 

In  the  case  of  a  terminal  short  section  there  is  no  fresh  feature  if 
either  JBg  or  -B3  =  0,  but  if  this  is  not  so  we  must  examine  the  possibility 
of  the  two  terms  destroying  each  other.  If  there  is  one  short  section,  say 
at  the  end  1,  the  factors  P(l)**  are  to  be  replaced  by  i**,  and  this  makes 
the-Bg  term  predominate,  unless  the  factor  x(w'n+i)  occurs  and  is  small,  and 
in  fact  ,  k~^  at  most.  This  does  not  happen,  for  k^  is  great  and  x(^^''»+i) 
is  at  least  ||  k^k"^. 

If  there  are  short  sections  at  both  ends,  and  the  neighbouring  section 
in  each  case  is  of  the  ^-kind,  the  formula  (5)  of  §  4  enables  us  to  see  that 
B  is  of  its  full  order  of  magnitude,  that  is,  that  the  E^,  E^  terms  do  not 
destroy  each  other,  the  reasoning  being  the  same  as  in  §  20.  When  the 
sections  neighbouring  the  short  ones  are  of  different  kinds,  suppose  that 
near  the  end  1  to  be  of  the  ^-kind  :  then  the  approximations  to  0'  (1,0), 
0(1,  0)  contain  the  factors  x'(^^V+i),  x(^'n+i)  respectively,  and  one  term  or 
the  other  may  suffer  a  loss  through  this  factor  being  small,  but  only  one 
of  the  two  x»  x'  ^^^  ^6  small  at  once :  suppose  then  that  x  is  i^ot  small. 
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From  (5)  in  §  4  we  have 

{£20'(i,o)+J5;30\i,o)}  0i(i,o)- i^afid,  o)+^30;  (1,0)}  0(1,0) 

Jo 
and  the  reasoning  of  §  20  applied  to  this  shews  that 

cannot  suffer  loss  of  order,  since  in  the  first  term  in  the  square  brackets 
X  enters  and  not  x'- 

If  X  were  small  we  could  use  similarly  the  equation 

1^30' (i,o)+^30\i,o)[0r(i,o)-!£20;(i,o)+i:30;(i,o)}0'*  (1,0) 

=  r  [^2 0' (1,  X)  </>[ (1,  x)-E^ </>' {X,  0)  </>\ {X,  0)] (Pi-P)  dx. 
Jo 

When,  lastly,  the  neighbouring  section  is  in  each  case  of  the  ^-kind 
the  two  terms  contain  respectively  the  factors* 

their  other  factors  being  common  to  both,  and  if  there  is  a  loss  of  order 
of  magnitude  in  0  it  will  be  because  Wq,  Wn+i  are  such  that 

E2  Wa  + 1 X'  (^^n + 1)  X  ( W^o)  —  ^8  ^^0  x'  (^()  X  (^n+ 1) 

is  comparatively  small,  that  is,  below  the  order  of  k'^.  Now  the  equa- 
tion (5)  of  §  4  shews  that  any  such  reduction  does  not  exceed  that  due  to 
a  factor  ||  kik"^  (as  in  the  final  footnote  to  §  21).  This  will  not  affect  the 
predominance  of  the  E^  and  E^  terms,  and  moreover  *  will  suffer  a 
similar  reduction,  since  its  approximate  expression  also  contains  the  factor 
in  question.     Thus  the  order  of  magnitude  of  ^/6  is  not  affected. 

The  only  other  special  point  to  be  attended  to  when  E^  =  0  relates  to 
the  integer  p  oi  ^  28,  which  is  better  taken  even,  unless  J?2)  E^  vanish 
also.  The  two  fractions  EJE,  —EJE  have  the  same  sign ;  if  they  are 
positive,  ip  should  be  even,  to  make  the  E2,  E^,  E  terms  in  0  all  of  the 
same  sign  at  the  starting  point :  if  they  are  negative,  ^p  should  be  odd 
(see  I.,  p.  99).     Similarly  for  r  (§  29)  and  when  G4  =  0  for  q. 


*  Here  w^  and  u^o  denote  the  value  and  derivative  of  the  Riccati  arg^ument  corresponding  to 
jT  a  0,  just  as  u^N^i,  tt'n^i  are  niniilar  quan titles  at  the  other  end  of  the  path. 
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Double  Solutions  of  the  Equations  9  =  0,  Z  =  0. 

40.  We  have  supposed  so  far  that  all  the  solutions  of  the  equations 
G  =  0,  Z  =  0  for  X,  /x  are  simple.  If  this  is  not  the  case  the  only  eflfect 
is  a  modification  in  the  form  of  the  series  of  residues  ZQ. 

Suppose,  for  instance,  that  the  curve  0  =  0  has  a  node,  and  that  Z  =  0 
passes  once  through  this  node.  From  the  conditions  for  a  node  found  in 
§  5  it  follows  that  $  =  0  there  also  for  all  values  of  x,  t  (see  I.,  p.  89). 
If  the  Ai-path  encloses  the  zero  of  Z  but  not  those  of  6,  the  residue  in  the 
/ti-integration  is  P>  „ 


*^/^3j:- 


In  the  X-integration  we  are  to  treat  ^i  as  a  function  of  X  defined  by  the 
relation  Z  =  0,  and  thus  at  the  point  in  question  the  numerator  *^  has 
a  simple  zero  and  the  denominator  a  double  one.  The  contribution  to  the 
value  of  the  double  integral  comes  out  to  be 

. _2.T. g (», ^ /i r^e (oz\ ^  o  8^e  dz  oz  ,  a^/az\^ 


if  the  point  is  enclosed  once  by  the  X-path.     By  the  formulae  of  §  5,  the 
denominator  here 

and  since  5Z  =  [  ^  (y,  y){US\'-  VS/jl)  dy, 

Jo 

the  denominator 

=  -  iJS  (T  r  ['  [^ (2^1.  x)y^(y,y)^ (j/i, y;){SV- TU) {S,  V^-T^  U,) 

Jo  Jo  Jo  Jo 

Xdxidx  dyidy. 

3(*  Z) 
The  factor  -^r-:^ — r  reduces  similarly  (see  §  6n)  to 

-^  r  f  ^  (oji,  X)  <f>  (aji,  t)  ^ (yi,  yi){SiVi-TiU^)dxidy,, 
Jo  Jo 

and  so  we  have  two  terms  of  the  series  ZQ  replaced  by 

^(y,u)  r  r  <t>{xi,x)<f>{x,,t)^(y,,y,)(S^Vi-TiU,)dx,dy^ 

JQJO ^ 

i  1[{£I  '■^^'^''  ^)]''^(y'  y)^(yi'  yiKSV-TU){S,V,^T,U,)d^^dxdy,dy 

(50) 


1906.]       Harmonic  expansions  op  functions  of  two  variables.  471 

The  expression  in  the  case  when  Z  =  0  has  a  node  which  lies  on  O  =  0 
is  of  the  same  nature. 

When  the  curves  have  a  common  node,  and  the  /x-path  encloses  the 
zeros  of  Z  and  not  those  of  6,  the  value  of  X  at  the  node  being  enclosed 
by  the  X-path,  the  expression  is  found,  after  some  calculation,  to  be 

where  %,  bi  are  the  first  derivatives  of  *,  o^,  63  those  of  ^,  Ai,  H^  Bi  the 
second  derivatives  of  6,  and  A  2,  H^,  B^  those  of  Z  with  respect  to  X,  ^i. 
On  substitution  of  the  values  given  in  §§5,  6,  the  numerator  becomes  the 
product  of  {2nrf  EG,  and 

r  r  ^(a^i,  X)  0(xi,  0  V^(j/i,  y)  yjrivv  u)  [-2SiUi{H^B,-'H,B^ 
Jo  Jo 

+{SiV,+TiU,){AiB2-A2B,)-2T,V,(H,A2-H^Ai)]dy,dx,. 
The  expression  in  square  brackets 

=  Eg[[[[  {<t>i^2^^si^(y2,y^]^{.-^SiU,{-U2V,.T2T^+V2V^.S2T^ 

Jo  JO  JO  JO 

which  is  not  affected  by  our  adding  to  the  factor  in  square  brackets  the 

terms 

(Si  Fi + Ti  C7i)  (Sj  Ts  Ua  Fs- Ss  Tj  C^g  Fa), 

which  change  that  factor  into 

aCSaFj-TaC^aXSiFs-Tit^sXSsP'i-raC^i) 

-(SaFa-raC/aXSiFi-riCTiXSsFs-raC/s). 

Thus  by  an  interchange  of  suffixes  in  the  first  part  of  this  expression,  we 
get  the  numerator  in  the  form 

JOJOJOJOJOJO 

X  V^  (y  1, 2/)  yfr  (t/i,  u)  [V^  (2/2,  J/a)]  ^ 

X  1 20  (a:g,  x)  </>  (Xg,  t)  [</>  (xg,  Xi)]  * — ^  (xj,  x)  ^  (xi,  t) [</>  (xa,  Xg)]  ^  [ 

X  dx^dx^  dxi  dy^dy^  dyi. 
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For  the  factors  depending  on  <f>,  \fr  in  the  subject  we  may  put 

J[2^(yi,  y)  \lr{t/i,  u)  0(jr3, x)  </>(xq,  f)  {yp-iy^,  y^  4>{x^,  x^]^ 

— 2 V^(i/i,  y)  \[r(yi, u)  <f>(xi, x)  <f> (Xiy  t)  {^(yg,  y^  </>(x2, x^\^, 

the  summations  referring  to  permutations  of  the  suffixes  1,  2,  8 ;  this 
expression  is  found  to  be 

i{Mx,y)Mt,u)+Mx,u)Mt,y)\, 

where  A  (x,  y)  is  the  determinant  whose  first  row  is 

i>i^i^iyy  i>i^i^iy^  <h^i^iy^  ^^V^ay* 

and  whose  second,  third,  fourth  rows  are  formed  by  putting  the  suffixes 
1,  2,  3  to  X  and  y  in  the  first,  where  ^i,  ^^  ^^^  ^^o  functions  satisfying 
the  equation  (1),  and  such  that  ^^— ^^i  =  1 ;  V^i,  V^a  are  similar  func- 
tions with  regard  to  (2). 

The  denominator  is  equal  to 


1     A 


0, 


2> 


0, 


2H„ 
2H.2, 


Bo, 
2Ho. 


0 

B^^ 
0 


which  is  the  product  of  \1^G^  and 


la 


0 
0 


n  (dxdy). 


{ <(,  (Xi,  X)  </>iXi,  Xs)  yp-iyi,  y)  ^  {y^,  y^ , 

0,  Og  Sg,  Og  Tg  +  Og  2j, 

UU^,    UVi+UiV,  VVu 

0,  U^Us,        C/aFsH-  U^V^, 

The  determinant  differs  from 

2  (SiFg-  Ut,Tj){SsVi-  Ui  TgXSF-  UT)(S^V^-  U^T^ 

-{SV-  UT){SiVi-  Ui  TiXSaFj-  UiT^(S,V,-  U,T, 

by  terms  which  contribute  nothing  to  the  result,  since  they  can  be  made 
to  cancel  by  allowable  permutations  of  the  suffixes,  and  the  whole  ex- 
pression then  reduces  to  the  eightfold  integral  of 

^5£^G*[A(x,  y)y(SV-TU){SiVi-T,Ur)(SiVi-TtU^{S,V,-T,U^, 
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by  the  same  process  as  was  applied  to  the  numerator.  Thus  we  derive 
denominator  from  numerator  by  putting  ^  =  a:,  w  =  y,  multiplying  by 
— (SF— rC/)/167r*  and  integrating  with  respect  to  x  and  y  from  0  to  1. 


Fomi  of  the  GeJieral  Term  in  the  Expansion. 

41.  The  equation  0  =  0  may  be  understood  as  the  condition  that  the 
multipliers  of  the  linear  transformation 

(-E^,  -£,)  (-0^(1,0),    0(1,0))^ 
^1,       ^2!      -^'^(1,0),   ^'(1,0)1' 

in  which  the  right  hand  factor  is  W{\,  0),  shall  be  the  roots  of 

ei^—2Ee+E^E^—E^E^  =  0, 
that  is,  fixed  complex  quantities,  say  61,  6^. 

If  we  put  ^(x)  =  A<t>{x,  0)+B.<t>\x,  0), 

we  have  {^(1),  0'(1)[  =  TTd,  0)  {^(0),  ^'(0)}, 

and  thus  it  is  possible  to  choose  Ai,  Bi  values  ot  A,  B,  such  that  if  ^^  is 
the  corresponding  function  </>, 

-E^</>,{l)-'E,<f>[{l)  =  9i0i(O), 
^i^(l)+£afi(l)  =  9i^i'(0). 


If  A29  B^,  02  are  the  complex  quantities  conjugate  to  Ai,  Bi^  </>i,  then 
similar  equations  hold  with  ^,  62  in  the  place  of  0i,  d^. 

It  is  readily  verified  that  <t>i  (x)  can  only  differ  by  a  constant  factor  from 

£?8^(1,  x)+E,<t>'a,  x)-e^<f>{x,  0) 

or  £?i0(l,  a;)+£20'(l,  x)+e^<f>'{x,  0) 

or  J?i0(«,  Qt)+E^<l>\x,  O)+020^(ir,  1) 

or  -Ea0(x,  O)+£4  0\x,  0)— 0a0(a:,  1). 

The  constant  factors  in  the  first  two  cases  are 

{^,-010(1, 0)}/0il,       i-B2+0i0\l,O)}/0il, 
and  thus 

*(a;,^)0il  =  {£20i^+ei0^(l,O)0i^-9i0^U,O)0il}0(a:,O) 

+  \E,4>^t-e^<f>{\,  0)<l>it+e^it>(^*  0)  </>,!}</>' (X,  0)+Ef/>{t,  x)i/>,l 

=  0i^|^20(x,O)+£?40^(a;,O)-0i0(ic,l)H-(£-0i)0(^,a;)0il, 
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after  some  reduction.     Thus 

and  by  proper  choice  of  the  arbitrary  constants  in  ^,  ^, 

since  the  same  eiiuation  holds  with  the  interchange  of  the  suffixes  1, 2,  and 

and  so  for  the  other  derivatives. 

Hence  the  typical  term  in  the  expansion  of  F{x.  y)  consists  of  four 
parts*  which  are  respectively  multiples  of 

^J^^iy^    ^-rv^jy.    ^-rv^iy,    <h^^iy^ 

and  ihe  coefficient  of  ^-x^,y  yn  s  =  1,  2>  is* 


i\    {'  Fyx.y^i^.  xylr^^.yKSV-TOdydx 

Jv  Jo 

/I   I   i^xi^xylr.y^^yKSV-TOdydx, 

/  -0-0 

The  expression  is  simplified  when  Ei  £4— £",£,—£*  =  0,  for  then 
()|  =  H^  =  E.  and  ^.  ^  are  the  same  function :  the  typical  term  is  then 
the  sum  of  two  parts  instead  of  four:  when  GiG^—G^G^—G^  =  0  also, 
there  is  further  simplification,  the  coefficient  of  ^x  xir^y  being 

r  r  Fyx.  y^  ^  X  v!r,  y  vS  V-  TCs  dy  dx/^  f  v^  x  vS^,  y  •*  ^S  T-  TO  dy  dx. 

the  familiar  form. 


*  Sk^  ia  e-JLyndiixg  «  fsBcckm  of  ob»  T:ui*lue,  a^  f<c  mrtinof^  if  w  sake  J* »  0  aad  rfp^nl^ 
F  ,T  IB  imvtf  ^>f  t)K-  fv>Btn  ^i-  v)k)c2k  M]»f r  t^  cvwiiiioD  ^  =  0.  tW  T^rpanJ  «i^  iirMiiiTi  of  r«*o 
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42.  In  the  special  case  when  the  curve  Z  =  0  passes  through  a  node 
on  O  =  0,  it  follows  from  the  results  of  §  5  that  the  linear  transformation 

(-£3,  -^4)  1^(1^0) 
amounts  to  a  simple  multiplication  by  E,  so  that  the  relations 

E,<f>{l)+E^<l>'{l)  =  Ef/>'{0) 

hold  for  all  functions  </>  that  satisfy  (1).     Let  ^1,  ^^  be  two  such  functions 
in  which  the  arbitrary  constants  are  so  determined  that 

and  [   \   </>i{x)  f/>2(x)'1r(y,  y)(SV—TU)  dtjdx  =  0. 

Jo  Jo 

Then  ^(xi,  a?)  =  ^^x^o^i — </>iXi</>gX, 

and  thus  in  the  fraction  (50)  the  denominator  can  be  simplified,  and,  in 
fact,  is  equal  to 

[  [ {</>,xf^(y,y){SV''TU)d7jdx  P  [  {</>^xf^{y,y){SV-TU)dydx. 
JoJo  JoJo 

The  numerator  can  be  similarly  transformed  and  the  fraction  breaks  up 
into  two  of  the  customary  form,  namely,* 

'ir{y,u)<hx</>,tl\j'[\<t>ix)^^iy,y)(SV-TU)dydx 


+^(y,t/)  ^2^  0a^/r  f  {<l>2^?^(y,y){SV-TU)dydx. 


The  same  kind  of  thing  happens  when  the  curves  0  =  0,  Z  =  0  have 
a  node  in  common :  the  corresponding  term  in  ZQ  has  been  discussed 
(§  40),  and  to  simplify  it  we  go  on  as  follows.     If  ^1,  ^3  are  two  inde- 


*  Similarly,  if  F{x)  is  expanded  in  multiples  of  functions  ^  (last  note),  when  the  equation 
e  =  0  g^ves  two  equal  values  of  A  the  expansion  has  the  corresponding  terms 

<pix(  SF{x)<PiXdx  I  (  5(^ij:)'rfa:  +  ^jr  f   SF{x)<p^xdxl  [  5(^,r)«rfa:. 

The  trigonometrical  series  in  sines  and  cosines  is,  in  fact,  a  case  of  this,   where  ^  -*  1,  Z  =  0, 
A'l  ^  J?4  =  0,  ^2  =1  -^  =  ^,  so  that 

e  =  2  (cob  a/\-1), 

and  A  =  (2nir)'  is  a  double  solution  of  e  =  0,  corresponding  values  of  (^|,  ^  being 

cos  2nTX,  sin  2nirx, 

2nw 
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pendent  solutions  of  (1),  and  ^i,  ^2  ^^^  1^^^  ^or  (2),  and 


then 


JoJo 


is    a    symmetrical    bilinear    function     of    the    two  sets    of   coefficients 
A,  B,  C,  D,  say 

{abcdfg}ilmnXArBrCrDr){A,B,C,D^, 

where,  for  instance, 

a  =  r  r  <f>\y}/{{SV-TU)dydx, 
JoJo 

JoJo 

Another    relation    among    the   coefficients  can   be   found,  for  any  such 
expression  as 

I    SiT2Tq<P(x2,  Xq)  </>{xq,  Xi)  <f>(xi,  x^  dx^dx2dxi 
JoJoJo 

vanishes,  since  its  sign  is  reversed  by  at  least  one  permutation  of  the 
suffixes  1,  2,  3.     Hence 


ffffff 

Jo-/o^oJoJoJo 


"1  n    3 

II    (SrVr—  Tr  Ur) (</>i X^ <p2 ^8 "" 02 ^2 01  ^3^ (01  ^8 02 ^1  —  02 ^8 01  -^l) 

'O^O^O-'O^O^O  r=l 

X  (01^:1^X2— 0aa:i0ia:2)(V^iyiV"ay8)Viy2\^2y2nda:dy=  0, 


a     h     I 

— 

9    f    ^ 

I    VI    d 

which,  on  expansion,  gives 

— afd — chm'-bgn+bcl+ghd-\-anm  =  0 

or  ahl    —    hbfi  =  0. 

9    f    <^ 
I    m    n 

Hence  the  two  quadrics     {abcdfghlmny^ABCD)^, 

and  AD^BG 

are  such  that  both  the  invariants  G,  0'  (Salmon,  Solid  Geometry  of  Three 
Dimensions,  Fourth  Edition,  p.  173)  vanish.     Hence  four  sets  of  quantities 

Ar,    Bn    Cr,    Dr       {V  =   1,   2,   8,  4) 

can  be  found  such  that        ArDr—BrCr  =  0, 
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and  {abcdfghlmnXArBrCrDr){A,BsCsDs)  =  0     (r  ^  s). 

Now  ArDr—BrCr  =^  0  IS  the  condition  that  (0^)r  should  be  the  product 
of  factors,  say  (pr^/'ry  and  hence  four  products 

01^1,    ^aV^a,    ^ftV^8»    ^4V^4 
can  be  found  such  that 


I£ 


</>ri^r^si^ASV—TU)  dydx  =  0     (r=fz  s). 

The  rows  in  A  (a:,  y)  may  now  be  taken  as  of  the  form 

01^1,    ^a^2»    08\^8»    i^ii^v 
and  the  denominator  of  the  term  in  ZQ  is  a  constant  multiple  of 


n  [[  {SV-TU)</>lyfrldydx, 

r=l  Jo  Jo 


since,  when  A  {x,  y)  is  expanded  and  squared,  all  the  double  product  terms 
contribute  nothing  to  the  integral. 

Treating  the  numerator  similarly  we  find  that  the  term  in  ZQ  takes 

the  form  ^  /  ri  ri 

2  i>rX<Prtylrryrlrru/\      {SV-TU)  it>lrlr;dydx, 

r=l  /    JoJo 

which  is  the  sum  of  four  terms  of  the  usual  type. 

Hence,  if  the  curves  0  =  0,  Z  =  0  meet  in  a  point  which  is  a  node 
on  either  or  both,  the  form  of  expansion  is  not  affected,  but  for  two  or 
four  terms  in  the  expansion  the  values  of  X,  jul  are  the  same. 

Another  special  case,  which  includes  most  of  those  in  which  the 
expansions  are  commonly  used,  is  when 

and,  of  course,  J57  =  0. 

Thus  (?!  =  02  =  0,  and  the  general  term  is  a  multiple  of  <f>ix,  a  function 
satisfying  (1)  and  the  further  conditions 

^10l(l)+£2  0l(l)=O, 

£;i0i(O)+£^3fi(O)  =  o, 

so  that  at  each  limit  the  ratio  of  the  function  to  its  derivative  has  a  pre- 
scribed value,  which  may  of  course  be  zero  or  infinite. 

43.  The  expansion  is  not  generally  valid  at  the  boundary  of  fl" ;  but 
when  that  boundary  coincides,  wholly  or  in  part,  with  the  boundary  of  the 
unit  square  there  are  some  special  cases  (compare  I.,  pp.  101-2). 
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The  expansion  holds  when  y  =  0,  1,  if 

(1)  F{x,l)  =  F{x,0)  =  0, 

or     (2)  Gi,  Ga,  Gg,  G  vanish, 

or     (8)   U,  F,  Y  have  the  same  values  at  the  two  limits  and  Gj  =  0, 
Ga  =  mG  =  —m^G^,  F(x,  1)  =  mF{x,  0). 

Similarly  when  a:  =  0,  1. 

In  case  (8),  taking  m=^  1,  we  have  expansions  in  periodic  functions. 
The  present  proof  does  not  apply  to  Lamp's  expansions  on  a  complete 
ellipsoid,  because  in  Lamp's  case  SV—UT  vanishes  for  one  pair  of  values 
of  X,  y.  The  expansions  moreover  are  of  different  kinds,  the  array  of 
terms  in  this  paper  being  rectangular,  whereas  in  Lamp's  formulaa  it  is 
triangular,  the  complete  n-th  term  including  2/^  +  1  partial  terms.  It 
might  be  possible  to  prove  the  Lam^  expansions  by  taking  a  quadratic 
form  in  6,  Z,  instead  of  their  simple  product,  as  denominator  in  the 
subject  of  integration. 
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ON  THE  NUMBERS  OP  REPRESENTATIONS  OF  A  NUMBER 
AS  A  SUM  OF  2r  SQUARES,  WHERE  2r  DOES  NOT 
EXCEED  EIGHTEEN 

By  J.  W.  L.  Glaisher. 

[Received  and  Read  June  13th,  1907.] 

1.  In  a  series  of  papers  which  are  in  coarse  of  publication  in  the 
Qtcarterly  Journal  of  Mathematics*  I  have  investigated  systematically, 
by  means  of  formulae  derived  from  elliptic  functions,  the  numbers  of 
representations  of  any  number  as  a  sum  of  2,  4,  6,  8,  10,  12,  14,  16, 
and  18  squares,  determining  also  in  many  cases  the  numbers  of  represent- 
ations when  the  numbers  of  uneven  and  even  squares  in  the  representations 
are  assigned. 

The  papers  are  somewhat  lengthy,  and  the  main  results  are  partially 
obscured  by  the  investigation  of  subsidiary  formulae,  of  recurring  series 
required  for  the  calculation  of  new  functions  introduced,  and  other 
collateral  matters,  so  that  I  have  thought  I  might  be  justified  in  sub- 
mitting to  the  Society  this  short  paper  which  contains  a  statement  of 
the  principal  formulae  and  results  obtained  relating  to  numbers  of 
representations,  separated  from  the  mass  of  detail  by  which  they  are 
surrounded  in  the  original  papers. 

Formula  for  tlie  Numbers  of  Representations  and  Definitions  of  tlie 

Arithmetical  Functions  involved. 

2.  Using  By^{n)  to  denote  the  number  of  representations  of  n  as  a  sum 
of  t  squares,  the  following  formulae  express  the  values  of  Bf^^^yi)  for  even 


♦  These  papers  are  : — 

(1)  "  On  the  Representations  of  a  Number  as  the  Sum  of  two,  four,  six,  eight,  ten,  and 
twelve  Squares,'*  Vol.  xxxvni.,  pp.  1-62. 

(2)  *'  On  the  Representations  of  a  Number  as  the  Sum  of  fourteen  and  sixteen  Squares/' 
lA.,  pp.  178-236. 

(3)  **  On  the  Representations  of  a  Number  as  the  Sum  of  eighteen  Squares,"  ib. ,  pp.  289-351 . 

(4)  '*  On  Elliptic  Function  Expansions  in  which  the  Coefficients  are  Powers  of  the  Complex 
Numbers  having  n  as  Norm,"  Vol.  xxxix. 

Connected  also  with  the  same  subject  are  two  other  papers  which  had  previously  appeared 
in  the  Quarterly  Journal^  viz. :  (i.)  '*  On  the  Representations  of  a  Number  as  a  Sum  of  four  Squares 
and  on  some  Allied  Arithmetical  Functions,"  Vol.  xxxvi.,  pp.  305-3.58  ;  (ii.)  **  The  Arithmetical 
Functions  P(m),  Q(m),  n(m),"  Vol.  xxxvn.,  pp.  36-48. 
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values  of  ^  up  to  t  =  IS: — 
(i.)  B^'^Hn)  =  4£o(»), 

(ii.)  B^*Hn)  =  (-l)-'8iM,  f '"(«)«=  M,f*)]=    (IH 

(iii.)  B<%i)  =  4  •; 4E'A7i)-E^{n) \ , 

(iv.)  i?<«>(n)  =  (-l)*-il6f3(;0, 

(V.)  Ii<''\n)  =  i  {E,{n)  +  UE',{n)+8xi{n)}, 

(vi.)  i 

(vii.)  ii<^*>(n)  =  ^\  {64E;(n)-S6(n)  +  864TF(w)}, 

(viii.)  ii<^«)(n)  =  (-ir-iff  {^,(n)+16e(70[, 

(ix.)  ii<^«)(n)  =  T^g^^  I  13^8(7i)+8828J5;;(/2)+97504xb W 

— 61200G(n)-6120G(2n)}. 

8.  I*ive  of  the  arithmetical  functions  which  occur  in  the  expression 
of  these  results,  viz.,  Er{7i),  E'r{7i),  Ar(n),  fr(w),  iAn),  depend  upon  the 
real  divisors  of  n ;  one,  X8(^)»  depends  upon  certain  complex  divisors  of 
71,  and,  for  the  other  four,  I  have  obtained  no  useful  arithmetical  definition. 
Two  of  them,  Q{n)  and  0(n),  may  be  defined  by  means  of  the  representations 
of  n  as  a  sum  of  4  squares  ;  but,  in  the  case  of  W{n)  and  G(n),  I  have 
had  to  content  myself  with  their  definitions  as  coefficients. 

The  functions  Erin),  ...  which  depend  upon  the  real  divisors  of  7i 
(1  and  n  included)  are  defined  as  follows : — 

(i*)  Er{fi)  denotes  the  sum  of  the  r-th  powers  of  the  divisors  of  7i 
which  are  olthe  form  44+1  diminished  by  the  sum  of  the  r-th  powers 
of  the  divisors  of  7t  which  are  of  the  form  44+8. 

Thus  JEqW  denotes  the  number  of  divisors  of  7i  of  the  form  44+1 
diminished  by  the  number  of  those  of  the  form  44+8. 

(ii.)  Er(n)  denotes  the  sum  of  the  r-th  powers  of  the  divisors  of  n 
whose  conjugates  are  of  the  form  44+1  diminished  by  the  sum  of  the 
r-th  powers  of  those  whose  conjugates  are  of  the  form  44+8. 

Thus,  if  n  is  of  the  form  44+1,  Erin)  =  Er(?i);  and,  if  ?i  is  of  the. 
form  44+8,  Kin)  =  -  Er(n). 

(iii.)  Ar(n)  denotes  the  sum  of  the  r-th  powers  of  the  uneven  divisors  of  w. 

(iv.)  ^r(n)  denotes  the  sum  of  the  r-th  powers  of  the  uneven  divisors 
of  71  diminished  by  the  sum  of  the  r-th  powers  of  the  even  divisors  of  n. 
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(v.)  irin)  denotes  the  sum  of  the  r-th  powers  of  the  even  divisors  of  n 
whose  conjugates  are  even  and  of  the  uneven  divisors  of  n  whose  con- 
jugates are  uneven  diminished  by  the  sum  of  the  r-th  powers  of  the  even 
divisors  of  n  whose  conjugates  are  uneven  and  of  the  uneven  divisors  of 
n  whose  conjugates  are  even. 

Thus,  if  d  is  any  divisor  of  w,  and  dd'  =  n,  then 

When  n  is  uneven,  Ar(n),  ^rM,  and  ^rfw)  become  equal. 

The  definition  of  the  function  Xr(w)  is  as  follows : — 

(vi.)  x*"(^)»  ^  being  any  uneven  number,*  denotes  the  sum  of  the  r-th 
powers  of  the  primary  complex  numbers  having  m  as  norm. 

When  r  is  a  multiple  of  4  (as  is  the  case  with  both  the  x's  used  in  the 
expression  of  the  representations  by  10  and  18  squares),  we  may  define 
Xr(n),  n  being  any  number,  as  one-fourth  part  of  the  sum  of  the  r-th 
powers  of  all  the  complex  numbers  having  m  as  norm. 

The  functions  Ii(/i),  W{n),  G(n),  G{n)  may  be  defined  as  coeflScients  by 
the  elliptic  function  expansions — 

(vii.)  A*A'V^=162^Q(w)g^ 

(viii.)  ^i' V^  =  16  Sr  W{n)  q\ 

(ix.)  Pk'^p^  =  162^e(n)^^ 

(X.)  kH'^ik'^-Jc^p^  =  lesr  G(n)g^ 

where  p  denotes  ^K/tt. 

The  functions  il{n)  and  0{n)  may  be  defined  arithmetically  as  follows: — 
If  a^+b^'i-cl^'i-d^  is  any  representation  of  n  as  a  sum  of  4  squares, 

then 

n(n)  =  J2?'')|[a*]-2[a^6^!-, 

e(n)  =  62<^>|[a«]-5[a*6^+80[a^6^c^}, 

where  ^  is  ^  or  ^\  according  as  n  is  uneven  or  even.  The  square  brackets 
signify  that  the  sum  of  all  the  quantities  of  the  type  indicated  is  to  be 
taken  :  e.g.,  [a*]  denotes  a^+b^+c^+d^  ;  and  2^'^  refers  to  all  the 
representations  of  n  as  a  sum  of  4  squares.      Q{m)  and  6(m)  can  also 


*  Throughout  this  paper,  unless  otherwise  stated,  n  denotes  any  number  and  m  any  uneven 
number. 

8SB.  2.     YOL.  6.     NO.  974.  2    I 
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be  defined  by  means  of  the  compositions  *  of  4m  as  a  sum  of  4  uneven 
squares. 

Bepresentatio7is  by  2,  4,  6,  afid  8  Sqiiares. 

4.  The  first  four  formulsB  of  §  2  lead  to  the  following  theorems : — 

(i.)  The  number  of  representations  of  any  number  n  as  a  sum  of 
2  squares  is  equal  to  four  fcimes  the  excess  of  the  number  of  divisors 
of  n  which  are  of  the  form  44+1  over  the  number  of  divisors  which 
are  of  the  form  4k +S. 

(ii.)  The  number  of  representations  of  n  as  a  sum  of  4  squares  is 
equal  to  (— l)'*"^8^i(n),  and  is  therefore  equal  to  eight  times  the  sum  of 
the  divisors  of  n,  if  n  is  uneven,  and  to  twenty-four  times  the  sum  of 
the  uneven  divisors  of  «,  if  n  is  even. 

(iii.)  The  number  of  representations  of  n  as  a  sum  of  6  squares  is 
equal  to  4  -|  ^Eo  {n)—E^{n)  ] . 

It  follows  from  this  result  that  the  number  of  representations  of  an 
uneven  number  m  as  a  sum  of  6  squares  is  equal  to  12jE7a(?;t),  if  m  is  of 
the  form  4i+l,  and  is  equal  to  — 20jE2(^)»  if  ^  is  of  the  form  44+8. 

(iv.)  The  number  of  representations  of  n  as  a  sum  of  8  squares  is 
equal  to  (—1)""^  16^3(71),  and  is  therefore  equal  to  sixteen  times  the  sum 
of  the  cubes  of  the  divisors  of  n,  if  n  is  uneven,  and  to  sixteen  times  the 
excess  of  the  sum  of  the  cubes  of  the  even  divisors  over  the  sum  of  the 
cubes  of  the  uneven  divisors,  if  7i  is  even. 

The  first  of  these  theorems  is  a  well  known  result  due  originally  to 
Jacobi.  The  other  three  were  given  by  Jacobi  or  Eisenstein  in  the  case 
of  n  uneven,  and  by  H.  J.  S.  Smith  in  their  generality. 

Bepresentations  by  10  Squares. 

5.  The  formula  (v.)  of  §  2  shows  that  the  number  of  representations 
of  71  as  a  sum  of  10  squares  is  equal  to  f  [£4  (n)  +  16£i(^) +8x4(^0  [• 
Now  X4('0  vanishes  when  n  is  of  the  form  44+8,  and,  more  generally, 
whenever  w  is  divisible  by  a  factor  of  the  form  44+8,  which  does  not 
occur  raised  to  an  even  power. 

*  Each  method  of  expressing  n  as  a  sum  of  squares,  when  the  order  of  the  squares  is  taken 
into  account,  is  called  a  c-omposition  of  n.  If,  in  addition,  account  is  taken  of  the  signs  of  the 
roots  of  the  squares,  so  that  a*  may  be  either  (  +  «)*  or  (— fl)'  but  0*  has  only  one  root,  then 
each" arrangement  is  called  a  representation  of  n  {Qitarterli/  Journal ^  Vol.  xxxvi.,  p.  305).  Thus 
the  number  of  representations  of  a  number  as  a  sum  of  r  uneven  squares  is  equal  to  2**  x  the 
the  number  of  compositions. 
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Taking  the  case  of  n  uneven,  the  formula  shows  that,  if  m  is  of  the 
form  4k+l,  the  number  of  representations  of  m  is  f  {nE^{m)+6xi('^)\ 9 
and  that,  if  m  is  of  the  form  4A;+8,  the  number  of  representations  is 
—  l^E^im). 

The  second  portion  of  this  theorem  (which  relates  to  the  case  when 
m  is  of  the  form  4A:+3)  is  due  to  Eisenstein,  who  stated  that  he  had 
found  (by  arithmetical  methods)  that  "  the  number  of  representations  of 
a  number  of  the  form  4n+3  by  10  squares  is  equal  to  twelve  times  the 
difference  between  the  sum  of  the  fourth  powers  of  those  factors  which 
have  the  form  4m +3  and  the  sum  of  the  fourth  powers  of  those  which 
have  the  form  4n+l ;  but,"  he  adds,  "for  numbers  of  the  form  4n+l 
no  similar  theorem  exists."* 

The  formula  i  {nE^{m)+8xi{ni)}  shows  that,  for  numbers  of  the 
form  4A:+1>  the  number  of  representations  depends  also  upon  the  sum 
of  the  fourth  powers  of  the  complex  divisors  of  m  which  have  m  as  norm. 
For  some  values  of  7n  of  the  form  4i+l,  the  number  of  representations 
dei^ends  upon  real  divisors  only,  viz.,  when  m  is  divisible  by  a  factor  of 
the  form  4 A: +3  which  is  not  raised  to  an  even  power  as,  e.g.,  for 

771  =  21,  33,  57,  69,  77,  93,  .... 

The  number  of  representations  of  an  even  number  will  depend  only 
upon  real  divisors  of  n  whenever  the  hirgest  uneven  divisor  of  Ji  is  of  the 
form  4Zr+3,  or,  more  generally,  whenever  n  is  divisible  by  any  factor  of 
the  form  4A;+3  which  is  not  raised  to  an  even  power. 

It  seems  to  me  a  very  interesting  result  that  the  number  of  represent- 
ations of  71  by  10  squares  should  depend  upon  the  complex  divisors  of  n, 
which,  regarded  as  arithmetical  quantities,  are  nearly  as  fundamental  and 
as  easy  to  determine  as  the  real  divisors. 

6.  It  was  not  till  after  the  completion  of  the  series  of  papers  (and 
after  this  notice  of  them  was  written)  that,  on  looking  through  Liouville's 
writings,  I  found  that  he  had  given  in  1866 1  a  formula  for  the  number 
of  representations  of  any  number  n  as  a  sum  of  10  squares.  His  result 
is  that,  if  n  =  2*m,  m  being  uneven,  the  number  of  representations  is 

where  X  is  the  excess  (taken  positively)  of  the  sum  of  the  fourth  powers 
of  the  divisors  of  n  of  the  form  4i+l  over  the  sum  of  the  fourth  powers 


*  CrelleU  Journal^  Vol.  xxxv.,  p.  13o. 

t   LioHvillc^s  Journal,  Ser.  2,  Vol.  xi.,  pp.  1-8. 

2  I  2 
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of  the  divisors  of  n  of  the  form  4A;+3  ;  /x  is  the  number  of  solutions  of 
the  equation  n  =  s*+s'^,  and  v  is  the  sum  of  the  products  s^s'*  for  all 
the  solutions. 

It  is  easy  to  identify  the  first  two  terms  with  |  \E^(n)+\6E\{n)]  and 
the  last  two  with  ^^XiW-  Liouville  writes  these  last  two  terms  also  in 
the  form  ^2(s*— 3s^s'^,  but  he  does  not  appear  to  have  noticed  the 
connection  of  this  quantity  with  the  complex  divisors  of  n  which  have  n 
as  norm. 

I  found  also  that  Liouville  had  given,  in  1864,  an  expression  for  the 
number  of  representations  of  an  even  number  as  a  sum  of  12  squares. 
(See  §  8.) 

Representations  by  12  Squares. 

7.  From  the  formula  (vi.)  of  §  2  we  see  that  the  number  of  represent- 
ations of  an  even  number  2n  as  a  sum  of  12  squares  is  equal  to  —8^5(2/1), 
that  is,  to  82(— l)^+^-^d^,  where  d  is  any  divisor  of  2n  and  dd!  =  2n. 
We  thus  have  the  remarkable  result  that  the  number  of  representations 
of  an  even  number  as  a  sum  of  12  squares  can  be  expressed  by  means  of 
real  divisors  only. 

In  the  case  of  an  uneven  number  m,  the  number  of  representations 
of  m  as  a  sum  of  12  squares  is  equal  to  8  |A5(m)+2n(m)}.  The 
function  ^{m)  does  not  vanish  for  any  form  of  m,  so  that,  unless  Q{m) 
for  some  form  of  m  is  dependent  upon  real  divisors  of  m,  it  would  seem 
that  the  number  of  representations  of  an  uneven  number  m  as  a  sum  of 
12  squares  cannot  for  any  form  of  m  be  expressed  by  real  divisors  only. 

8.  Liouville's  formula,  referred  to  in  §  6,  for  the  number  of  represent- 
ations of  an  even  number  2''m  as  a  sum  of  12  squares  is 

§^(21+2^+^6)  AgCrn),* 

which  can  be  readily  identified  with  —8^5(2/1)  by  means  of  the  general 
formula  that,  if  w  =  2'm, 


iM)  =  - ^^^ A,(n).t 


♦  ZiourilU^a  Journal^  Ser.  2,  Vol.  ix.,  p.  296.  LiouviUe  uses  the  notatioii  (^(m)  for  what 
I  have  denoted  hy  Ai'm). 

t  Meisenyer  of  Mathematics ^  Vol.  xvm.,  p.  47.  In  the  statement  of  arithmetioal  fonnulaB^ 
relating  to  an  even  number  n^»  2'fn,  I  have  always  endeavoured  to  avoid  the  use  of  tho' 
exponent  «,  expretising  the  result  by  means  of  divisors  of  n. 
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Bepresentations  by  14,  16,  18  Squares. 

9.  The  f  ormulfiB  (vii.) ,  (viii.),  (ix.)  of  §  2  give  the  numbers  of  representa- 
tions of  any  number  ti  as  a  sum  of  14,  16,  and  18  squares.  I  do  not  find 
that  the  functions  W{n),  0  (w),  G  {n)  vanish  for  any  form  of  n^  so  that 
(unless  for  some  form  of  n  any  of  these  functions  depend  upon  real  divisors 
only)  it  would  seem  that  for  no  form  of  n  can  the  number  of  representa- 
tions of  n  by  14,  16,  or  18  squares  be  expressed  by  means  of  real  divisors 
only. 

Gortipositions  by  Uneven  Squares, 

10.  When  the  squares  are  all  uneven  we  may  conveniently  use  com- 
positions instead  of  representations.  Denoting  by  Cr{:n)  the  number  of 
compositions  of  n  as  a  sum  of  r  uneven  squares,  the  formulse  for  Cr{n), 
for  r  =  2,  4,  ...,  18,  are 

C,(8h+4)  =  A(2;i+1),  ^        .^  ^ 

Ce(8«+6)  =  -  -|£?a(4n+3),  H  ^ !  'ifl^   -"  :    .  ^  \   •  -  -    '■  i    -  -.  ' '' '  ^  J 

I 

c^m)     =  Aj(/o, 

(7,2(8/1+4)  =  ^\j^  {A5(2n+l)-fi(2n+l)}, 
C,,(8n+6)  =  xi^W^  {-^6(4n+3)+91Tr(4n+3)}, 
Ci6(8h)        =Tk{A700-G(n)}, 

Ci8(8/i+2)  =  ^15  ^QQQg  ]13£8(4;i+l)+3047x8(4^^+l)-3060G(4/i+l)}. 

In  all  these  formula  the  argument  is  of  the  most  general  form  possible, 
as  a  sum  of  r  uneven  squares  must  be  of  the  form  84+ r. 

The  function  Ar  {n)  denotes  the  sum  of  the  r-th  powers  of  those  divisors 
of  n  whose  conjugates  are  uneven. 

The  formulse  in  the  case  of  2  and  4  squares  are  due  to  Jacobi,  and 
those  for  6  and  8  squares  were  given  by  H.  J.  S.  Smith.  The  others  I 
believe  to  be  new. 

We  may  pass    from   compositions  to  representations  by  multiplying 

by2^ 

Classification  of  the  Bepresentations  by  2,  4,  6,  and  8  Squares. 

11.  I  have  obtained  expressions  for  the  numbers  of  representations  of 
any  number  n  by  r  uneven  and  t—r  even  squares  for  r  =  0,  1,  2,  8,  ...,  ^ 
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and  t  =  2,  4,  6,  8,  10,  12,  and  also  for  some  values  of  r,  when 
t  =  14,  16,  18. 

These  results  would  occupy  too  much  space  if  quoted  in  their  entirety,* 
and  so  I  confine  myself  here  to  the  cases  ^  =  2,  4,  6,  8. 

Denoting  by  Br, ,  (n)  the  number  of  representations  of  n  as  a  sum  of  r 
uneven  and  s  even  squares,  the  formulse  are 

Bo,,(4n)        =iEo(n), 

-^  Bj.i(4n+1)  =  4^o(4»+l). 

Bj.o(8n+2)  =  4^o(4n+l); 

2io.4(4n)        =(-l)"-'8^i(n), 
-^i2i.$(4n+l)  =  8A(4n+l), 
i2j.«(4»+2)  =  24A(4n+l), 
iis.i(4n+8)  =  8A(4n+3), 
ii4.o(8n+4)  =  16A(2n+l); 

Bo. « (4n)        =  4  ]  4^2  (n)  -£,  (n) } , 
B,.5(4n+1)  =  6  {^a(4n+l)+xs(4n+l)}, 
iJ2.4(4H+2)  =  (-l)»60£j(2n+l), 
Bt,  ,(4n+3)  =  -  20£,  (4n+8), 
ii4,s(4n)        =240Si(n), 

ii5.i(4n+l)  =  6  {£j(4»+l)-x«(4n+l)}, 
B6.o(8n+6)  =  -  8^j(4n+8) ; 

i2o.8(4n)        =(-l)-»16f,{n), 
iii,7{4w+l)  =  2  |A8(2n+l)+7P(4»+l)}, 
B,.«(4n+2)  =  66  {A,(2n+1)+P(4n+1)}, 
ii8,5(4«+3)  =  14  {A3(4n+3)-P(4n+3)}, 
B^^K^n)        =1120Ai(7t), 
-B6..(4n+1)  =  14  |A8(4»+1)-P(4n+1),', 
i2.,2(4n+2)  =  56  {Aa(2«+1)-P(2n+1)[, 
ii7.i(4n+3)  =  2  ]A8(4rt+3)+7P(4n+3)l , 
B8,o(8n)        =  266AJ(n). 


*  The  complete  lists  up  to  <  =  16  are  giren  in  Um  Quarttrlg  Jourmil,  Vol.  xxxnn.,  j^  206-201. 
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In  all  the  fonuulse  the  argument  on  the  left-hand  side  is  the  most 
general  linear  form  that  is  capable  of  being  represented  by  the  qaadratio 
form  indicated  by  the  suffixes,  e.g,^  if  a  number  can  be  represented  as 
the  sum  of  2  uneven  and  6  even  squares  it  must  be  of  the  form  4n+2. 

The  expression  of  these  results  has  required  a  new  function  x^(ni)  in 
the  case  of  6  squares  and  a  new  function  P(m)  in  the  case  of  .8  squares, 
The  function  Xs(^)  ^^  included  among  those  defined  in  §  8,  being  the  sum 
of  the  squares  of  the  primary  numbers  having  m  for  norm.  The  function 
P(m)  may  be  defined  by  means  of  the  representations  of  vi  as  a  sum  of 
4  squares,  or  of  4m  as  a  sum  of  4  uneven  squares. 

The  results  in  the  case  of  2  and  4  squares  may  be  regarded  as  known : 
the  other  classified  results  are,  I  believe,  new. 

It  is  evident  that  i2o, » (4n),  the  number  of  representations  of  4n  as  a 
sum  of  8  even  squares,  is  necessarily  equal  to  i2^'^(n),  the  total  number  oi 
representations  of  n,  and  that  i2r,  o  M  =  ^^Cr  {n). 


Classification  of  the  Representations  by  10,  12,  14,  16,  18  Squares. 

12.  In  the  case  of  10  squares,  the  functions  E^  (n),  E\{n),  Xi  (^)  suffice 
to  express  the  values  of 

2io,io(4n),     jB2,8(4n+2),     ii4.6(4n),     B,^^{4,n+1\     iio.4(4n+2), 

ii8.2(4n),     iiio.o(8w+2), 

but  a  new  function  Q  (m)  is  required  for 

iia,9(4w+l),     i28,7(4n+8),     2i7.3(4n+8),     B9,i(4n+1). 

The  function  Q{rn)  may  be  defined  by  means  of  the  representations  of  m 
as  a  sum  of  4  squares  or  of  4m  as  a  sum  of  4  uneven  squares. 

In  the  case  of  12  squares  the  values  of  Br,u^r(n)  for  even  values  of  r 
can  be  expressed  by  means  of  i^{n),  AgCm),  Ai(n),  and  fi(m),  but  for 
the  expression  of  jBr,  i2-r(w)  when  r  is  uneven,  a  new  function  y{m)  is 
required. 

In  the  cases  of  14,  16,  and  18. squares,  I  have  given  the  classified 
results  only  so  far  as  they  can  be  expressed  without  the  introduction  of 
additional  functions,  i.e.,  the  values  given  are  those  of  R^r,  u-ar  M  aiid 
B7,7(n),  i24r.i6-4r(w),  i22r,  i8-2r  (w)  aud  B9. 9  W  for  all  integral  values  of  r. 

General  Remarks  upon  the  Investigation. 

18.  The  most  interesting  of  the  results  obtained  relate  to  10  and  12 
squares.     So  long  ago  as  1884  I  had  obtained  the  formul»  for  the  numbers 
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of  representations  of  any  even  and  uneven  number  as  a  sum  of  12  squares, 
but  I  deferred  the  publication  of  the  results  in  hopes  of  proving  the  rela- 
tion Qimiin^  =  Q{m^  fi(wa),  Wj  and  m^  being  prime  to  one  another,  which 
I  had  observed  to  be  satisfied  by  the  values  of  Q  (m)  that  I  had  calculated. 
I  resumed  the  question  in  1889,  and  then  obtained  the  classified  results 
for  2,  4,  6,  and  8  squares,  using  the  functions  X2  M  and  P  (m),  but  I  was 
still  unsuccessful  in  proving  the  relation  Q{mim^  =  Q{ni^Q(m^.  The 
whole  subject  was  then  laid  aside  until  the  latter  part  of  1904,  when  T 
treated  it  more  systematically,  the  results  of  the  investigations  which  I 
then  began  being  contained  in  the  papers  whose  titles  are  given  in  the 
note  to  §  1.  It  was  in  1905  that  I  worked  out  the  formulae  for  10  squares, 
and  was  surprised  to  find  that  the  number  of  representations  depended 
upon  the  sum  of  the  fourth  powers  of  complex  divisors.  At  that  time  I 
was  not  aware  that  the  case  of  10  squares  had  been  considered  by 
Eisenstein,  and  that  he  had  found  that  the  number  of  representations  of 
a  number  of  the  form  4k +9  could  be  expressed  by  real  divisors  only. 
The  extension  of  the  investigation  to  14,  16,  and  18  squares  produced 
interesting  results,  but  to  some  extent  they  were  disappointing,  as  nothing 
so  striking  or  unexpected  was  found  as  in  the  case  of  10  or  12  squares. 


14.  The  principal  difficulty  in  the  investigations  was  the  selection  of 
the  new  functions  to  be  introduced.  It  is  obvious  that  the  number  of 
representations  in  any  given  case  could  be  expressed  by  means  of  one  or 
more  new  functions  defined  as  coefficients  and  introduced  for  the  purpose. 
It  also  appeared  on  investigation  that  the  number  of  new  functions  which 
it  was  absolutely  necessary  to  introduce  was  smaller  than  might  have 
seemed  likely.  But  my  object  was  not  to  find  the  fewest  functions  which 
would  suffice  to  express  the  numbers  of  representations,  but  to  select  suit- 
able functions  which  had  an  arithmetical  significance.  The  functions 
from  which  the  choice  had  to  be  made  were  given  in  the  first  instance  as 
coefficients,  and  this  kind  of  definition  throws  no  light  whatever  upon  the 
arithmetical  properties  of  the  function  (except  that  it  might  indicate 
classes  of  numbers  for  which  the  function  vanished).  The  only  method 
available  to  me  for  determining  the  arithmetical  nature  of  a  function  was 
to  calculate  its  numerical  values  and  so  find  what  relations  it  seemed  to 
satisfy.  For  the  calculation  of  the  functions  it  was  necessary  to  investi- 
gate suitable  recurring  formulae ;  such  formulsd  affording  the  only  con- 
venient method  of  obtaining  the  numerical  values  of  a  function  defined  as 
a  coefficient. 
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15.  In  all  cases  I  have  selected  functions  which  were  found  (by  trial) 
to  satisfy  the  relation  <f>{mim^  =^  ^(^)0(wia),  mi  and  rti^  being  uneven 
numbers  prime  to  each  other,  or  a  similar  relation  of  slightly  different 
form. 

This  relation  is  satisfied  by 

P(w),     n(w),     y(?w),     0(m), 

and,  except  when  mj  and  in^  are  both  of  the  form  4A:+3,  also  by  Q{m), 
W{m\  and  G(m)* 

The  property  <l>{mim^  =  ^(wi)  ^(w^)  would  seem  to  indicate  a  product 
structure  of  some  kind  for  the  function  ^(m).  In  the  paper  numbered  (ii.) 
in  the  note  to  §  1,  an  imperfect  prooft  of  this  property  is  given  in  the 
case  of  the  fimctions  P{m),  Q{m),  Q  (m) ;  and  in  the  paper  (4)  expressions 
are  obtained  for  these  three  functions  as  sums  of  the  second,  third,  and 
fourth  powers  of  certain  complex  numbers  derived  from  the  representations 
of  m  as  a  sum  of  4  squares. 

When  I  first  found  that  11  (7/1)  satisfied  the  property 

it  seemed  to  me  a  very  special  property  of  the  function,  but,  as  has  just 
been  mentioned,  I  have  since  found  that  it  is  shared  by  many  other  func- 
tions which,  like  il  (m),  have  no  apparent  factorial  structure. 

16.  In  the  series  of  papers  to  which  this  notice  relates  I  have 
endeavoured  to  elicit  the  principal  information  connected  with  the 
numbers  of  representations  of  a  number  as  a  sum  of  even  and  uneven 
squares  (up  to  18)  that  can  be  derived  from  the  formulae  of  elliptic 
functions.  The  only  complete  and  effective  method  of  research  in  such 
investigations  is  afforded  by  the  processes  of  the  theory  of  numbers,  and 
any  method  dependent  upon  elliptic  functions  or  other  algebraical  pro- 
cesses is  necessarily  partial  and  inadequate.  Still  in  spite  of  this  incom- 
pleteness it  seemed  to  me  to  be  useful  to  investigate  with  some  completeness 
the  results   afforded   by  elliptic  functions,  thereby  at    the    same    time 


*  If  !»!  and  m^  are  both  of  the  form  4k  +  3, 
Q  (witw,)  =  -3Q (mi)  Q  (m,),     JFim^fn^)  =  - 15  fF (mi)  JF{fn^),     G  (miiw,)  =  -ff^  (mj)  G  (#14). 

t  The  proof  is  imperfect  becatise  it  depends  upon  an  assumption  which  I  was  unable  to 
prove,  although  I  think  there  can  be  no  doubt  of  its  truth.  The  **  proof  "  at  aU  events  affords 
a  reason  for  the  existence  of  the  property. 
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ascertaining  the  limitations  of  this  method  of  research.  It  seems  fairly  safe 
to  conclude  that  when  algebraical  methods  do  yield  results  in  the  theory 
of  numbers,  they  are  so  obtained  in  the  simplest  manner :  and  it  is  quite 
likely  that  the  reduction  to  these  forms  from  the  state  in  which  they  are 
left  by  the  theory  of  numbers  might  not  be  easy.  It  can  also  happen  that 
results  which  are  expressed  in  their  generality  by  delicate  and  complicated 
rules  may  contain  no  indication  of  the  cases  in  which  they  admit  of 
simplification. 
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